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Pengertian Regresi dan Korelasi 
Hubungan antar variabel dapat dideteksi melalui regresi dan korelasi. 
Secara konseptual analisis regresi dan regresi adalah berbeda. Regresi 
adalah studi ketergantungan satu variabel (variabel tak bebas) pada satu 
atau lebih variabel lain (variabel yang menjelaskan), dengan maksud untuk 
menaksir dan/atau meramalkan nilai rata-rata hitung (mean) atau rata-
rata (populasi) variabel tak bebas, dalam pengambilan sampel berulang-
ulang dari variabel yang menjelaskan (explanatory variable). Menurut 
Gujarati (2003: 124) tujuan dari regresi adalah sebagai berikut: pertama, 
untuk mengestimasi nilai rata-rata variabel tak bebas dan nilai rata-rata 
variabel bebas tertentu. Kedua, untuk menguji hipotesis mengenai sifat 
alamiah ketergantungan—hipotesis sebagaimana yang disarankan oleh 
teori ekonomi, dan ketiga, untuk memprediksi atau meramalkan nilai rata-
rata variabel tak bebas dan nilai rata-rata variabel bebas tertentu. 
 
Pada bagian lain, analisis korelasi adalah mengukur kekuatan (strength) 
atau tingkat hubungan (degree of association) antara dua variabel. Tingkat 
hubungan antara dua variabel disebut pula dengan korelasi sederhana 
(simple correlation), sementara tingkat hubungan antara tiga variabel atau 
lebih disebut dengan korelasi berganda (multiple correlation). 
 
Menurut Koutsoyiannis (1977: 31-32), korelasi dapat dibedakan menjadi 
dua, yaitu korelasi linier (linear correlation) dan korelasi non-linier 
(nonlinear correlation). Suatu korelasi dikatakan linier apabila hubungan 
dari semua titik dari X dan Y dalam suatu scatter diagram mendekati suatu 
garis (lurus). Sedangkan suatu korelasi dikatakan non-linier apabila semua 
titik dari X dan Y dalam suatu scatter diagram mendekati kurva. Baik 
korelasi linier maupun non-linier dapat bersifat positif, negatif maupun 
tidak terdapat korelasi. 
                
 

        
  

Gambar 2.1. 
 
Bentuk-Bentuk Korelasi Linier dan non-Linier 
Dua variabel dikatakan mempunyai korelasi linier (dan non-linier) positif 
jika mereka atau kedua variabel tersebut mempunyai kecenderungan 
untuk berubah secara bersama-sama, yaitu jika satu variabel, katakanlah X 
naik, maka variabel lainnya, katakanlah Y  akan naik pula dan sebaliknya. 
Misalnya dalam teori penawaran, ketika tingkat harga naik, maka jumlah 
barang yang ditawarkan akan naik, sebaliknya, ketika harga turun, maka 
jumlah barang yang ditawarkan akan turun pula. 
 
Selanjutnya, dua variabel dikatakan mempunyai korelasi linier (dan non-
linier) negatif jika mereka atau kedua variabel tersebut mempunyai 
kecenderungan untuk berubah secara berlawanan arah, yaitu jika variabel 
X naik, maka variabel Y akan turun dan sebaliknya. Misalnya dalam teori 

permintaan,  jika tingkat harga naik, maka jumlah barang yang diminta 
akan turun, sebaliknya, ketika harga turun, maka jumlah barang yang 
diminta akan naik. Terakhir, dua variabel dikatakan mempunyai korelasi 
nol ketika mereka atau kedua variabel tersebut mempunyai perubahan 
yang tidak saling berhubungan satu sama lainnya. 
  
Berdasarkan uraian di atas, dapat disimpulkan bahwa antara analisis 
regresi dan korelasi mempunyai perbedaan. Dalam analisis regresi, ada 
asimetris atau tidak seimbang (asymmetry) dalam memperlakukan 
variabel tak bebas dan variabel bebas. Variabel tak bebas diasumsikan 
bersifat stokastik atau acak. Pada bagian lain, variabel bebas diasumsikan 
mempunyai nilai yang tetap dalam pengambilan sampel secara berulang-
ulang. Sementara itu, dalam analisis korelasi, baik  
 
 
 
 
 
variabel tak bebas maupun variabel bebas diperlakukan secara simetris 
atau seimbang di mana tidak ada perbedaan antara variabel tak bebas 
dengan variabel bebas. 
 
Fungsi Regresi Populasi dan Fungsi Regresi Sampel 
Regresi memiliki dua pengertian fungsi regresi yang berbeda yaitu fungsi 
regresi populasi (population regression function = PRF) dan fungsi regresi 
sampel (sample regression function = SRF). Misalnya dalam estimasi fungsi 
permintaan barang (Y) dengan variabel penjelas tingkat harga (X). Hukum 
ekonomi menyatakan bahwa hubungan antara X dan Y adalah negatif, 
karena apabila tingkat harga naik—permintaan akan barang akan turun. 
Dengan asumsi bahwa data X dan Y tersedia, maka nilai yang akan dicari 
adalah rata-rata pengharapan atau populasi (expected or population 
mean) atau nilai rata-rata populasi (population average value of Y) pada 
berbagai tingkat harga (X). Penggambaran dari model ini akan berbentuk 
garis regresi populasi (population regression line = PRL). PRL menyatakan 
bahwa nilai rata-rata dari variabel tak bebas Y akan berhubungan dengan 
setiap nilai variabel bebas X. Secara matemnatis, PRL dapat dinyatakan 
sebagai berikut: 

(2.1)  ii XXYE 10)(    

di mana )( iXYE  atau E(Y) adalah berarti rata-rata atau 

pengharapan akan nilai Y pada berbagai tingkat iX , 0  dan 1  

masing-masing disebut pula dengan parameter atau koefisien regresi. 

0  adalah koefisien intersep atau konstanta dan 1  adalah koefisien 

slope atau kemiringan. Koefisien slope mengukur tingkat perubahan rata-
rata Y per unit akibat perubahan X. 
 
 
Bentuk persamaan matematis PRL sebagaimana yang disajikan dalam 
persamaan (2.1) di atas fungsi regresi populasi (PRF) dalam bentuk linier. 
Selanjutnya, dari PRF, dapat pula dikembangkan konsep fungsi regresi 
sampel (SRF). Hal ini penting, karena dalam dunia nyata, data populasi 
sangat sulit untuk didapatkan atau ditemukan, sehingga salah satu langkah 
yang dapat dilakukan adalah mengambil sampel dari populasi tersebut. 
Adapun bentuk dari persamaan SRF adalah sebagai berikut: 
 

(2.2)  ii XbbY 10
ˆ   

 
di mana: 

iŶ  = Penaksir dari )( iXYE  atau penaksir rata-rata 

kondisional populasi. 
 

0b  dan 1b  = Masing-masing adalah penaksir dari 0  dan 1
. 
Dengan demikian SRF digunakan sebagai pendekatn untuk mengestimasi 
PRF. Penggunaan SRF harus memperhatikan kenyataan bahwa dalam 
dunia nyata terdapat unsur ketidakpastian (tidak ada hubungan yang 
pasti). Untuk mengakomodasi faktor ketidakpastian, maka dalam  
persamaan (2.1) ataupun (2.2) ditambahkan dengan pengganggu atau 

faktor acak ( iu ).  Persamaan  (2.1) dan (2.2) dapat ditulis kembali sebagai 

berikut: 
 

(2.3)  iii uXY  10    Bentuk PRF 

Stokastik 

(2.4)  iii uXbbY  10     Bentuk SRF 

Stokastik 
 
Selanjutnya persamaan (2.4) dapat diestimasi dengan menggunakan 
metode OLS. Dimasukkannya unsur pengganggu dalam persamaan (2.4) di 
atas tidak lain karena [Gujarati, 2003: 45-47; Maddala, 1992: 64-65; 
Kennedy, 1996: 3 dan Sumodiningrat, 1994: 101.10]: 

1.) Ketidakjelasan atau ketidaklengkapan teori (vagueness of theory). 

 
I. REVIEW KONSEP ORDINARY LEAST 

SQUARES (OLS) 
 

EKONOMETRIKA 2 
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Adanya ketidakjelasan/ketidaklengkapan teori yang menentukan perilaku 
variabel tak bebas (Y). Misalnya secara teoritis peneliti hanya mengetahui 
bahwa yang mempengaruhi pengeluaran konsumsi (Y) adalah pendapatan 

mingguan ( 1X ) saja. Padahal sebenarnya masih terdapat beberapa 

variabel lain yang mempengaruhi Y. Variabel-variabel yang tidak tercakup 

dalam model akan diproksi melalui iu .  

 
2.) Ketidaktersediaan data (unavailability of data). 
Ketika seorang peneliti tahu bahwa variabel yang mempengaruhi Y tidak 

hanya dipengaruhi oleh 1X , tetapi juga ditentukan oleh tingkat 

kesejahteraan seseorang ( 2X ) dan lingkungan sekitar ( 3X ). Maka 

fungsi konsumsi  Y = f ( 1X ), berubah menjadi Y = f ( 1X , 2X , 3X ). 

Namun, permasalahan yang muncul adalah data 2X  dan 3X  sangat 

sulit untuk diperoleh, sehingga mungkin kedua variabel tersebut akan 
dikeluarkan dari model dan fungsi konsumsi yang akan diestimasi kembali 

menjadi Y = f ( 1X ). Dalam kasus ini, iu  bisa digunakan sebagai 

pengganti variabel yang dikeluarkan atau tidak dimasukkan dalam model 
tersebut. 
 
 
3.) Variabel pusat versus variabel pinggiran (core variable versus peripheral 
variable). 

Misalnya, dalam contoh konsumsi-pendapatan atau Y = f ( 1X ), juga 

diasumsikan bahwa jumlah anak ( 4X ), jenis kelamin ( 5X ), agama (

6X ), dan tingkat pendidikan ( 7X ) berpengaruh terhadap tingkat 

konsumsi. Tetapi pada pihak lain, sangat mungkin bahwa pengaruh 4X , 

5X , 6X , 7X  sangat kecil, sehingga dari segi kepraktisan, 

pertimbangan biaya dan keserhanaan, keempat variabel tersebut tidak 

dimasukkan dalam model. iu  diharapkan bisa digunakan sebagai 

pengganti variabel yang tidak dimasukkan dalam model  
 
4.) Kesalahan manusiawi (intrinsic randomness in human behavior). 
Kesalahan manusiawi menyebabkan tetap terdapat kemungkinan suatu 

variabel tidak bisa dicakup dalam model. Dalam kasus ini, iu  dapat 

digunakan sebagai pengganti variabel yang tidak dimasukkan dalam model 
tersebut. 
 
 
5.) Kurangnya variabel pengganti (poor proxy variables). 
Walaupun dalam model regresi klasik dinyatakan bahwa variabel Y dan X 
diukur secara akurat, namun dalam aplikasinya di lapangan, mungkin akan 
terjadi kesalahan pengukuran (error of measurement), kesulitan 
pengumpulan data atau kesulitan menentukan proksi terhadap variabal 
yang akan diukur. Misalnya, teori konsumsi dari Milton Friedman yang 

mengatakan bahwa konsumsi permanen (permanent consumption = pY ) 

sebagai fungsi dari tingkat pendapatan permanen (permanent income = 

pX ). Permasalahannya adalah data untuk kedua variabel tersebut tidak 

dapat diamati dalam dunia nyata, sehingga ketika ingin mengestimasi 
dengan menggunakan fungsi konsumsi Friedman, kedua variabel yang 
disebutkan di atas didekati atau diganti dengan data seperti tingkat 
konsumsi sekarang (current consumption = X) dan tingkat pendapatan 
sekarang (current income = Y). Namun, perlu diingat bahwa Y dan X 

mungkin tidak sama dengan pY  dan pX  sehingga di sini akan timbul 

masalah kesalahan pengukuran. Oleh karena itu, dengan dimasukkannya 

unsur iu  dalam model diharapkan bisa digunakan sebagai representasi 

dari adanya kesalahan pengukuran.  
 
6.)  Prinsip kesederhanaan (principle of parsimony). 
Ketika seorang peneliti hendak mengestimasi suatu model, maka model 
regresi tersebut diusahakan sesederhana mungkin. Misalnya seorang 
peneliti ingin menjelaskan perilaku pengeluaran konsumsi (Y), dengan 
menggunakan dua atau tiga variabel bebas. Namun teori yang berkaitan 
dengan pengeluaran konsumsi tidak cukup kuat untuk menjelaskan mana 
variabel yang secara substansial harus dimasukkan untuk mengestimasi 
fungsi pengeluaran konsumsi tersebut maka  peneliti dapat membentuk 

model pengeluaran konsumsi sesederhana mungkin, karena unsur iu  

akan merepresentasikan variabel-variabel lain yang tidak dimasukkan 
tersebut. 
 
7.) Kesalahan bentuk fungsi (wrong functional form). 
Ketika peneliti ingin mengestimasi Y = f (X) di mana fungsi ini secara 
teoritis benar dan data yang akan digunakan tersedia, masalah yang sering 
timbul selanjutnya adalah menentukan bentuk fungsi secara tepat, apakah 

linier ataukah non-linier. Terlebih lagi dalam kasus regresi berganda. Oleh 

karena itu, dengan dimasukkannya unsur iu  dalam model diharapkan 

bisa mengeliminasi kesalahan pemilihan bentuk fungsi regresi. 
 
Pengertian Istilah Linier 
Istilah atau pengertian linieritas dalam ekonometrika sangat penting, di 
mana menurut Intriligator, dkk (1996: 20-21), karena: pertama, banyak 
hubungan-hubungan dalam ekonomi dan hubungan-hubungan dalam ilmu 
sosial secara alamiah adalah linier. Kedua, penerapan asumsi linieritas 
hanya terhadap parameter, bukan terhadap variabel model. Ketiga, ketika 
suatu model ditransformasi dalam model linier, maka bentuk transformasi 
seperti dalam bentuk logaritma dapat dipakai dalam beberapa kasus, dan 
keempat, dengan asumsi linieritas, beberapa fungsi yang halus (any 
smooth function) dapat didekati dengan tingkat ketepatan yang lebih 
besar ketika menggunakan bentuk fungsi linier. 
 
Gujarati (2003:42-43) menunjukkan bahwa linieritas dapat dilihat adri sisi 
variabel dan parameter. Penjelasan dari konsep linieritas lebih lanjut 
adalah sebagai berikut : 
 
 

Linieritas dalam Variabel  
Arti pertama dan mungkin lebih alamiah dari linieritas adalah bahwa nilai 
rata-rata kondisional dari variabel Y merupakan fungsi linier terhadap 

iX  sebagaimana disajikan dalam persamaan (2.1) atau (2.3) ataupun 

dalam persamaan (2.2) dan (2.4). Sedangkan bentuk fungsi non-linier 
dalam variabel antara lain adalah : 
 

(2.5)  
2

i10)( XYE    

(2.6)  )/1()( i10 XYE    

 
Persamaan (2.5) dan (2.6) di atas dinamakan persamaan yang tidak linier, 
karena persamaan (2.5) berpangkat 2, sementara persamaan (2.6) 
dinyatakan dalam bentuk kebalikan (inverse). 
 

 
 

Gambar 2.2: 
Kurva Permintaan Linier Dan Non-Linier 

 
Sebagaimana disajikan dalam gambar (2.2), untuk persamaan regresi (2.1), 
slope (tingkat perubahan dalam E(Y)) adalah tetap sama pada berbagai 
titik X. Akan tetapi misalnya untuk persamaan (2.6), tingkat perubahan 
rata-rata dari Y adalah berbeda-beda atau bervariasi pada setiap titik X 
dalam garis regresi. Dengan kata lain, suatu fungsi Y = f(X) dikatakan linier, 
jika X memiliki pangkat satu dan/atau tidak dikalikan atau dibagi dengan 
variabel lain. 

Linieritas dalam Parameter 
Linieritas parameter  terjadi jika rata-rata kondisional dari variabel tak 
bebas merupakan suatu fungsi linier terhadap parameter ß; fungsi tadi 
mungkin linier atau tidak linier dalam variabel X. Dalam arti lain, bahwa 

suatu fungsi dikatakan linier dalam parameter, kalau 1  bersifat pangkat 

1. dengan definisi ini, persamaan (2.5) dan (2.6) di atas merupakan model 

linier dalam parameter karena 0  dan 1  adalah linier. 

 
Lebih lanjut, bentuk fungsi persamaan (2.7) tidak dikatakan sebagai fungsi 

linier, karena 1    tidak berpangkat 1. 

 

(2.7)  i

2

10)( XββYE   

 
Dari dua interpretasi linieritas di atas, linieritas dalam parameter adalah 
relevan untuk pengembangan teori regresi. Dalam ekonometrika, 
seringkali dijumpai bahwa regresi linier selalu diartikan dengan suatu 
regresi dalam parameter ß; regresi tadi mungkin linier atau tidak linier 
dalam variabel penjelas, X. 
 
Regresi Linier Bersyarat Sederhana dan Berganda 
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Model linier (bersyarat) sederhana adalah regresi linier yang hanya 
melibatkan dua variabel, satu variabel tak bebas serta satu variabel bebas. 
Sedangkan apabila variabel tak bebas dipengaruhi oleh lebih dari satu 

variabel bebas (X), katakanlah 2X  dan 3X , maka bentuk persamaan 

regresi tersebut dinamakan dengan regresi linier berganda (multiple linear 
regression). Secara matematis, regresi linier berganda dapat ditulis sebagai 
berikut: 
 

(2.8)  3i32i21)( XβXββYE   

di mana   
 

),()( 32 XXYEYE   

Dalam bentuk PRF yang stokastik dari persamaan (2.8) adalah : 

(2.9)  i3i32i21i uXβXββY   

     i)( uYE   

 
Persamaan (2.9) menyatakan bahwa beberapa nilai individual Y terdiri dari 
dua komponen, yaitu: 

1.) Komponen sistematik atau deterministik, (

3i32i21 XβXββ  ) di mana secara sederhana merupakan 

nilai rata-rata E(Y) pada titik-titik garis regresi populasi. 

2.) Komponen non-sistematik atau acak, iu  yang ditentukan oleh 

faktor-faktor lain di luar 2X  dan 3X . 

 

Metode Kuadrat Terkecil dalam Model Regresi Linier Sederhana 
Ada berbagai metode yang dapat digunakan untuk mengestimasi 
parameter-parameter hubungan ekonomi dari SRF sebagai penaksir yang 
benar untuk PRF. Salah satunya adalah metode kuadrat terkecil (Ordinary 
Least Squares = OLS) atau sering pula disebut dengan metode kuadrat 
terkecil klasik (Classical Least Squares = CLS). Metode ini dikemukakan oleh 
Carl Friedrich Gauss, seorang ahli matematik Jerman. 
 
Koutsoyiannis (1977: 48), mengemukakan beberapa alasan yang 
mendasari mengapa digunakan OLS/CLS, yaitu: 
 

1. Estimasi parameter yang diperoleh dengan menggunakan OLS 
mempunyai beberapa ciri optimal. 

2. Prosedur perhitungan dari OLS sangat sederhana dibandingkan 
dengan metode ekonometrika yang lainnya serta kebutuhan 
data tidak berlebihan. 

3. OLS dapat digunakan dalam range hubungan ekonomi yang 
luas dengan tingkat ketepatan yang memuaskan. 

4. Mekanisme perhitungan OLS secara sederhana dapat 
dimengerti. 

5. OLS merupakan komponen vital bagi banyak tehnik ekonometri 
yang lain. 

 
Untuk dapat memahami pendekatan Gauss ini, misalkan akan diestimasi 
PRF untuk model regresi sederhana berikut ini (Gujarati, 1995: 58-65): 

(2.10)  ii10i uXββY   

Oleh karena PRF dalam persamaan (2.10) di atas tidak dapat diamati 
secara langsung, maka didekati dengan SRF dengan bentuk persamaan 
berikut: 

(2.11)  ii10i eXbbY   

di mana : residual, ie  merupakan perbedaan antara nilai Y aktual dengan 

nilai Y yang diestimasi atau  iii ŶYe   

(2.12)  i10ii XbbYe    

Nilai  0b  dan 1b  dikatakan sebagai penaksir terbaik dari 0β  dan 1β  

apabila memiliki nilai ie  yang sekecil mungkin. Dengan menggunakan 

metode estimasi yang biasa dipakai dalam ekonometrika, yaitu OLS, 

pemilihan 0b  dan 1b  dapat dilakukan dengan memilih nilai jumlah 

kuadrat residual (residual sum of squared=RSS), 
2

ie  yang paling kecil. 

Atau dapat ditulis sebagai berikut: 
(2.13) Minimisasi: 

2

i10i

2

ii

2

i )()ˆ(    XbbYYYe
 

 
Dengan menggunakan metode turunan parsial (partial differentiation), 
diperoleh: 

(2.14) )1)((2/ i10i0

2

i   XbbYbe
 

(2.15) ))((2/ ii10i1

2

i XXbbYbe  
 

Dengan optimasi kondisi order pertama sama dengan nol, maka diperoleh:  

(2.16)   i21i XbnbY  

(2.17)   2

i2i1ii XbXbXY  

di mana n adalah jumlah sampel. Persamaan simultan ini dikenal sebagai 
persamaan normal (kuadrat terkecil). 
 
 
Dari (2.16) dan (2.17) di atas, belum diketahui besarnya nilai b (nilai 

koefisien 0b  dan 1b ). Untuk menyelesaikan permasalahan ini, maka 

dapat ditempuh dengan cara berikut: 

(2.18) XbYb 10   

 
   






22

2

0
)( ii

iiiii

XXn

YXXYX
b  

di mana 0b  adalah nilai penaksir dari 0β . 

Selanjutnya, 1b  sebagai nilai penaksir dari 1β  adalah dicari sebagai 

berikut: 

(2.19) 

 
  






221
)( ii

iiii

XXn

YXYXn
b  

    









2)(

))((

XX

YYXX

i

ii
 

    





2

i

ii

x

yx
 

di mana X  dan Y  adalah rata-rata sampel dari X dan Y dan 

)( XXx ii   dan )( YYy ii  . 

Penaksir yang diperoleh dalam persamaan di atas di kenal sebagai penaksir 
OLS. Ciri-ciri penaksir OLS adalah sebagai berikut: 
1. Penaksir dinyatakan semata-mata dalam besaran yang bisa diamati, 

yaitu besaran sampel. 
2. Penaksir merupakan penaksir titik yaitu dengan sampel tertentu, tiap 

penaksir akan memberikan hanya satu nilai (titik) tunggal parameter 
populasi yang relevan. 

3. Sekali estimasi kuadrat terkecil diperoleh dari data yang dimiliki, 
maka garis regresi sampel dapat dengan mudah diperoleh. Garis 
regresi yang diperoleh mempunyai sifat-sifat sebagai berikut: 
1) Garis regresi tadi melalui rata-rata sampel Y dan X, yang 

dibuktikan oleh XbbY 10  . 

2) Nilai rata-rata Y yang diestimasi Y = iŶ  adalah sama dengan 

nilai rata-rata Y yang sebenarnya karena YY  , di mana 

dalam kenyataannya nilai   0)( XX i . 

3) Nilai rata-rata residual, ie  = 0. 

4) Nilai residual, ie  tidak berkorelasi dengan nilai estimasi iY , 

iŶ . 

5) Nilai residual, ie  tidak berkorelasi dengan iX , yaitu 

  0ii Xe . 

 
Asumsi Model Regresi Linier Klasik: Metode Kuadrat Terkecil 
Metode kuadrat terkecil yang dikemukakan oleh Gauss mempunyai 
beberapa asumsi dan beberapa sifat statistik yang sangat kuat sehingga 
membuat metode kuadrat terkecil menjadi metode analisis regresi yang 
paling kuat (powerful) dan populer, baik dalam kasus regresi sederhana 
maupun berganda. Gujarati (2003: 65-75) mengemukakan setidaknya ada 
10 asumsi regresi linier klasik, yaitu: 
 

1. Model regresi adalah linier, dalam hal ini adalah model regresi linier 
dalam parameter. 

2. Nilai X adalah tetap di dalam sampel yang dilakukan secara berulang-
ulang. Dengan kata lain, X adalah non-stokastik (deterministik). 
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3. Nilai rata-rata dari unsur faktor pengganggu adalah sama dengan nol, 

atau iu  = 0 , secara teknis dapat ditulis sebagai 0)( 2 ii XuE
. 

4. Homokedastisitas atau varian iu  adalah sama untuk semua 

pengamatan. Hal tersebut berarti bahwa varian kondisional iu  

bersifat identik. Secara teknis dapat ditulis sebagai 
22 )( σuE i  . 

5. Tidak ada otokorelasi antar unsur pengganggu. Misalkan diketahui 

ada dua nilai variabel X, yaitu iX  dan jX  (i ≠ j), korelasi antara 

kedua unsur pengganggu iu  dan ju  (i ≠ j), adalah sama dengan nol 

— 0)()cov(  jijiji uuEXXuu . 

6. Nilai kovarian antara iu  dan iX  adalah sama dengan nol — 

0)()cov( ,  iiii XuEXu . 

7. Jumlah observasi atau pengamatan n harus lebih besar daripada 
jumlah parameter yang diobservasi.  

8. Nilai X adalah dapat bervariasi (variability). Artinya, nilai X untuk 
sampel tertentu tidak harus sama dengan atau semua sampel. 

9. Spesifikasi model regresi harus benar, sehingga tidak terjadi 
specification bias or error 

10. Tidak ada multikolinieritas sempurna  antar variabel penjelas 
 
 
Ciri-Ciri Penaksir Metode Kuadrat Terkecil 
Teorema Gauss-Markov  adalah teorama yang yang melekat dalam 
metode kuadrat terkecil (OLS). Teorema ini menyatakan bahwa apabila 
semua asumsi linier klasik dipenuhi, maka akan diketemukan model 
penaksir yang tidak bias, linier dan merupakan penaksir terbaik (best linear 

unbiased estimator = BLUE) [Gujarati, 2003: 79]. Penaksir OLS  0b  dan 

1b   bersifat BLUE mengandung arti berikut : 

1. Linear. 0b  dan 1b  merupakan suatu fungsi linier dari variabel 

acak Y di dalam model regresi, sebagaimana yang ditunjukkan 
dalam persamaan (2.18) dan (2.19). 

2. Unbiased, 0b  dan 1b  tidak bias, terutama dalam regresi 

dengan menggunakan sampel besar, sehingga penaksir 
parameter diperoleh dari sampel besar kira-kira lebih 
mendekati nilai parameter yang sebenarnya. Atau secara teknis 

ditulis sebagai 00 )( βbE   dan 11)( βbE   

3. Efficient estimator. 0b  dan 1b  mempunyai varian yang 

minimum atau penaksir yang efisien, yaitu bahwa: var( 0b ) 

[var( 1b )] adalah lebih kecil dibandingkan dengan beberapa 

penaksir 0β  [ 1β ] lainnya. 

 
Metode Kuadrat Terkecil dalam Model Regresi Linier Berganda 
Langkah pertama untuk mengestimasi persamaan (2.9) denagn 
menggunakan metode OLS adalah membentuk persamaan SRF berikut : 

(2.20)  iiii uXbXbbY  33221  

di mana 1b , 2b  dan 3b  masing-masing adalah nilai penaksir 1β , 2β  

dan 3β . 

Persamaan (2.20) apabila dinyatakan dalam bentuk persamaan garis 
regresi populasi (PRL) yang diestimasi adalah sebagai berikut: 

(2.21)  iiii uXbXbbY  33221
ˆ  

Langkah berikutnya adalah memilih nilai jumlah kuadrat residual (=RSS), 


2

ie ,  yang sekecil mungkin. Untuk itu persamaan (2.20)  harus 

dinyatakan dengan bentuk persamaan berikut : 

(2.22)  iiii XbXbbYe 33221   

RSS dari persamaan (2.22) adalah: 
 
 
(2.23) RSS: 

2

33221

2 )(   iiii XbXbbYe
 

RSS dapat diminimisasikan, di mana secara sederhana merupakan jumlah 

kuadrat perbedaan antara nilai aktual iY  dengan nilai estimasi iY , 

dengan menggunakan metode turunan parsial (partial differentiation). 

(2.24) 0)1)((2 33221

1

2










iii

i
XbXbbY

b

e

 

(2.25) 0))((2 233221

2

2










iiii

i
XXbXbbY

b

e

 

(2.26) 0))((2 333221

3

2










iiii

i
XXbXbbY

b

e

 
 
Dengan optimasi kondisi order pertama sama dengan nol, maka akan 
diperoleh: 

(2.27) 33221 XbXbbY   

(2.28)    iiiiii XXbXbXbXY 323

2

22212

 

(2.29)   2

33322313 iiiiii XbXXbXbXY
 

di mana jumlah sampel terletak antara 1 sampai n. 
Dari persamaan (2.27) sampai (2.29) ada tiga hal yang tidak diketahui, 

yaitu 1b , 2b  dan 3b , sedangkan variabel yang diketahui adalah Y dan X. 

Oleh karena itu, harus dicari tiga nilai yang tidak diketahui tersebut. 
Dengan manipulasi aljabar, diperoleh penaksir OLS untuk b: 

(2.30) 33221 XbXbYb   

(2.31) 

  
 






2

32

2

3

2

2

)323

2

32

2
)())((

)(()()(

iiii

iiiiiii

xxxx

xxxyxxy
b

 

(2.32) 

  
 






2

32

2

3

2

2

)322

2

23

3
)())((

)(()()(

iiii

iiiiiii

xxxx

xxxyxxy
b

 

di mana X  dan Y  adalah rata-rata sampel dari X dan Y dan 

XXx ii  ( ) dan )( YYy ii  . 

 
Menghitung Nilai t Statistik 
Parameter yang diperoleh dalam estimasi OLS, masih perlu dipertanyakan 
apakah bersifat signifikan atau tidak. Uji signifikansi dimaksudkan untuk 
mengverifikasi kebenaran atau kesalahan hipotesis nol yang dibuat 
(Gujarati, 2003: 129). Salah satu cara untuk menguji hipotesis yang melihat 
signifiknasi pengaruh variabel independen terhadap variabel dependen 

adalah uji t. Secara sederhana, untuk menghitung nilai t statistik dari 2b  

dalam model regresi ganda adalah : 

(2.33) t statistik = 
)( 2

22

bse

Bb 
 

di mana 22 βB  . 

Jika dimisalkan hipotesis nol 
*

220 :)( BBH  , maka persamaan 

(2.33) dapat ditulis: 

(2.34) t statistik = 
)( 2

*

22

bse

Bb 
 

 
Dengan menggunakan uji t dalam pembuatan keputusan, maka setidaknya 
ada tiga pengetahuan yang sangat dibutuhkan, yaitu: 
1. Tingkat derajat kebebasan (degree of freedom). Besar Degree of 

freeom (df)  ditentukan berdasar (n – k), dimana n adalah jumlah 
observasi dan k adalah jumlah parameter termasuk konstanta. 
Sehingga bila dalam regresi sederhana terdapat satu variable 
penjelas dan satu konstanta maka df = n-2, sedangkan dalam regresi 
berganda dengan 2 varibale penjelas maka df= n-3 

2. Tingkat signifikansi (α) dapat dipilih pada kisaran  1 %; 5 % atau 10 %.  
3. Apakah menggunakan uji dua sisi ataukah satu sisi. Penetapan uji 

satu atau dua sisi tergantung pada hipotesis yang dibuat oleh 
peneliti. Apabila peneliti menduga bahwa variabel penjelas memilih 
arah pengaruh yang pasti, misalnya negatif atau positif maka, uji t 
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yang digunakan adalah uji satu sisi (Ho : 
2b  > 0, atau Ho : 

2b  < 0). 

Sedangkan bila tidak diketahui secara pasti arah pengaruhnya maka 

digunakan uji dua sisi dengan Ho : 2b  = 0. 

Apabila nilai t statistik lebih besar dibandingkan dengan nilai t tabel 

(kritisnya), maka hipotesis nol yang mengatakan bahwa 
2b  = 0 ditolak. 

Begitu pula sebaliknya, apabila nilai t statistik lebih kecil dibandingkan 

dengan nilai t tabel, maka hipotesis nol yang mengatakan bahwa 2b  = 0 

harus ditolak. 
 
 Koefisien Determinasi: Suatu Ukuran Kebaikan-Kesesuaian 
Uji kebaikan-kesesuaian (goodness of fit) garis regresi terhadap 
sekumpulan data merupakan kelengkapan lain dari estimasi OLS. Tujuan 
dari uji goodness of fit adalah untuk mengetahui sejauh mana garis regresi 
sampel cocok dengan data. Hal ini berkaitan dengan harapan kita agar 
semua pengamatan terletak pada garis regresi, sehingga akan diperoleh 
kesesuaian yang sempurna.  Kesesuaian semacam itu tidak akan terjadi 
karena adanya unsur pengganggu menyebabkan tidak mungkin diperoleh 
nilai kesesuaian yang sempurna. 
Untuk lebih memudahkan, nilai koefisien determinasi regresi dua variabel 

dinamakan dengan 
2r , sementara untuk nilai koefisien determinasi 

regresi berganda dinamakan dengan 
2R . Nilai 

2r , dapat  diamati dari 
persamaan (2.35) berikut ini: 

(2.35)  iii eYY  ˆ  

Misalkan persamaan (2.35) disajikan dalam bentuk yang sedikit berbeda, 
tetapi ekuivalen dengan bentuk sebagaimana, disajikan dalam gambar 
(2.3): 
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Persamaan (2.35)n bila ditulis dalam bentuk simpangan adalah sebagai 
berikut h sebagai berikut: 

(2.36)  ii eyy  ˆ  

Dengan mengkuadratkan kedua sisi dan menjumlahkannya untuk semua 
sampel, maka akan diperoleh: 

(2.37)     222 ˆ
iii eyy  

Karena ŷi = b2xi, maka persamaan (2.37) adalah ekuivalen dengan, 

(2.38)     222

2

2

iii exby   

Berbagai jumlah kuadrat yang muncul dalam persamaan (2.37) dapat 
dijelaskan sebagai berikut: 

1. 
2

iy = total variasi nilai Y sebenarnya di sekitar rata-rata 

sampelnya, yang bisa disebut sebagai jumlah kuadrat total (total sum 
of squares = TSS). 

2. 
2ˆ
iy = variasi nilai Y, yang diestimasi di sekitar rata-ratanya 

 YY ˆ , yang bisa disebut sebagai jumlah kuadrat karena 

regresi, yaitu karena variabel yang menjelaskan, atau dijelaskan oleh 
regresi, atau sering pula disebut dengan jumlah kuadrat yang 
dijelaskan (explained sum of squares = ESS). 

3. 
2

ie = residual atau variasi yang tidak dapat dijelaskan 

(unexplained) dari nilai Y di sekitar garis regresi atau sering pula 
disebut dengan jumlah kuadrat residual (residual sum of squares = 
RSS). 

 
Dengan demikian, persamaan (2.38) dapat ditulis sebagai berikut: 
(2.39) TSS=ESS + RSS 

 
 

Persamaan (2.39) menunjukkan bahwa total variasi dalam nilai Y yang 
diamati di sekitar nilai rata-ratanya dapat dipisahkan ke dalam dua bagian, 
yaitu sebagian diakibatkan oleh garis regresi dan sebagian lagi disebabkan 
oleh kekuatan acak (random) karena tidak semua pengamatan Y yang 
sebenarnya terletak pada garis yang disesuaikan. 
Sekarang, dengan membagi persamaan (2.39) dengan TSS pada kedua 
sisinya, maka akan diperoleh: 

(2.40)  
TSS

RSS

TSS

ESS
1   

Sekarang, dimisalkan r2 adalah: 

(2.41)  
TSS

ESS
r 2

 

Dengan cara lain, r2 dapat didefinisikan sebagai berikut: 

(2.42)  
TSS

RSS
r  21  

(2.43)  
TSS

RSS
r 12

 

Dengan cara yang sama, nilai R2 untuk model regresi berganda dapat 
dihitung sebagai berikut: 

(2.44) 

 


 


2

33222

i

iiii

y

xybxyb

TSS

ESS
R  

(2.45) 
 


 

  
  







2

3322

3322

2

33222

i

iiii

iiiii

iiii

y

xybxyb

xybxyby

xybxyb
R

 

(2.46)  





2

2

2 1
i

i

y

e

TSS

RSS
R  

 
Besaran r2 (R2) yang didefinisikan di atas dikenal dengan koefisien 
determinasi (coefficient of determination) dan biasanya digunakan untuk 
mengukur kebaikan-sesuai suatu garis regresi. Nilai atau besaran r2 (R2) 
hanyalah salah satu dan bukan satu-satunya kriteria untuk memilih 
dan/atau mengukur ketepatan suatu regresi atau model (Insukindro, 1998: 
1-2). Secara verbal adalah: 
 
r2 (R2) mengukur yang didefinisikan proporsi atau prosentase dar 

variasi variabel Y mampu dijelaskan oleh variasi (himpunan) 
variabel x. 

 
Lebih lanjut, berdasarkan uraian di atas, maka perlu diketahui berapa ciri 
atau sifat dari r2 (R2) yaitu: 
1. Nilai r2 (R2) merupakan besaran non negatif, karena berdasarkan 

formulasi persamaan (2.46) misalnya, tidak mungkin r2 (R2) akan 
bernilai negatif. 

2. Nilai r2 (R2) adalah terletak 0 ≤ r2 (R2) ≤ 1. Suatu nilai r2 (R2) sebesar 1 
berarti suatu kesesuaian sempurna (hampir tidak pernah terjadi), 
sedangkan nilai r2 (R2) sebesar nol berarti tidak ada hubungan antara 
variabel tak bebas dengan variabel yang menjelaskan (variabel 
bebas) atau prosentase dari variasi variabel Y tidak mampu dijelaskan 
oleh variasi dari variabel X. 

 
 Koefisien Korelasi 
Koefisien korelasi, r untuk regresi sederhana dan R untuk regresi berganda 
mempunyai hubungan yang sangat erat dengan r2 (R2), walaupun secara 
konseptual berbeda. Koefisien korelasi mengukur hubungan antara 
variabel tak bebas (Y) dengan variabel bebas (X). 
Formulasi dari r (R) adalah sebagai berikut: 

(2.47) r (R) = 

 






22 )()(

))((

YYXX

YYXX

ii

ii
 

(2.48) r (R) = 

 


22

ii

ii

yx

yx
 

Atau dapat juga dilakukan dengan mengambil nilai akar r2 (R2). 

(2.49) 
2rr   

 
Ada beberapa sifat r (R), yaitu: 

1. Nilai r (R) dapat positif atau negatif, tandanya tergantung pada 
tanda faktor pembilang dari persamaan (2.47), yaitu mengukur 
kovarian sampel kedua variabel. 

2. Nilai r (R) terletak antara batas -1 dan +1, yaitu -1 ≤ r (R) ≤ 1. 
3. Sifat dasarnya simetris, yaitu koefisien korelasi antara X dan Y 

(rXY atau RXY) sama dengan koefisien korelasi antara Y dan X (rXY 
RXY). 

4. Tidak tergantung pada titik asal dan skala. 
5. Kalau X dan Y bebas secara statistik, maka koefisien korelasi 

antara mereka adalah nol, tetapi kalau r (R) = 0, ini tidak berarti 
bahwa kedua variabel adalah bebas (tidak ada hubungan). 

6. Nilai r (R) hanyalah suatu ukuran hubungan linier atau 
ketergantungan linier saja; r (R) tadi tidak mempunyai arti 
untuk menggambarkan hubungan non-linier. 

7. Meskipun nilai r (R) adalah ukuran linier antara dua variabel, 
tetapi tidak perlu berarti adanya hubungan sebab akibat 
(causal). 

 
Membandingkan Dua Nilai Koefisien Determinasi 
Satu konsep penting lagi berkaitan dengan koefisien determinasi adalah R2 

yang disesuaikan (adjusted R2 = 
2R ). Nilai ini sangat bermanfaat, 

terutama ketika hendak membandingkan dua nilai R2 dari suatu model 
regresi yang mempunyai variabel tak bebas yang sama, akan tetapi 
berbeda dalam variabel bebasnya [lebih lanjut mengenai pemilihan model 
akan diuraikan pada bagian 2.13 di bawah]. 
Sebagaimana dinyatakan dalam persamaan (2.43) atau (2.46), R2 = 1 – 

(RSS/TSS), maka selanjutnya dapat dihitung nilai 
2R dengan 

menggunakan formulasi berikut ini: 



 Masterbook of Business and Industry (MBI) 

  

Muhammad Firman   (University of Indonesia -  Accounting )                      8 

 

(2.50)  
)1/(

)/(
12






nTSS

knRSS
R  

        
)/(

)1/(
1

knTSS

nRSS




  

Dengan memasukkan persamaan (2.43) atau (2.46) ke dalam persamaan 
(2.50), diperoleh: 

(2.51)  
)1(

)(
)1(1 22






n

kn
RR  

Gambaran besaran nilai 
2R  adalah sebagai berikut: 

1. Jika k (jumlah parameter) lebih besar dari satu (k > 1), maka 
2R  ≤

2R —bahwa adanya peningkatan atau kenaikan jumlah variabel 

penjelas dalam suatu model, 
2R  akan meningkat kurang dari 

2R  

(nilai 
2R  yang tidak disesuaikan). Hal ini terjadi, karena dalam 

2R  
berkaitan dengan derajat kebebasan akibat penambahan variabel 

penjelas baru dalam model, sementara 
2R  tidak 

memperhitungkan hal tersebut. 

2. Walaupun nilai 
2R  selalu positif, dalam nilai 

2R  dapat saja 
negatif. 

 
Memilih Model dan Bentuk Fungsi Model Empiris 
Dalam analisis ekonometrika, pemilihan model merupakan salah satu 
langkah yang penting di samping pembentukan model teoritis dan model 
yang dapat ditaksir, estimasi, pengujian hipotesis, peramalan (forecasting) 
dan analisis mengenai implikasi kebijakan dari model tersebut. Terlebih 
lagi jika analisis dikaitkan dengan pembentukan model dinamis yang 
perumusannya dipengaruhi oleh berbagai faktor, seperti perilaku atau 
tindak-tanduk pelaku ekonomi, peranan dan kebijaksanaan penguasa 
ekonomi, faktor-faktor kelembagaan dan pandangan pembuat model 
terhadap realitas yang dihadapi (Insukindro, 1992: 3; Insukindro dan 
Aliman, 1999). 
 
Tentu saja agar suatu model estimasi dapat dipilih sebagai model empirik 
yang baik dan mempunyai daya prediksi serta peramalan dalam sampel, 
perlu dipenuhi syarat-syarat dasar antara lain: model itu dibuat sebagai 
suatu perpsepsi mengenai fenomena ekonomi aktual yang dihadapi dan 
didasarkan pada teori ekonomika yang sesuai, lolos uji baku dan berbagai 
uji diagnosis asumsi klasik, tidak menghadapi persoalan regresi lancung 
atau korelasi lancung dan residu regresi yang ditaksir adalah stasioner 
khususnya untuk analisis data runtun waktu (Insukindro, 1999: 3). 
Langkah-langkah tersebut dimaksudkan agar peneliti dapat terhindar dari 
kesalahan spesifikasi (specification error). Johnston dan DiNardo (1997: 
109-112) mengatakan bahwa kesalahan spesifikasi dapat disebabkan oleh 
3 kemungkinan yaitu kemungkinan kesalahan yang disebabkan oleh 
variabel gangguan (disturbances), variabel penjelas (explanatory variable) 
dan parameter. 
 
Berkaitan dengan kemungkinan kesalahan spesifikasi yang disebabkan 
oleh variabel bebas (independent variable) misalnya, salah satu hal penting 
yang perlu diperhatikan dalam studi empirik adalah penentuan bentuk 
fungsi (functional form) dari model yang akan diestimasi. Pertanyaan yang 
sering muncul berkaitan dengan isu yang disebut terakhir adalah apakah 
bentuk fungsi adalah linier atau log-linier. Dalam kenyataannya, sering 
dijumpai seorang peneliti dengan menggunakan informasi a priori (feeling) 
langsung menetapkan bentuk fungsi model estimasi dinyatakan dalam 
bentuk log-linier. Hal ini karena bentuk log-linier diyakini mampu 
mengurangi tingkat veriasi data yang akan digunakan (data lebih halus). 
Namun, dalam studi empirik keputusan untuk menetapkan bentuk fungsi 
model yang diestimasi perlu diuji apakah memang model tersebut sesuai 
dengan argumen teori dan perilaku variabel yang sedang diamati dan 
persepsi si pembuat model mengenai fenomena yang sedang dihadapi. 
 
Memilih Model Empiris yang Baik 
Pada umumnya, teori ekonomi lebih tertarik untuk membahas hubungan 
keseimbangan dan meliput variabel-variabel ekonomi dalam suatu model 
ekonomi teoritis. Namun demikian, dia tidak membahas secara spesifik 
bentuk fungsi hubungan antar variabel ekonomi terkait dan tidak 
menyarankan variabel-variabel apa saja yang harus dicakup dalam model 
ekonomi empirik. Oleh karena itu, pemilihan model dalam studi empirik 
menjadi salah satu langkah yang penting dalam ekonometrika, terlebih lagi 
dalam analisis data runtun waktu atau analisis dinamik (Godfrey, et, al., 
1988: 492 dan Kennedy, 1996: 92). 
 
Kriteria pemilihan model empirik yang baik dalam ekonometrika telah 
banyak dibahas (untuk kepustakaan, lihat misalnya Harvey, 1990; Hendry 
and Ericsson, 1991; Gujarati, 2003; Thomas, 1997; dan Insukindro, 1998, 
1999). Secara umum dapat dikemukakan di sini bahwa model yang baik 
adalah : 
1. Sederhana (parsimony) dalam arti bahwa model ekonometrika yang 

baik hanya memasukkan variabel-variabel yang dianggap penting dan 
dipilih berdasarkan teori ekonomika serta fenomena yang sesuai. 
Secara konseptual memang merupakan penyederhanaan fakta, 
sehingga suatu model tidak dimaksudkan untuk menjelaskan semua 
fenomena yang ada dalam dunia nyata. Dia dibangun agar dapat 

dipakai sebagai panduan bagi peneliti dalam mengestimasi atau 
memprediksi parameter atau perilaku ekonomi yang sedang diamati.  

2. Mempunyai adminisibilitas dengan data (data admissibility) dalam 
arti bahwa model ekonometri yang baik hendaknya tidak mempunyai 
kemampuan untuk memprediksi besaran-besaran ekonomi yang 
menyimpang dari kendala atau definisi ekonomika.  

3. Koheren dengan data (data coherency). Dalam kriteria ini model yang 
baik adalah model yang mampu menjelaskan data yang ada. 
Biasanya kriteria ini dikaji melalui uji keserasian atau goodness of fit. 
Salah satu ukuran yang sering digunakan untuk mendukung kriteria 
ini adalah koefisien determinasi (R2), khususnya bila peneliti 
menggunakan analisis regresi linier.  

4. Parameter yang diestimasi harus konstan (constant parameter) 
dalam arti bahwa parameter dari model yang baik adalah besaran 
statistik yang deterministik dan bukan stokastik.  

5. Model konsisten dengan teori ekonomika yang dipilih atau teori 
pesaingnya (theoretical consistency). Cara sederhana untuk 
mengetahui apakah hasil estimasi mempunyai indikasi konsisten 
dengan teori adalah melihat tanda koefisien regresi terkait. 
Katakanlah akan diestimasi pengeluaran konsumsi riil sebagai fungsi 
dari tingkat pendapatan riil. Hasil estimasi dapat dikatakan konsisten 
dengan teori ekonomi bila hasrat mengkonsumsi marginal (MPC) 
positif (0 > MPC <1). Hasil estimasi akan lebih meyakinkan lagi bila 
secara statistik signifikan. Bagaimana bila hasil estimasi menunjukkan 
bahwa MPC < 0 atau MPC > 1?. Dua estimasi yang disebut terakhir 
tentu saja tidak konsisten dengan teori. Dalam analisis data runtun 
waktu untuk menguji apakah hasil estimasi konsisten dengan teori, 
dapat dilakukan dengan pendekatan kointegrasi dan model koreksi 
kesalahan (ECM).  

6. Model mampu mengungguli (encompassing) model pesaingnya. Cara 
yang biasa dilakukan untuk mendukkung regresi ini adalah dengan 
melakukan uji yang disarangkan (nested test) atau uji yang tak 
disarangkan (non-nested test). Beberapa uji yang berkaitan dengan 
masalah keunggulan ini akan juga dibahas dalam makalah ini. Tentu 
saja untuk memenuhi syarat dilakukan pengujian terhadap kriteria-
kriteria di atas, model yang diestimasi harus lolos dari asumsi klasik 
regresi linier, jika peneliti menggunakan analisis regresi linier. Khusus 
analisis regresi linier untuk data runtun waktu, anggapan klasik 
bahwa variabel penjelas (explanatory variable) adalah deterministik 
perlu mendapatkan perhatian sungguh-sungguh. Hal ini karena data 
runtun waktu pada umumnya bersifat stokastik, sehingga estimasi 
OLS kemungkinan besar akan bias (Thomas, 1997, Ch. 8). 

 
Seperti telah dibahas di atas, salah satu kriteria yang dapat dipakai  dalam 
pemilihan model empirik yang baik adalah kriteria goodness of fit yang 
didasarkan pada nilai koefisien determinasi atau nilai R2. namun harus 
diakui bahwa penggunaan koefisien determinasi dalam penentuan model 
yang baik harus dilakkukan dengan hati-hati. Hali ini karena kriteria ini 
hanya sahih (valid) bila dipenuhi syarat yaitu parameter model yang 
diestimasi adalah linier atau regresi linier, model tersebut mempunyai 
intersep (intercept) dan diestimasi dengan metode OLS (ordinary least 
squares). Jika ketiga syarat ini tidak dipenuhi maka penggunaan R2 sebagai 
kriteria pemilihan model akan menyesatkan (misleading) dan dapat 
menimbulkan regresi lancung (spurious regression). Dengan kata lain, 
kriteria ini banyak mengandung berbagai kelemahan, sehingga 
penggunaannya sebagai kriteria goodness of fit perlu dikaji dengan 
sungguh-sungguh (untuk diskusi lebih lanjut mengenai hal ini lihat 
misalnya, Ramanathan, 1996: 282-283 dan Insukindro, 1998: 1-11). Dalam 
makalah ini akan dikemukakan beberapa kriteria alternatif yang 
diharapkan dapat menghindarkan peneliti dari kemungkinan terjebak ke 
dalam kesalahan spesifikasi (specification error). 

Tabel 2.1: 
Rumus Kriteria Statistika Seleksi Model 

 

Na
ma 

Rumus Nama Rumus 

1. 
AIC 

).2( Tke
T

RSS








 

6. 
SCHW
ARZ 

T

k j

T
T

RSS








 

2. 
FP
E kT

kT

T

RSS












 

7. 
SGMAS
Q 

1

1





























T

k

T

RSS

 

3. 
GC
V 

2

1





























T

k

T

RSS

 

8. 
SHIBA
TA T

kT

T

RSS 2









 

4. 
HQ 

  T
k

T
T

RSS 2

n1








 

9. PC 


















kT

T

T

RSS

 

5. 
RIC
E 

1

2
1





























T

k

T

RSS

 

10. RVC 

jkT

T

T

RSS











 



 Masterbook of Business and Industry (MBI) 

  

Muhammad Firman   (University of Indonesia -  Accounting )                      9 

 

 
Keterangan: 
RSS = Residual sum of squares 
T = Jumlah data/observasi 
k = Jumlah variabel penjelas ditambah dengan konstanta 
kj = Jumlah variabel penjelas tanpa konstanta 
 
Paling tidak terdapat 10 kriteria statistika lain yang dapat digunakan untuk 
memilih sebagaimana tersaji pada tabel 2.1 di atas (untuk kepustakaan 
lihat: Judge, et, al., 1980: 407-439; Geweke dan Meese, 1981: 55-70; 
Ramanathan, 1996: 161-207 dan Insukindro dan Aliman, 1999). Pertama, 
Akaike Information Criterion (AIC), yang dikembangkan oleh Akaike tahun 
1970 dan 1974. Kedua, Final Prediction Error (FPE), yang dikembangkan 
oleh Hsiao sejak tahun 1978. Ketiga, Generalized Cross Validation (GCV), 
yang dikembangkan oleh Crave dan Wahba tahun 1979. Keempat, 
Hannan-Quinn (HQ), yang dikembangkan ole Hannan dan Quinn tahun 
1979. Kelima, RICE, yang dikembangkan ole Rice tahun 1984. Keenam, 
SCHWARZ, yang dikembangkan oleh Schwarz tahun 1980. Ketujuh, 
SGMASQ. Kedelapan, SHIBATA, yang dikembangkan oleh Shibata tahun 
1981. Kesembilan, Prediction Criterion (PC) yang dikembangkan oleh 
Amemiya tahun 1980 dan terakhir, kesepuluh, Residual Variance Criterion 
(RVC) yang dikembangkan oleh Theil tahun 1961. 
Seperti terlihat pada tabel 1, secara umum kesepuluh kriteria itu 
menggunakan nilai residual sum of squares (RSS) tertimbang (weighted), 
sehingga mereka dapat dipakai sebagai beberapa alternatif pesaing bagi 
koefisien determinasi dalam pemilihan model. Jika dalam pemilihan model 
dengan pendekatan R2 dipilih koefisien determinasi yang maksimum, maka 
dalam analisis dengan 10 kriteria di atas dipilih kriteria yang mempunyai 
nilai paling kecil (minimum) di antara berbagai model yang diajukan. 
Melalui kriteria-kriteria ini dapat pula dikurangi atau dihindarkan adanya 
sindrom R2. Di samping itu besaran-besaran tersebut dapat pula digunakan 
untuk menentukan kesederhanaan atau efisiensi jumlah variabel bebas 
yang diliput dalam suatu model. Kriteria-kriteria ini juga dapat digunakan 
untuk menentukan variabel kelambanan (lag variable) dalam uji kausalitas 
dan uji derajat integrasi. 
 
Menentukan Bentuk Fungsi Model Empiris 
Pemilihan bentuk fungsi model empirik merupakan pertanyaan atau 
masalah empirik (empirical question) yang sangat penting, hal ini karena 
teori ekonomi tidak secara spesifik menunjukkan ataupun mengatakan 
apakah sebaiknya bentuk fungsi suatu model empirik dinyatakan dalam 
bentuk linear ataukah log-linear atau bentuk fungsi lainnya (Godfrey, et, 
al., 1988: 492; Gujarati, 2003: 280 dan Thomas, 1997: 344-345). Selain itu, 
pemilihan bentuk fungsi untuk menentukan spesifikasi suatu model 
ekonometrika memiliki implikasi-implikasi yang penting untuk rangkaian 
kerja berikutnya seperti halnya menentukan bentuk model empirik yang 
telah dibahas di atas. Kesalahan dalam penentuan bentuk fungsi akan 
menyebabkan persoalan-persoalan kesalahan spesifikasi dan estimasi-
estimasi koefisien akan bias, parameter estimasi tidak akan konsisten, 
walaupun untuk hhal itu tidak ada aturan yang pasti guna menentukan 
bentuk fungsi yang paling tepat/cocok untuk kasus tertentu (Godfrey, et, 
al., 1988: 492 dan Johnston dan Dinardo, 1997: 109-112). Dalam kasus ini, 
kesalahan spesifikasi yang sering muncul adalah apabila peneliti terserang 
sindrom R2 yang menganggap bahwa R2 merupakan besaran statistika 
penting dan harus memiliki nilai yang tinggi (mendekati satu). Padahal, 
seperti telah diuraikan di atas, penggunaan R2 sebagai salah satu kriteria 
pemilihan model harus dipenuhi syarat-syarat tertentu. Di samping itu, 
variabel tak bebas (dependent variable) model-model yang dibandingkan 
harus sama dan parameternya harus linear (lihat juga Insukindro, 1998: 1-
11). 
Dalam kasus di mana variabel tak bebasnya berbeda, katakanlah model A 
dengan variabel tak bebas dalam bentuk aras (level of) dan model B 

variabel tak bebasnya dinyatakan dalam logaritma, maka 
2

AR  dan 
2

BR  

tidak dapat dibandingkan. Hal ini karena kedua besaran R2 tersebut 
mengukur suatu hubungan variabel tak bebas yang berbeda. 
Berangkat dari permasalahan di atas, dalam studi empirik biasanya 
digunakan metode yang dikembangkan MacKinnon, White dan Davidson 
tahun 1983 (MWD test), metode Bera dan McAleer tahun 1988 (B-M test), 
uji J, uji JM, metode yang dikembangkan Zarembka tahun 1968 dan 
pendekatan model koreksi kesalahan (lihat: Godfrey, et, al., 1988: 494; 
Insukindro, 1990: 252-259; Gujarati, 2003: 280-281; Thomas, 1997: 344-
345 dan Insukindro dan Aliman, 1999). 
 
Uji MacKinnon, White dan Davidson (MWD Test) 
Untuk dapat menerapkan uji MWD, pertama-tama anggaplah bahwa 
model empirik permintaan uang kartal riil di Indonesia adalah sebagai 
berikut: 
(2.52)  UKRt = a0 + a1YRt + a2IRt + Ut 
(2.53)  LUKRt = b0 + b1LYRt + b2IRt + Vt 

 
di mana parameter a1, a2, b1 dan b2 dianggap berpangkat satu, UKRt (LUKRt) 
adalah variabel tak bebas, YRt (LYRt), IRt adalah variabel bebas dan Ut dan 
Vt adalah variabel gangguan atau residual. 
 
Berdasarkan persamaan (2.52) dan (2.53) di atas, selanjutnya dibentuk 
persamaan uji MWD berikut ini (Insukindro dan Aliman, 1999): 
 
(2.54)  UKRt = a0 + a1YRt + a2IRt + a3Z1 + Ut  
(2.55)  LUKRt = b0 + b1LYRt + b2IRt + b3Z2 + Vt  

 
di mana Z1 adalah nilai logaritma dari fitted persamaan (2.52) dikurangi 
dengan nilai fitted persamaan (2.53), sedangkan Z2 sebagai nilai antilog 
dari fitted persamaan (2.53) dikurangi dengan nilai fitted persamaan 
(2.52). 

 
Berdasarkan hasil estimasi persamaan (2.54) dan (2.55), apabila ditemukan 
Z1 signifikan secara statistik, maka hipotesis nol yang menyatakan bahwa 
model yang benar adalah bentuk linear ditolak dan sebaliknya, bila Z2 
signifikan secara statistik, maka hipotesis alternatif yang menyatakan 
bahwa model yang benar adalah log-linear ditolak. 
 
Uji Bera dan McAleer (B-M Test) 
Uji ini dikembangkan oleh Bera dan McAleer tahun 1988 yang didasarkan 
pada dua regresi pembantu (two auxiliary regressions) dan uji ini bisa 
dikatakan merupakan pengembangan dari uji MWD sebagaimana yang 
dibahas di atas. 
Seperti halnya dalam uji MWD, untuk dapat menerapkan uji B-M, perlu 
dilakukan langkah-langkah berikut ini (Insukindro dan Aliman, 1999): 

1. Estimasi persamaan (2.52) dan (2.53) kemudian nyatakan nilai 
prediksi atau fitted UKRt dan LUKRt masing-masing sebagai F1 
dan F2. 

2. Estimasi persamaan (2.56) dan (2.57): 
 

(2.56) F2LUKRt = b0 + b1YRt + b2IRt + Vt 
(2.57) F1UKRt = a0 + a1LYRt + a2IRt + Ut 
di mana F2LUKRt = antilog (F2) dan F1UKRt = log (F1). Vt serta Ut 
adalah residual dari persamaan (2.56) dan (2.57). 

3. Simpanlah nilai Vt serta Ut. 
4. Lakukan regresi dengan memasukkan nilai residual hasil regresi 

persamaan (2.56) dan (2.57) sebagai variabel pembantu dalam 
persamaan berikut: 
(2.58) UKRt = α0 + α1YRt + α2IRt + α3Ut + et01 
(2.59) LUKRt = β0 + β1LYRt + β2IRt + β3Vt + et02 

5. Uji hipotesis nol bahwa α3 = 0 dan hipotesis alternatif β3 = 0. 
Jika α3 berbeda dengan nol secara statistik, maka bentuk model 
linier ditolak dan sebaliknya. Pada bagian lain, jika β3 berbeda 
dengan nol secara statistik, maka hipotesis alternatif yang 
mengatakan bahwa bentuk fungsi log-linier yang benar ditolak. 

 
Metode Zarembka 
Metode ini merupakan metode alternatif selain uji MWD dan uji B-M 
untuk menentukan bentuk fungsi regresi yang akan digunakan dalam 
analisis. Pengujian dengan metode ini relatif sederhana tetapi kemampuan 
prediksinya relatif lemah dibandingkan dengan dua uji yang telah dibahas 
sebelumnya. Ide dasar dari metode ini adalah berangkat dari keyakinan 
awam yang menganggap bahwa bentuk model empirik yang paling baik 
adalah bentuk log-linier. 
Untuk dapat menerapkan metode ini, ada beberapa langkah yang perlu 
dilakukan (Insukindro dan Aliman, 1999): 

1. Dapatkan nilai mean of dependent variable dari nilai sampel 
UKRt, dengan rumus: 

(2.60)  )(
1

tUKRLn
T

 

2. Dapatkan nilai geometric mean dari LUKRt dengan rumus: 

(2.61) 







  )(

1
exp tt UKRLn

T
GMUKR  

3. Dapatkan nilai UKRt
*, dengan rumus: UKRt

* =  

t

t

GMUKR

UKR
 

4. Estimasi persamaan (2.62) dan (2.63) dan dapatkan nilai RSS1 
(residual sum of squares persamaan 2.62) dan RSS2 (residual 
sum of squares persamaan 2.63), dengan UKRt

* menggantikan 
UKRt dan LUKRt

* menggantikan LUKRt atau dapat ditulis sebagai 
berikut: 
(2.62) UKRt

*  = a0 + a1YRt + a2IRt + Ut 
(2.63) LUKRt

* = b0 + b1LYRt + b2IRt + Vt 
5. Hitung χ2 untuk menguji hipotesis nol bahwa model yang layak 

adalah log-linier dengan rumus:(2.64)

 

















1

2

2

12

RSS

RSS
LnTχ  

6. Jika χ2 hitung > χ2 tabel, maka model yang layak/superior adalah 
model log-linier. Namun bila χ2 hitung < χ2 tabel, maka model 
log-linier dan linier sama baiknya (model log-linier tidak lebih 
superior dibandingkan dengan model linier). 

 
Uji J 
Uji lain untuk menguji bentuk fungsi model empiris adalah dengan 
menggunakan uji J. Uji ini dikembangkan oleh R. Davidson dan J.G. 
MacKinnon tahun 1981. Untuk dapat menerapkan uji J, perlu dilakukan 
langkah-langkah berikut ini (Insukindro, 1990: 253-257): 

1. Estimasi persamaan (2.52) dan (2.53) kemudian nyatakan nilai 
prediksi atau fitted UKRt dan LUKRt masing-masing sebagai F1 
dan F2 sebagaimana pada langkah pertama pada uji MWD dan 
uji B-M di atas. 

2. Estimasi persamaan (2.65) dan (2.66) berikut ini: 
(2.65) UKRt = α0 + α1YRt + α2IRt + α3F2t + Vt 
(2.66) LUKRt = β0 + β1LYRt + β2IRt + β3F1t + Ut 

3. Uji hipotesis nol bahwa α3 = 0 dan hipotesis alternatif β3 = 0. 
Jika α3 berbeda dengan nol secara statistik, maka bentuk model 
linier ditolak sebagai bentuk model empiris yang relatif unggul 
dan sebaliknya. Pada bagian lain, jika β3 berbeda dengan nol 
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secara statistik, maka hipotesis alternatif yang mengatakan 
bahwa bentuk fungsi log-linier yang benar ditolak. 

 
Uji JM 
Uji ini merupakan pengembangan dari uji J yang didiskusikan di atas. Uji ini 
dikembangkan oleh Maddala tahun 1988. Untuk dapat menerapkan uji JM, 
perlu dilakukan langkah-langkah berikut ini (Insukindro, 1990: 257-259): 

1. Lakukan estimasi sebagaimana langkah pertama uji J di atas. 
2. Estimasi persamaan (2.67) dan (2.68) berikut ini: 

(2.67) UKRt – F1t = δ1F2t – F1t – Vt  
(2.68) LUKRt – F2t = ф1F1t – F2t – Ut 

3. Uji hipotesis nol bahwa δ1 = 0 dan hipotesis alternatif ф1 = 0. 
Jika δ1 berbeda dengan nol secara statistik, maka bentuk model 
linier ditolak sebagai bentuk model empiris yang relatif unggul 
dan sebaliknya. Pada bagian lain, jika ф1 berbeda dengan nol 
secara statistik, maka hipotesis alternatif yang mengatakan 
bahwa bentuk fungsi log-linier yang benar ditolak. 

 
Pendekatan Model Koreksi Kesalahan 
Pendekatan model koreksi kesalahan (Error Correction Model = ECM) 
menghiasi wajah ekonometrika untuk analisis data runtun waktu (time 
series) sejak tahun 1960-an. Penerapan pendekatan ini dalam analisis 
ekonomika tidak dapat dilepaskan dari peranan guru besar London School 
of Economics, Inggris, Prof. Sargan melalui tulisannya pada tahun 1964. 
Pendekatan ini diyakini dapat menguji apakah spesifikasi model empirik 
yang digunakan valid atau tidak berdasarkan nilai koefisien error correction 
term, dan dapat juga meliput lebih banyak variabel dalam menganalisis 
fenomena ekonomi jangka pendek dan jangka panjang serta mengkaji 
konsisten tidaknya model empirik dengan teori ekonomi, dan dalam usaha 
mencari pemecahan terhadap persoalan variabel runtun waktu yang tidak 
stasioner dan regresi lancung dalam analisis ekonometrika (Insukindro, 
1999: 2) 
 
ECM dapat diturunkan dari fungsi biaya kuadrat tunggal (single period 
quadratic cost function). Selanjutnya mengikuti pendekatan yang 
dikembangkan oleh Domowitz dan Elbadawi (1987) dengan terlebih 
dahulu melakukan minimisasi terhadap fungsi biaya kuadrat tunggal, akan 
diperoleh bentuk baku ECM sebagai berikut: 
 
(2.69) DUKRt= c0 – c1DYRt + c2DIRt + c3YRt(-1) + c4IRt(-1) + c5ECT01 + Ut 
(2.70) DLUKRt= d0 – d1DLYRt + d2DIRt + d3LYRt(-1) + d4IRt(-1) + d5ECT02 + Vt 
 
di mana:  
ECT01 = YRt(-1) – IRt(-1) – UKRt(-1) 
ECT02 = LYRt(-1) – IRt(-1) – LUKRt(-1) 
 
Selanjutnya melalui persamaan (2.69) dan (2.70) dapat diketahui 
konsistensi hasil estimasi ECM dengan teori ekonomi. Di samping itu, 
dapat pula diestimasi koefisien regresi jangka panjang model yang sedang 
dianalisis dan penetuan bentuk fungsi model empirik yang digunakan. 
Berkaitan dengan yang disebut terakhir, beberapa acuan berikut ini perlu 
diperhatikan: 
a) Estimasi koefisien error correction term persamaan (2.69) dan (2.70) 

harus signifikan dan hasil estimasi lolos dari berbagai uji diagnosis 
atau uji asumsi linier klasik (autokorelasi, heterokedastisitas, 
normalitas dan linieritas). 

b) Konsistensi antar nilai estimasi koefisien regresi jangka panjang dan 
estimasi kointegrasi dapat dipakai sebagai acuan untuk menentukan 
bentuk fungsi dari model koreksi kesalahan yang layak. 

 
 

 
 
 
The Method of Maximum Likelihood 
The method of maximum-likelihood constitutes a principle of estimation 
which can be applied to a wide variety of problems. One of the attractions 
of the method is that, granted the fulfilment of the assumptions on which 
it is based, it can be shown that the resulting estimates have optimal 
properties. In general, it can be shown that, at least in large samples, the 
variance of the resulting estimates is the least that can be achieved by any 
method. 
 
The cost of using the method is the need to make the assumptions which 
are necessary to sustain it. It is often difficult to assess, without a great 
deal of 
further analysis, the extent to which the desirable properties of the 
maximumlikelihood estimators survive when these assumptions are not 
fulfilled.  
The method will be applied to the regression model with independently 
and identically distributed disturbances which follow a normal probability 
law. 
The probability density functions of the individual disturbances εt; t = 1, . . 
. , T 
are given by 

 
 
Since the ε’s are assumed to be independently distributed, their joint 
probability 
density function (p.d.f.) is 
 

 
If the elements x1, . . . , xT are a set of fixed numbers, then it follows that 
the 
conditional p.d.f. of the sample y1, . . . , yT is 
 

 
The principle of maximum likelihood suggests that α, β and σ2 should be 
estimated by choosing the values which maximise the probability measure 
that 
is attributed to the sample y1, . . . , yT . That is to say, one chooses to 
regard 
the events which have generated the sample as the most likely of all the 
events 
that could have occurred. Notice that, when α, β and σ2 are the arguments 
of the function f rather than its parameters, and when y1, . . . , yT are data 
values rather than random variables, the function is no longer a probability 
density function. For this reason, it called a likelihood function instead and 
it is denoted it by L(α, β, σ2). The log of the likelihood function, which has 
the same maximising values as the original function, is 
 

 
It is clear that, given the value of σ2, the likelihood is maximised by the 
values 
ˆα and ˆ β that minimise the sum of squares; and expressions for ˆα and ˆ 
β have 
been given already under (1.42) and (1.45) respectively.  
 
The maximum-likelihood estimator for σ2 can be obtained from the 
following 
first-order condition: 
 

 
 
∂ 
By multiplying throughout by 2σ4/T and rearranging the result, the 
following 
estimating equation is derived: 
 

 
 
By putting ˆα and ˆ β in place, the estimator  

 
Is obtained, whic had been given already under (1.46). 
 
The General Theory of M-L Estimation 
In order to derive an M-L estimator, it is necessary to make an assumption 
about the functional form of the distribution which generates the data. 
However, the assumption can often be varied without affecting the form 
of the 
M-L estimator; and the general theory of maximum-likelihood estimation 
can 
be developed without reference to a specific distribution. In fact, the M-L 
method is of such generality that it provides a model for most other 
methods of estimation. For the other methods tend to generate 
estimators that can be depicted as approximations to the maximum-
likelihood estimators, if they are not actually identical to the latter. 
 
In order to reveal the important characteristics of the likelihood 
estimators, 
we should investigate the properties of the log-likelihood function itself. 
Consider the case where θ is the sole parameter of a log-likelihood 
function 
log L(y; θ) wherein y = [y1, . . . , yT ] is a vector of sample elements. In 
seeking to 
estimate the parameter, we regard θ as an argument of the function whilst 
the 
elements of y are considered to be fixed. However, in analysing the 
statistical 
properties of the function, we restore the random character to the sample 
elements. The randomness is conveyed to the maximising value ˆθ, which 
thereby acquires a distribution. 
 

 
II. METODE PENDUGA PELUANG 

TERBESAR (MAXIMUM LIKELIHOOD 
ESTIMATION METHOD) 
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A fundamental result is that, as the sample size increases, the likelihood 
function divided by the sample size tends to stabilise in the sense that it 
converges 
in probability, at every point in its domain, to a constant function. In the 
process, the distribution of ˆθ becomes increasingly concentrated in the 
vicinity of the true parameter value θ0. This accounts for the consistency 
of maximum-likelihood estimation. To demonstrate the convergence of 
the log-likelihood function, we shall assume, as before, that the elements 
of y = [y1, . . . , yT ] form a random sample. 
 
Then 

 
and therefore 

 
For any value of θ, this represents a sum of independently and identically 
distributed random variables. Therefore the law of large numbers can be 
applied 
to show that 
 

 
The next step is to demonstrate that E{log L(y; θ0)} ≥ E{log L(y; θ)}, which is 
to say that the expected log-likelihood function, to which the sample 
likelihood function converges, is maximised by the true parameter value 
θ0. The first derivative of log-likelihood function is 
 

 
This is known as the score of the log-likelihood function at θ. Under 
conditions 
which allow the derivative and the integral to commute, the derivative of 
the 
expectation is the expectation of the derivative. Thus, from (10), 
 

 
 
L(y; θ0)dy, 
where θ0 is the true value of θ and L(y, θ0) is the probability density 
function 
of y. When θ = θ0, the expression on the RHS simplifies in consequence of  
the cancellation of L(y, θ) in the denominator with L(y, θ0) in the 
numerator. 
Then we get 
 

 
where the final equality follows from the fact that the integral is unity, 
which 
implies that its derivative is zero. Thus 

 
and this is a first-order condition which indicates that the E{log L(y; θ)/T } is  
maximised at the true parameter value θ0. 
Given that the log L(y; θ)/T converges to E{log L(y; θ)/T }, it follows, by  
some simple analytic arguments, that the maximising value of the former 
must 
converge to the maximising value of the latter: which is to say that ˆθ must  
converge to θ0. Now let us differentiate (8) in respect to θ and take 
expectations. Provided that the order of these operations can be 
interchanged, then 
 

 
where the final equality follows in the same way as that of (11). The LHS 
can 
be expressed as 
 

 
and, on substituting from (11) into the second term, this becomes (16) 

 
Therefore, when θ = θ0, we get 
 

 
This measure is know as Fisher’s Information. Since (12) indicates that the  
score d log L(y; θ0)/dθ has an expected value of zero, it follows that 
Fisher’s 
Information represents the variance of the score at θ0. Clearly, the 
information measure increases with the size of the sample. To obtain a 
measure of the information about θ which is contained, on average, in a 
single observation, we may define φ = Φ/T The importance of the 
information measure Φ is that its inverse provides an approximation to the 
variance of the maximum-likelihood estimator which become increasingly 
accurate as the sample size increases. Indeed, this is the explanation of the 
terminology.  
 
The famous Cram`er–Rao theorem indicates that the inverse of the 
information measure provides a lower bound for the variance of any 
unbiased estimator of θ. The fact that the asymptotic variance of the 
maximum-likelihood estimator attains this bound, as we shall proceed to 
show, is the proof of the estimator’s efficiency. 
 
The Asymptotic Distribution of the M-L Estimator 
The asymptotic distribution of the maximum-likelihood estimator is 
established 
under the assumption that the log-likelihood function obeys certain 
regularity conditions. Some of these conditions are not readily explicable 
without a context. Therefore, instead of itemising the conditions, we shall 
make an overall assumption which is appropriate to our own purposes but 
which is stronger than is strictly necessary. We shall image that log L(y; θ) 
is an analytic function which can be represented by a Taylor-series 
expansion about the point θ0: 
 

 
In pursuing the asymptotic distribution of the maximum-likelihood 
estimator, 
we can concentrate upon a quadratic approximation which is based the 
first three terms of this expansion. The reason is that, as we have shown, 
the distribution of the estimator becomes increasingly concentrated in the 
vicinity 
of the true parameter value as the size of the sample increases. Therefore 
the 
quadratic approximation becomes increasingly accurate for the range of 
values 
of θ which we are liable to consider. It follows that, amongst the regularity 
conditions, there must be at least the provision that the derivatives of the 
function are finite-valued up to the third order. 
 
The quadratic approximation to the function, taken at the point θ0, is  

 
 
Its derivative with respect to θ is 
 

 
By setting θ = ˆθ and by using the fact that d log L(ˆθ)/dθ = 0, which 
follows 
from the definition of the maximum-likelihood estimator, we find that  
 

 
The argument which establishes the limiting distribution of 

 
has two strands. First, the law of large numbers is invoked in to show that 
 

 
 
must converge to its expected value which is the information measure φ = 
Φ/T . 
Next, the central limit theorem is invoked to show that 
 

 
has a limiting normal distribution which is N(0, φ). This result depends 
crucially 
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on the fact that Φ = Tφ is the variance of d log L(y; θ0)/dθ. Thus the 

limiting distribution of the quantity  T(ˆθ − θ0) is the normal 
N(0, φ−1) distribution, 
since this is the distribution of φ−1 times an N(0, φ) variable. Within this 
argument, the device of scaling ˆθ by √T has the purpose of preventing the 
variance from vanishing, and the distribution from collapsing, as the 
sample size increases indefinitely. Having completed the argument, we can 
remove the scale factor; and the conclusion which is to be drawn is the 
following: 
 
 
(23) Let ˆθ be the maximum-likelihood estimator obtained by solving the 
equation d log L(y, θ)/dθ = 0, and let θ0 be the true value of the 
parameter. Then ˆθ is distributed approximately according to the 
distribution N(θ0,Φ−1), where Φ−1 is the inverse of Fisher’s measure of 
information. 
  
In establishing these results, we have considered only the case where a 
single parameter is to estimated. This has enabled us to proceed without 
the panoply of vectors and matrices. Nevertheless, nothing essential has 
been omitted from our arguments. In the case where θ is a vector of k 
elements, we define the information matrix to be the matrix whose 
elements are the variances and covariances of the elements of the score 
vector. Thus the generic element 
of the information matrix, in the ijth position, is 
 

 
 
MANUAL STATA UNTUK MAXIMUM ESTIMATION LIKELIHOOD 
 
Maximum likelihood (ml) requires that you write a program that evaluates 
the log-likelihood function and, possibly, its first and second derivatives. 
The style of the program you write depends upon the method you choose. 
Methods lf, lf0, d0, and gf0 require that your program evaluate the log 
likelihood only. Methods d1 and lf1 require that your program evaluate 
the log likelihood and its first derivatives. Methods d2 and lf2 requires that 
your program evaluate the log likelihood and its first and second 
derivatives. Methods lf, lf0, d0, and gf0 differ from each other in that, with 
methods lf and lf0, your program is required to produce observation-by-
observation log-likelihood values ln `j and it is assumed that lnL = P j ln `j ; 
with method d0, your program is required to produce only the overall 
value lnL; and with method gf0, your program is required to produce the 
summable pieces of the log likelihood, such as those in panel-data models. 
 
Once you have written the program—called an evaluator—you define a 
model to be fit using ml model and obtain estimates using ml maximize. 
You might type 
 
. ml model : : : 
. ml maximize 
 
but we recommend that you type 
 
. ml model : : : 
. ml check 
. ml search 
. ml maximize 
 
ml check verifies your evaluator has no obvious errors, and ml search finds 
better initial values. 
 
You fill in the ml model statement with 1) the method you are using, 2) the 
name of your program, and 3) the “equations”. You write your evaluator in 
terms of θ1, θ 2, : : : , each of which has a  linear equation associated with 
it. That linear equation might be as simple as θ i = b0, it might be θ i = 
b1mpg + b2weight + b3, or it might omit the intercept b3. The equations 
are specified in 
parentheses on the ml model line. Suppose that you are using method lf 
and the name of your evaluator program is myprog. The statement 
 
. ml model lf myprog (mpg weight) 
 
would specify one equation with i = b1mpg+b2weight+b3. If you wanted to 
omit b3, you would type 
 
. ml model lf myprog (mpg weight, nocons) 
 
and if all you wanted was i = b0, you would type 
 
. ml model lf myprog () 
 
With multiple equations, you list the equations one after the other; so, if 
you typed 
 
. ml model lf myprog (mpg weight) () 
 
you would be specifying θ1 = b1mpg+b2weight+b3 and θ2 = b4. You would 
write your likelihood in terms of θ1 and θ2. If the model was linear 
regression, 1 might be the xb part and θ2 the variance of the residuals. 
When you specify the equations, you also specify any dependent variables. 
If you typed  

 
. ml model lf myprog (price = mpg weight) () 
 
price would be the one and only dependent variable, and that would be 
passed to your program in $ML _y1. If your model had two dependent 
variables, you could type 
 
. ml model lf myprog (price displ = mpg weight) () 
 
Then $ML y1 would be price and $ML y2 would be displ. You can specify 
however many dependent variables are necessary and specify them on 
any equation. It does not matter on which equation you specify them; the 
first one specified is placed in $ML y1, the second in $ML y2, and so on. 
 
Example 1: Method lf 
Using method lf, we want to produce observation-by-observation values of 
the log likelihood. The probit log-likelihood function is 
 
 

 
The following is the method-lf evaluator for this likelihood function: 
 

  
If we wanted to fit a model of foreign on mpg and weight, we would type 
the following commands. The ‘foreign =’ part specifies that y is foreign. 
The ‘mpg weight’ part specifies that 1j = b1mpgj + b2weightj + b3.  
 
. use http://www.stata-press.com/data/r13/auto (1978 Automobile Data) 
. ml model lf myprobit (foreign = mpg weight) 
. ml maximize 
 

 
 
Example 2: Method lf for two-equation, two-dependent-variable model 
A two-equation, two-dependent-variable model is a little different. Rather 
than receiving one θ, our program will receive two. Rather than there 
being one dependent variable in $ML y1, there will be dependent variables 
in $ML y1 and $ML y2. For instance, the Weibull regression log-likelihood 
function is 

 
where tj is the time of failure or censoring and dj = 1 if failure and 0 if 
censored. We can make the log likelihood a little easier to program by 
introducing some extra variables: 

 
The method-lf evaluator for this is 

http://www.stata-press.com/data/r13/auto
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We can fit a model by typing 
. ml model lf myweib (studytime died = i.drug age) () 
. ml maximize 
 
Note that we specified ‘()’ for the second equation. The second equation 
corresponds to the Weibull shape parameter s, and the linear combination 
we want for s contains just an intercept. Alternatively, 
we could type 
 
. ml model lf myweib (studytime died = i.drug age) /s 
 
Typing /s means the same thing as typing (s:), and both really mean the 
same thing as (). The s, either after a slash or in parentheses before a 
colon, labels the equation. It makes the output look prettier, and that is 
all: 
 

 
 
 

 
 
 
We are often interested in qualitative dependent variables: 
• Voting (does or does not vote) 
• Marital status (married or not) 
• Fertility (have children or not) 
• Immigration attitudes (opposes immigration or supports it)  
 
We will examine different techniques for analyzing qualitative dependent 
variables; in particular, dichotomous dependent variables. We will first 
examine the problems with using OLS, and then present logistic regression 
as a more desirable alternative. 
 
OLS AND DICHOTOMOUS DEPENDENT VARIABLES. 
While estimates derived from regression analysis may be robust against 
violations of some assumptions, other assumptions are crucial, and 
violations of them can lead to unreasonable estimates. Such is often the 
case when the dependent variable is a qualitative measure rather than a 
continuous, interval measure. If OLS Regression is done with a qualitative 
dependent variable 
 

1. it may seriously misestimate the magnitude of the effects of IVs 
2. all of the standard statistical inferences (e.g. hypothesis tests, 

construction of confidence intervals) are unjustified 

3. regression estimates will be highly sensitive to the range of 
particular values observed (thus making extrapolations or 
forecasts beyond the range of the data especially unjustified) 

 
OLS REGRESSION AND THE LINEAR PROBABILITY MODEL (LPM). 
 The regression model places no restrictions on the values that the 
independent variables take on. They may be continuous, interval level (net 
worth of a company), they may be only positive or zero (percent of vote a 
party received) or they may be dichotomous (dummy) variable (1 = male, 0 
= female). The dependent variable, however, is assumed to be continuous. 
Because there are no restrictions on the IVs, the DVs must be free to range 
in value from negative infinity to positive infinity. 
 
In practice, only a small range of Y values will be observed. Since it is also 
the case that only a small range of X values will be observed, the 
assumption of continuous, interval measurement is usually not 
problematic. That is, even though regression assumes that Y can range 
from negative infinity to positive infinity, it usually won’t be too much of a 
disaster if, say, it really only ranges from 1 to 17. 
 
 
However, it does become a problem when Y can only take on 2 values, say, 
0 and 1. If Y can only equal 0 or 1, then  
 
E(Yi) = 1 * P(Yi = 1) + 0 * P(Yi = 0) = P(Yi = 1). 
 
However, recall that it is also the case that 
 
E(Yi) = α + ΣβkXk. 
 
Combining these last 2 equations, we get 
 
E(Yi) = P(Yi = 1) = α + ΣβkXk. 
 
From this we conclude that the right hand side of the regression equation 
must be interpreted as a probability, i.e. restricted to between 0 and 1. For 
example, if the predicted value for a case is .70, this means the case has a 
70% chance of having a score of 1. In other words, we would expect that 
70% of the people who have this particular combination of values on X 
would fall into category 1 of the dependent variable, while the other 30% 
would fall into category 0. For this reason, a linear regression model with a 
dependent variable that is either 0 or 1 is called the Linear Probability 
Model, or LPM. The LPM predicts the probability of an event occurring, 
and, like other linear models, says that the effects of X’s on the 
probabilities are linear. 
 
AN EXAMPLE 
 Spector and Mazzeo examined the effect of a teaching method known as 
PSI on the performance of students in a course, intermediate macro 
economics. The question was whether students exposed to the method 
scored higher on exams in the class. They collected data from students in 
two classes, one in which PSI was used and another in which a traditional 
teaching method was employed. For each of 32 students, they gathered 
data on 
 

1. GPA — Grade point average before taking the class. Observed 
values range from a low of 2.06 to a high of 4.0 with mean 3.12. 

 
2. TUCE — the score on an exam given at the beginning of the 

term to test entering knowledge of the material. In the sample, 
TUCE ranges from a low of 12 to a high of 29 with a mean of 
21.94. 

 
3. PSI — a dummy variable indicating the teaching method used (1 

= used Psi, 0 = other method). 14 of the 32 sample members 
(43.75%) are in PSI. GRADE — coded 1 if the final grade was an 
A, 0 if the final grade was a B or C. 11 sample members 
(34.38%) got As and are coded 1. 
 

4. GRADE was the dependent variable, and of particular interest 
was whether PSI had a significant effect on GRADE. TUCE and 
GPA are included as control variables. 

 
Here are the descriptive statistics and a Stata OLS regression analyses of 
these data: 
 

 
III. MODEL PROBABILITAS LINEAR 

(LINEAR PROBABILITY MODEL) 
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INTERPRETING PARAMETERS IN THE LPM.  
The coefficients can be interpreted as in regression with a continuous 
dependent variable except that they refer to the probability of a grade of 
A rather than to the level of the grade itself. Specifically, the model states 
that 
 

 
 
For example, according to these results, a student with a grade point of 
3.0, taught by traditional methods, and scoring 20 on the TUCE exam 
would earn an A with probability of 

 
i.e. this person would have about a 9.4% chance of getting an A. Or, if you 
had two otherwise identical individuals, the one taught with the PSI 
method would have a 37.9% greater chance of getting an A. Here are the 
actual observed values for the data and the predicted probability that Y 
=1. 
 

 
 
Here is what the scatterplot of the predicted values by the residual values 
looks like: 
 

 
Why does the plot of residuals versus fitted values (i.e. yhat versus e) look 
the way it does? Recall that e = y – yhat. Ergo, when y is a 0-1 dichotomy, it 
must be the case that either  
 

e = -yhat (which occurs when y = 0) 
or 

e = 1 – yhat (which occurs when y = 1). 
 
These are equations for 2 parallel lines, which is what you see reflected in 
the residuals versus fitted plot. The lower line represents the cases where 
y = 0 and the upper line consists of those cases where y = 1. The lines slope 
downward because, as yhat goes up, e goes down. 
Whenever y is a 0-1 dichotomy, the residuals versus fitted plot will look 
something like this; the only thing that will differ are the points on the 
lines that happen to be present in the data, e.g. if, in the sample, yhat only 
varies between .3 and .6 then you will only see those parts of the lines in 
the plot. 
 
Note that this also means that, when y is a dichotomy, for any given value 
of yhat, only 2 values of e are possible. So, for example, if yhat = .3, then e 
is either -.3 or .7. This is in sharp contrast to the case when y is continuous 
and can take on an infinite number of values (or at least a lot more than 
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two). The above results suggest several potential problems with OLS 
regression using a binary dependent variable: 
 
VIOLATION I: HETEROSKEDASTICITY. 
 A residuals versus fitted plot in OLS ideally looks like a random scatter of 
points. Clearly, the above plot does not look like this. This suggests that 
heteroskedasticity may be a problem, and this can be formally proven. 
Recall that one of the assumptions of OLS is that V(εi) = σ2ε, i.e. all 
disturbances have the same variance; there is just as much “error” when Y 
is large as when Y is small or somewhere in-between. This assumption is 
violated in the case of a dichotomous dependent variable. The variance of 
a dichotomy is pq, where p = the probability of the event occurring and q 
is the probability of it not occurring. Unless p is the same for all individuals, 
the variances will not be the same across cases. Hence, the assumption of 
homoscedasticity is violated. As a result, standard errors will be wrong, 
and hypothesis tests will be incorrect. 
 
Proof: If Xi is coded 0/1, then Xi2 = Xi. Thus, V(Xi) = E(Xi2) - E(Xi)2 = p - p2 = 
p(1 - p) = pq. 
 
NOTE: In the past, we have suggested that WLS could be used to deal with 
problems of heteroskedasticity. The optional Appendix to this handout 
explains why that isn’t a good idea in this case. 
 
VIOLATION II: ERRORS ARE NOT NORMALLY DISTRIBUTED.  
Also, OLS assumes that, for each set of values for the k independent 
variables, the residuals are normally distributed. This is equivalent to 
saying that, for any given value of yhat, the residuals should be normally 
distributed. This assumption is also clearly violated, i.e. you can’t have a 
normal distribution when the residuals are only free to take on two 
possible values. 
 
VIOLATION III: LINEARITY.  
These first two problems suggest that the estimated standard errors will 
be wrong when using OLS with a dichotomous dependent variable. 
However, the predicted values also suggest that there may be problems 
with the plausibility of the model and/or its coefficient estimates. As noted 
before, yhat can be interpreted as the estimated probability of success. 
Probabilities can only range between 0 and 1. However, in OLS, there is no 
constraint that the yhat estimates fall in the 0-1 range; indeed, yhat is free 
to vary between negative infinity and positive infinity. In this particular 
example, the yhat values include negative numbers (implying probabilities 
of success that are less than zero). In other examples there could be 
predicted values greater than 1 (implying that success is more than 
certain). 
 
This problem, in and of itself, would not be too serious, at least if there 
were not too many out of range predicted values. However, this points to 
a much bigger problem: the OLS assumptions of linearity and additivity are 
almost certainly unreasonable when dealing with a dichotomous 
dependent variable. This is most easily demonstrated in the case of a 
bivariate regression. If you simply regress GRADE ON GPA, you get the 
following: 
 

 
 
Here is what the plot looks like. The Y axis is the predicted probability of an 
A: 

 
 
As you see, a linear regression predicts that those with GPAs of about 2.25 
or below have a negative probability of getting an A. In reality, their 
chances may not be good, but they can’t be that bad! Further, if the effect 
of GPA had been just a little bit stronger, the best students would have 

been predicted to have better than a 100% chance of getting an A. They 
may be good, but they can’t be that good. 
 
Even if predicted probabilities did not take on impossible values, the 
assumption that there will be a straight linear relationship between the IV 
and the DV is also very questionable when the DV is a dichotomy. If one 
student already has a great chance of getting an A, how much higher can 
the chances go for a student with an even better GPA? And, if a C student 
has very little chance for an A, how much worse can the chances for a D 
student be? 
 
Another example will help to illustrate this. Suppose that the DV is home 
ownership, and one of the IVs is income. According to the LPM, an 
increase in wealth of $50,000 will have the same effect on ownership 
regardless of whether the family starts with 0 wealth or wealth of $1 
million. Certainly, a family with $50,000 is more likely to own a home than 
one with $0. But, a millionaire is very likely to own a home, and the 
addition of $50,000 is not going to increase the likelihood of home 
ownership very much. 
 
This explains why we get out of range values. If somebody has a 50% 
chance of home ownership, then an additional $10,000 could increase 
their chances to 60%. But, if somebody already has a 98% chance of home 
ownership, their probability of success can’t increase to 108%. Yet, there is 
nothing that keeps OLS predicted values within the 0-1 range. 
 
A more intuitive specification would express P(Yi = 1) as a nonlinear 
function of Xi, one which approaches 0 at slower and slower rates as Xi 
gets small and approaches 1 at slower and slower rates as Xi gets larger 
and larger. Such a specification has an S-Shaped curve: 
 

 
 
As I’ll explain more later, I created this graph by doing a bivariate logistic 
regression of GRADE on GPA. The Y axis is the predicted probability of 
getting an A. Note that 
 

1. The probabilities never go lower than 0 or above 1 (even 
though I’ve included values of GPA that are impossibly small 
and large) 

2. A person with a 0.0 GPA has only a slightly worse chance of 
getting an A than a person with a 2.0 GPA. The C students may 
be a lot better than the F students, but they’re still not very 
likely to get an A. 

3. However, people with 4.0 GPAs are far more likely to get As 
than people with a 2.0 GPA. Indeed, inbetween 2.0 and 4.0, you 
see that increases in GPA produce steady increases in the 
probability of getting an A. 

4. After a while though, increases in GPA produce very little 
change in the probability of getting an A. After a certain point, a 
higher GPA can’t do much to increase already very good 
chances. 

5. In short, very weak students are not that much less likely to get 
an A than are weak students. Terrific students are not that 
much more likely to get an A than are very good students. It is 
primarily in the middle of the GPA range you see that the better 
the past grades, the more likely the student is to get an A. 

 
SUMMARY: THE EFFECT OF AN INCORRECT LINEARITY ASSUMPTION.  
Suppose that the true relationship between Y and X, or more correctly, 
between the expected value of Y and X, is nonlinear, but in our ignorance 
of the “true” relationship we adopt the LPM as an approximation. What 
happens? 
 

1. The OLS and WLS estimates will tend to give the correct sign of 
the effect of X on Y 

2. But, none of the distributional properties holds, so statistical 
inferences will have no statistical justification 

3. Estimates will be highly sensitive to the range of data observed 
in the sample. Extrapolations outside the range will generally 
not be valid. 

 
o For example, if your sample is fairly wealthy, you’ll likely conclude that 
income has very little effect on the probability of buying a house (because, 
once you reach a certain income level, it is extremely likely that you’ll own 
a house and more income won’t have much effect). 
o Conversely, if your sample is more middle income, income will probably 
have a fairly large effect on home ownership. 
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o Finally, if the sample is very poor, income may have very little effect, 
because you need some minimum income to have a house 
. 
The usual steps for improving quality of OLS estimates may in fact have 
adverse effects when there is a qualitative DV. For example, if the LPM 
was correct, a WLS correction would be desirable. But, the assumptions of 
linearity generally do not hold. Hence, correcting for heteroscedasticity, 
which is desirable when the model specification is correct, actually makes 
things worse when the model specification is incorrect. See the appendix 
for details. 
 
In short, the incorrect assumption of linearity will lead to least squares 
estimates which 
• have no known distributional properties 
• are sensitive to the range of the data 
• may grossly understate (or overstate) the magnitude of the true effects  
• systematically yield probability predictions outside the range of 0 to 1 
• get worse as standard statistical practices for improving the estimates 
are employed. 
 
Hence, a specification that does not assume linearity is usually called for. 
Further, in this case, there is no way to simply “fix” OLS. Alternative 
estimation techniques are called for. 
 
Goldberger’s WLS procedure 
Heteroscedasticity can be dealt with through the use of weighted least 
squares. That is, through appropriate weighting schemes, errors can be 
made homoskedastic. Goldberger (1964) laid out the 2 step procedure 
when the DV is dichotomous.  
 
1. Run the usual OLS regression of Yi on the X’s. From these estimates, 
construct the following weights: ) 

 
2. Use these weights and again regress Yi on the X’s. 
 
Assuming that other OLS assumptions are met, the betas produced by this 
procedure are unbiased and have the smallest possible sampling variance. 
The standard errors of the beta estimates are the correct ones for 
hypothesis tests. Unfortunately, as explained above, it is highly unlikely 
other OLS assumptions are met. 
 
Here is an SPSS program that illustrates Goldberger’s approach. First, the 
data are read in. 

 
data list free / gpa tuce psi grade. 
Then, the OLS regression (Stage 1 in Goldberger’s procedure) is run. The 
predicted values for each case are saved as a new variable called YHAT. 
(This saves us the trouble of having to write compute statements based on 
the regression output). 
 

 
* Regular OLS. Save predicted values to get weights. 
 
Also, recall that probabilities should only range between 0 and 1. 
However, there is no requirement that the predicted values from OLS will 
range between 0 and 1. Indeed, it works out that 5 of the predicted values 
are negative. Hence, in Goldberger’s procedure, “out of range” values 
(values less than 0 or greater than 1) are recoded to legitimate values. The 
weighting variable is then computed. 
 

 

 

 
Following are the results. 
 
Comparing the two, we see that the beta estimates change, but not by 
much. However, the standard errors and T values change considerably. 
TUCE does not have a significant effect in the OLS estimation, but does 
when using WLS. The effect of PSI, which we are most interested in, is 
more significant under WLS than it is with OLS. 
 
Unfortunately, the usual steps for improving quality of OLS estimates may 
in fact have adverse effects when there is a qualitative DV. For example, if 
the LPM was correct, the WLS correction used above would be desirable. 

However, note that the weights are largest when P is near 0 or 1, and 
smallest when p is near .5. This means that observations at the extremes 
will receive more weight than those near the center. If the true 
relationship is nonlinear, those extreme values will be the worst fit, 
exacerbating problems rather than alleviating them. Hence, correcting for 
heteroscedasticity, which is desirable when the model specification is 
correct, actually makes things worse when the model specification is 
incorrect. 
 
 
 

 
 

 
 
 

 
 
LOGIT AND PROBIT ANALYSIS 
In dummy regression variable models, it is assumed implicitly that the 
dependent variable Y is quantitative whereas the explanatory variables are 
either quantitative or qualitative. There are certain type of regression 
models in which the dependent or response variable is dichotomous in 
nature, taking a 1 or 0 value. Suppose one wants to study the labor-force 
participation of adult males as a function of the unemployment rate, 
average wage rate, family income, education etc. A person is either in the 
labor force or not. Hence, the dependent variable, labor-force 
participation, can take only two values: 1 if the person is in the labor force 
and 0 if he or she is not. 
 

 
IV. MODEL LOGIT DAN MODEL 

PROBIT  
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There are several examples where the dependent variable is dichotomous. 
Suppose on wants to study the union membership status of the college 
professors as a function of several quantitative and qualitative variables. A 
college professor either belongs to a union or does not. Therefore, the 
dependent variable, union membership status, is a dummy variable taking 
on values 0 or 1, 0 meaning no union membership and 1 meaning union 
membership. 
 
Similarly, other examples can be ownership of a house: a family own a 
house or it does not, it has disability insurance or it does not, a certain 
drug is effective in curing a illness or it is not, decision of a firm to declare 
a dividend or not, President decides to veto a bill or accept it, etc. 
A unique feature of all these examples is that the dependent variable is of 
the type which elicits a yes or no response. There are special estimation / 
inference problems associated with such models. The most commonly 
used approaches to estimating such models are the Linear Probability 
model, the Logit model and the Probit model. There are certain problems 
associated with the estimation of Linear Probability Models such as: 
 
i) Non-normality of the Disturbances (U’s) 
ii) Heteroscedastic variances of the disturbances 
iii) Nonfulfillment of 0 ≤ E(Y | X) ≤ 1 ( Possibility of Yˆ Y lying ouside the 0-1 
range) 
iv) Questionable value of R2 as a measure of goodness of fit; and 
 
Linear Probability Model is not logically a very attractive model because it 
assumes that Pi = E(Y = 1 | X ) increases linearly with X, that is, the 
marginal or incremental effect of X remains constant throughout. This 
seems sometimes very unrealistic. Therefore, there is a need of a 
probability model that has two features: (1) as X increases, Pi = E(Y = 1 | X ) 
increases but never steps outside the 0-1 interval, and (2) the relationship 
between Pi and Xi is non-linear, that is, approaches “one” which 
approaches zero at slower and slower rates as Xi gets small and 
approaches one at slower and slower rates as X gets very large. 
 
The Logit Model 
Logit regression (logit) analysis is a uni/multivariate technique which 
allows for estimating the probability that an event occurs or not, by 
predicting a binary dependent outcome from a set of independent 
variables. In an example of home ownership where the dependent variable 
is owning a house or not in relation to income, the linear probability 
Model depicted it as 
 
Pi = E(Y = 1 | Xi ) = β1 + β2 Xi 
 
where X is the income and Y =1 means that the family owns a house. 
 
Let us Consider the following representation of home ownership: 

 
where Zi = β1 + β2 Xi 
 
This equation (1) is known as the (cumulative) logistic distribution 
function. Here Zi ranges from - ∞ to + ∞ ; Pi ranges between 0 and 1; Pi is 
non-linearly related to Zi (i.e. Xi ) thus satisfying the two conditions 
required for a probability model. 
In satisfying these requirements, an estimation problem has been created 
because Pi is nonlinear not only in X but also in the β’s. This means that 
one cannot use OLS procedure to estimate the parameters. 
 
Here, Pi is the probability of owning a house and is given by 

 
Then (1- Pi), the probability of not owning a house, is 

 
Therefore, one can write 

 
 
Pi / ( 1 - Pi ) is the odds ratio in favour of owning a house i.e; the ratio of 
the probability that a family will own a house to the probability that it will 
not own a house. Taking natural log of (2), we obtain 
 
Li = ln [Pi / ( 1 - Pi )] = Zi = β1 + β2 Xi..................... (3) 
 
That is, the log of the odds ratio is not only linear in X, but also linear in the 
parameters. L is called the Logit. 
 
Features of the Logit Model 

1. As P goes from 0 to 1, the logit L goes from - ∞ to + ∞. That is, 
although the probabilities lie between 0 and 1, the logits are 
not so bounded. 

2. Although L is linear in X, the probabilities themselves are not. 
3. The interpretation of the logit model is as follows: β2 , the 

slope, measures the change in L for a unit change in X, i.e it tells 

how the log odds in favour of owning a house change as income 
changes by a unit. The intercept β1 is the value of the log odds 
in favour of owning a house if income is zero. 

4. Given a certain level of income, say X*, if we actually want to 
estimate not the odds in favour of owning a house but the 
probability of owning a house itself, this can be done directly 
(1) once the estimates of β1 and β2 are available. 

5. The linear probability model assumes that Pi is linearly related 
to Xi , the logit model assumes that the log of odds ratio is 
linearly related to Xi 

 
In order to estimate the logit model, we need apart from Xi , the values of  
logit Li . By having data at micro or individual level, one cannot estimate 
(3) by OLS technique. In such situations, one has to resort to Maximum 
Likelihood method of estimation. In case of grouped data, corresponding 
to each income level Xi , there are Ni families among which ni are 
possessing a house. Therefore, one needs to compute  

 
 
This relative frequency is an estimate of true Pi corresponding to each Xi . 
Using the estimated Pi, one can obtain the estimated logit as 
 

 
 
Steps in Estimating Logit Regression 
1. Compute the estimated probability of owning a house for each income 
level Xi  

 
 
2. For each Xi , obtain the logit as 

 
 
3. Transform the logit regression in order to resolve the problem of 
heteroscedasticity as  follows: 
 

 
where the weights Wi = Ni Pi / ( 1 - Pi ) 
 
4. Estimate (4) by OLS (WLS is OLS on transformed data) 
5. Establish confidence intervals and / or test hypothesis in the usual OLS 
framework. 
 
All the conclusions will be valid strictly only when the sample is reasonably 
large. 
 
Merits of Logit Model 

1. Logit analysis produces statistically sound results. By allowing 
for the transformation of a dichotomous dependent variable to 
a continuous variable ranging from - ∞ to + ∞, the problem of 
out of range estimates is avoided. 

2. The logit analysis provides results which can be easily 
interpreted and the method is simple to analyse. 

3. It gives parameter estimates which are asymptotically 
consistent, efficient and normal, so that the analogue of the 
regression t-test can be applied. 

 
Demerits 

1. As in the case of Linear Probability Model, the disturbance term 
in logit model is heteroscedastic and therefore, we should go 
for Weighted Least Squares. 

2. Ni has to be fairly large for all Xi and hence in small sample; the 
estimated results should be interpreted carefully. 

3. As in nay other regression, there may be problem of 
multicollinearity if the explanatory variables are related among 
themselves. 

4. As in Linear Probability Models, the conventionally measured 
R2 is of limited value to judge the goodness of fit. 

 
Application of Logit Model Analysis 

1. It can be used to identify the factors that affect the adoption of 
a particular technology say, use of new varieties, fertilizers, 
pesticides etc, on a farm. 

2. In the field of marketing, it can be used to test the brand 
preference and brand loyalty for any product. 

3. Gender studies can use logit analysis to find out the factors 
which affect the decision making status of men/women in a 
family. 

 
The Probit Model 
In order to explain the behaviour of a dichotomous dependent variable we 
have to use a suitably chosen Cumulative Distribution Function (CDF). The 
logit model uses the cumulative logistic function. But this is not the only 
CDF that one can use. In some applications, the normal CDF has been 
found useful. The estimating model that emerges from the normal CDF is 
known as the Probit Model or Normit Model. Let us assume that in home 
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ownership example, the decision of the ith family to own a house or not 
depends on unobservable utility index Ii , that is determined by the 
explanatory variables in such a way that the larger the value of index Ii , 
the greater the probability of the family owning a house. 
 
The index Ii can be expressed as Ii = β1 + β2 Xi , (5) where  Xi is the income 
of the ith family. 
 
Assumption of Probit Model 
For each family there is a critical or threshold level of the index (Ii * ), such 
that if Ii exceeds Ii * , the family will own a house otherwise not. But the 
threshold level Ii * is also not observable. If it is assumed that it is normally 
distributed with the same mean and variance, it is possible to estimate the 
parameters of (5) and thus get some information about the unobservable 
index itself.  
 
In Probit Analysis, the unobservable utility index (Ii ) is known as normal 
equivalent deviate (n.e.d) or simply Normit. Since n.e.d. or Ii will be 
negative whenever Pi < 0.5, in practice the number 5 is added to the n.e.d. 
and the result so obtained is called the Probit i.e; 
 
Probit = n.e.d + 5 = Ii + 5 
 
In order to estimate β1 and β2 , (5) can be written as  
 
Ii = β1 + β2 Xi + Ui (6) 
 
Steps Involved in Estimation of Probit Model 
1. Estimate Pi from grouped data as in the case of Logit Model, i.e. 

 
 
2. Using Pi , obtain n.e.d (Ii ) from the standard normal CDF, i.e. Ii = β1 + β2 
Xi , 
3. Add 5 to the estimated Ii to convert them into probits and use the 
probits  
     thus obtained as the dependent variable in (6). 
4. As in the case of Linear Probability Model and Logit Models, the 
disturbance  
     term is heteroscedastic in Probit Model also. In order to get efficient  
     estimates, one has to transform the model. 
5. After transformation, estimate (6) by OLS. 
 
Logit versus Probit 

1. The chief difference between logit and probit is that logistic has 
slightly flatter tails i.e; the normal or probit curve approaches 
the axes more quickly than the logistic curve. 

2. Qualitatively, Logit and Probit Models give similar results, the 
estimates of parameters of the two models are not directly 
comparable. 

 
 
MANUAL STATA UNTUK MODEL LOGIT 
 
 
logit fits a logit model for a binary response by maximum likelihood; it 
models the probability of a positive outcome given a set of regressors. 
depvar equal to nonzero and nonmissing (typically depvar equal to one) 
indicates a positive outcome, whereas depvar equal to zero indicates a 
negative outcome. Also see [R] logistic; logistic displays estimates as odds 
ratios. Many users prefer the logistic command to logit. Results are the 
same regardless of which you use—both are the maximumlikelihood 
estimator. Several auxiliary commands that can be run after logit, probit, 
or logistic estimation are described in [R] logistic postestimation. A list of 
related estimation commands is given in [R] logistic. 
If estimating on grouped data, see [R] glogit. 
 
 
Basic usage : logit fits maximum likelihood models with dichotomous 
dependent (left-hand-side) variables coded as 0/1 (or, more precisely, 
coded as 0 and not-0). 
 
Example 1 
We have data on the make, weight, and mileage rating of 22 foreign and 
52 domestic automobiles. We wish to fit a logit model explaining whether 
a car is foreign on the basis of its weight and mileage. Here is an overview 
of our data: 
 

 
 
The variable foreign takes on two unique values, 0 and 1. The value 0 
denotes a domestic car, and 1 denotes a foreign car. 
 
The model that we wish to fit is 
 
Pr(foreign = 1) = F(0 + 1weight + 2mpg) 
 
where F(z) = ez=(1 + ez) is the cumulative logistic distribution. 
 
To fit this model, we type 
 
 

 
 
We find that heavier cars are less likely to be foreign and that cars yielding 
better gas mileage are also less likely to be foreign, at least holding the 
weight of the car constant.  
 
Technical note 
Stata interprets a value of 0 as a negative outcome (failure) and treats all 
other values (except missing) as positive outcomes (successes). Thus if 
your dependent variable takes on the values 0 and 1, then 0 is interpreted 
as failure and 1 as success. If your dependent variable takes on the values 
0, 1, and 2, then 0 is still interpreted as failure, but both 1 and 2 are 
treated as successes. If you prefer a more formal mathematical statement, 
when you type logit y x, Stata fits the 
Model 

 
 
Model identification 
The logit command has one more feature, and it is probably the most 
useful. logit automatically checks the model for identification and, if it is 
underidentified, drops whatever variables and observations are necessary 
for estimation to proceed. (logistic, probit, and ivprobit do this as well.) 
 
Example 2 
Have you ever fit a logit model where one or more of your independent 
variables perfectly predicted  one or the other outcome? 
 
For instance, consider the following data: 
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Say that we wish to predict the outcome on the basis of the independent 
variable. The outcome is always zero whenever the independent variable 
is one. In our data, Pr(y = 0 j x = 1) = 1, which means that the logit 
coefficient on x must be minus infinity with a corresponding infinite 
standard error. At this point, you may suspect that we have a problem. 
 
Unfortunately, not all such problems are so easily detected, especially if 
you have a lot of independent variables in your model. If you have ever 
had such difficulties, you have experienced one of the more unpleasant 
aspects of computer optimization. The computer has no idea that it is 
trying to solve for an infinite coefficient as it begins its iterative process. All 
it knows is that at each step, making the coefficient a little bigger, or a 
little smaller, works wonders. It continues on its merry way until either  
 
1) the whole thing comes crashing to the ground when a numerical 
overflow error occurs  
 2) it reaches some predetermined cutoff that stops the process. In the 
meantime, you have been waiting. The estimates that you finally receive, if 
you receive any at all, may be nothing more than numerical roundoff. 
 
Stata watches for these sorts of problems, alerts us, fixes them, and 
properly fits the model. Let’s return to our automobile data. Among the 
variables we have in the data is one called repair, which takes on three 
values. A value of 1 indicates that the car has a poor repair record, 2 
indicates an average record, and 3 indicates a better-than-average record. 
Here is a tabulation of our data: 
 

 
All the cars with poor repair records (repair = 1) are domestic. If we were 
to attempt to predict foreign on the basis of the repair records, the 
predicted probability for the repair = 1 category would have to be zero. 
This in turn means that the logit coefficient must be minus infinity, and 
that  would set most computer programs buzzing. 
 
Let’s try Stata on this problem. 
 
 

 
 
Remember that all the cars with poor repair records (repair = 1) are 
domestic, so the model cannot be fit, or at least it cannot be fit if we 
restrict ourselves to finite coefficients. Stata noted that fact “note: 1.repair 
!=0 predicts failure perfectly”. This is Stata’s mathematically precise way of 
saying what we said in English. When repair is 1, the car is domestic. Stata 
then went on to say “1.repair dropped and 10 obs not used”. This is Stata 
eliminating the problem. First 1.repair had to be removed from the model 
because it would have an infinite coefficient. Then the 10 observations 
that led to the problem had to be eliminated, as well, so as not to bias the 
remaining coefficients in the model. The 10 observations that are not used 
are the 10 domestic cars that have poor repair records. Stata then fit what 
was left of the model, using the remaining observations. Because no 
observations remained for cars with poor repair records, Stata reports 
“(empty)” in the row for repair = 1. 
 
 
 
MANUAL STATA UNTUK MODEL PROBIT 
 
probit fits a maximum-likelihood probit model. If estimating on grouped 

data, see the bprobit command described in [R] glogit. Several auxiliary 
commands may be run after probit, logit, or logistic; see [R] logistic 
postestimation for a description of these commands. See [R] logistic for a 
list of related estimation commands 
 
Example 1 
We have data on the make, weight, and mileage rating of 22 foreign and 
52 domestic automobiles. We wish to fit a probit model explaining 
whether a car is foreign based on its weight and mileage. Here is an 
overview of our data: 
 
. use http://www.stata-press.com/data/r13/auto 
 

 
The foreign variable takes on two unique values, 0 and 1. The value 0 
denotes a domestic car, and 1 denotes a foreign car. 
The model that we wish to fit is 
 
Pr(foreign = 1) = (0 + 1weight + 2mpg) 
 
where φ is the cumulative normal distribution. 
To fit this model, we type 
 
 
 
 

 
We find that heavier cars are less likely to be foreign and that cars yielding 
better gas mileage are also less likely to be foreign, at least holding the 
weight of the car constant. See [R] maximize for an explanation of the 
output. 
 
Technical note 
Stata interprets a value of 0 as a negative outcome (failure) and treats all 
other values (except  missing) as positive outcomes (successes). Thus if 
your dependent variable takes on the values 0 and 1, then 0 is interpreted 
as failure and 1 as success. If your dependent variable takes on the values 
0, 1, and 2, then 0 is still interpreted as failure, but both 1 and 2 are 
treated as successes. If you prefer a more formal mathematical statement, 
when you type probit y x, Stata fits the model 

http://www.stata-press.com/data/r13/auto


 Masterbook of Business and Industry (MBI) 

  

Muhammad Firman   (University of Indonesia -  Accounting )                      20 

 

 

 
where φis the standard cumulative normal. 
 
Robust standard errors 
If you specify the vce(robust) option, probit reports robust standard 
errors; see [U] 20.21 Obtaining robust variance estimates. 
 
Example 2 
For the model from example 1, the robust calculation increases the 
standard error of the coefficient on mpg by almost 15%: 
 

 
Without vce(robust), the standard error for the coefficient on mpg was 
reported to be 0.052 with a resulting confidence interval of [-0.21;-0.00 ]. 
 
 

 
 
 
1 Ordered Probit 
Dependent variables can often only a countable number of values, e.g. 
 

yn ∈ {1, 2, ...J} . 
 

This applies often to a context where an agent (individual, household,firm, 
decision maker, ...) chooses from a set of alternatives.Sometimes the 
values/categories of such discrete variables can be naturally ordered, i.e. 
larger values are assumed to correspond to “higher” outcomes. The 
ordered probit model is a latent variable model that offers a data 
generating process for this kind of dependent variables. Some Examples: 
 

1. Likert-scale questions in opinion surveys: 1 = “Strongly 
Disagree”,2 = “Somewhat Disagree”, 3 = “Undecided”, 4 = 
“SomewhatAgree”, 5 = “Strongly Agree”. 

2. Employment status queried as 1 = “unemployed”, 2 = “part 
time”,3 = “full time”. (Although often used as example one 
might question the ‘natural’ order in this case and apply 
unordered models.) 

 
The Econometric Model 
Consider a latent random variable yn for individual n = 1, ...,N 

 
that linearly depends on xn. The error term εn is independently and 
normally distributed with mean 0 and variance σ2. The distribution of  
y∗ n given xn is therefore also normal: 

 
The expected value of the latent variable is  

 
Observed is only whether individual n’s index lies in a category j = 1, 2, ..., J 
which is defined through its unknown lower μj−1 and upper 
 

 
Figure 1: Probabilities in the ordered probit model with 3 alternatives. 
bound μj , i.e. the observed choice yn is 

 
The probability that individual n chooses alternative j is easily derived 
with help of Figure 1: 

 
where Φ(.) is the cumulative standard normal distribution. 
 
Identification 
The choice probabilities Pnj allow only to identify the ratios β/σ and μ/σ 
but not β, μ and σ individually. Therefore, one usually assumes σ = 1. 
Suppose that the index function contains a constant, i.e. x nβ = β0 + β1x1 + 
... + βKxK. Then β0 and μ1, ..., μJ−1 are not identified as only the 
differences (μj −β0) appear in the choice probabilities Pnj. The model is 
usually identified by either setting μ1 = 0 or β0 = 0. 
Interpretation of Parameters 
[The individual index n is skipped in this section] The sign of the estimated 
parameters β can directly be interpreted: a positive sign tells whether the 
answer/choice probabilities shift to higher categories when the 
independent variable increases. The null hypothesis βk = 0 means that the 
variable xk, x = (x1, ..., xk, ..., xK), has no influence on the choice 
probabilities. Note, however, that the absolute magnitude of the 
parameters is meaningless as it is arbitrarily scaled by the assumption σ = 
1. One can therefore e.g. not directly compare parameter estimates for 
the same variable in different subgroups. It is often interesting to predict 
the choice probabilities P(y = j|x) for certain types x and to inspect the 
marginal effect of an independent variable xk on the choice probabilities 
(assuming μ1 = 0 and σ = 1) 
 

 
Note that the marginal effects can only be reported for specified types x. 
When βk is positive, then the probability of choosing the first category 
P(y = 1) decreases with xk and the probability of the last category P(y = 
J) increases. However, the effect on middle categories is ambiguous and 
depends on x. 
 
Estimation 
The ordered probit model can be estimated using maximum likelihood 
(ML). The log likelihood function is 
 

 

 
V. MODEL MULTI-CHOICE DENGAN 
URUTAN (ORDERED PROBIT)  
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where dnj = 1 if individual n chooses alternative j and dnj = 0 otherwise. 
The log Likelihood function is numerically maximized subject to μ1 < μ2 < 
... < μJ−1. The maximum likelihood estimators ˆ β and ˆμ are consistent, 
asymptotically efficient and normally distributed. 
 
Implementation in STATA 
The Stata command : 
 
probit depvar indepvars 
 
estimates the parameter β and the thresholds μ in the ordered probit 
model. Stata assumes no constant, i.e. β0 = 0. depvar is a categorical 
variable which is most favorably but not necessarily coded as 1, ...J . 
 
The post-estimation command : 
 
predict p1, p outcome(1) 
 
predicts the probability of choosing e.g. the alternative with value yn = 1, 
in our notation P(yn = 1|xn), for all individuals in the sample. You can 
directly predict the choice probabilities for all alternatives. For J = 3  
alternatives, the command 
 
predict p1 p2 p3, p 
 
stores P(yn = 1|xn), P(yn = 2|xn) and P(yn = 3|xn) in the respective new 
variables p1, p2 and p3. The marginal effects on the probability of 
choosing the alternative with value 1 is computed by 
 
mfx compute, predict(outcome(1)) 
 
for an individual with mean characteristics ¯xn. The at option is used to 
evaluate further types xn. 
 
Conditional Logit 
In most cases, the discrete dependent variables 
 
yn ∈ {1, 2, ...J} . 
 
have no natural order. This applies often to a context where an agent 
(individual, household, firm, decision maker, ...) chooses from a unordered 
set of alternatives.  
 
The conditional logit model requires variables that vary across alternatives 
and possibly across the individuals as well. Some examples: 

1. Travellers choose among a set of travel modes: “bus”, “train”, 
“car”, “plane”. There may be a variable “travel time” which is 
alternative specific and a variable “travel costs” that depends 
on the travel mode and individual income through opportunity 
costs.  

2. Car buyers choose among certain types of vehicles: “4-Door 
Sedans”, “2-Door Coupes”, “StationWagons”, “Convertibles”, 
“Sports Cars”, “Mini Vans”, “SUVs”, “Pickup Trucks”, “Vans”. 

3. Buyers of toilet papers choose among different brands. 
4. Firms choose from different technologies. 

The Econometric Model 
The choice of one out of J unordered alternatives is driven by a latent 
variable, often interpreted as indirect utility. The indirect utility V ∗ nj of an 
individual n choosing alternative j = 1, ..., J is 
 

 
There are J error terms εnj for any individual n. The exogenous variables  

 
can be divided into variables that depend only on the individual, x3 n, only 
on the alternative, x2j , or on both x1nj. 
 
An individual n chooses alternative j if it offers the highest value of indirect 
utility. The observed choice yn of an individual n is therefore 

 
 
Note that this implies that the choice only depends on the difference of 
utility on not on the level.  The conditional logit model assumes that the 
error terms follow independently and identically an extreme value 
distribution. The cumulative distribution function is 

 
 
This apparently arbitrary specification of the error term has two important 
features: (1) The difference of two error terms follows a logistic 
distribution (as in the logit model). (2) The probability that an individual n 
chooses alternative j is a simple expression (which is not trivial to derive):  
 

 
The independence of the error term across alternatives is a strong 
assumption. 
It implies that an individual’s stochastic, i.e. unobserved, preference for a 
certain alternative is independent of its stochastic preference for other 
alternatives. The strong and unpleasant consequences of this assumption 
are discussed in the literature as independence of irrelevant alternatives 
(IIA). 
 
Identification 
In the conditional logit model, individuals only care about utility 
differences across alternatives. Factors that influence the level of utility for 
all alternatives in the same way can therefore not explain the individual’s 
decision. Individual specific independent variables x3 n therefore cancel in 
the choice probability 

 
and the corresponding β3 is not identified. A constant that does neither 
vary with individuals nor alternatives is of course not identified by the 
same argument. Individual characteristics x3 n start playing a role when 
they are interacted with alternative characteristics x2j 
 
It is often beneficial to include alternative specific constants αj . These 
alternative fixed effect capture all observed and unobserved 
characteristics that describe the alternative but are identical across 
individuals. In this case the coefficient β2 of the alternative specific 
variables x2j is not identified: any vector q added to β∗ 2 = β2 +q and α∗ j = 
αj − x2j q cancels in the choice probabilities Pnj. Note that for 
identification of the fixed effects, one alternative acts as reference and its 
constant is set to zero. 
 
Interpretation of Parameters 
[The individual index n is skipped in this section] In some applications 
there is a natural interpretation of the latent variable V ∗ j . In these 
situation, the sign of a parameter βk can be interpreted as the direction of 
influence of variable xjk, xjk = (xj1, ..., xjk, ..., xjK) for all j. Note that the 
absolute magnitude of the parameters is meaningless. It is sometimes 
interesting to inspect the marginal effect of an inde pendent variable xnjk 
on the choice probabilities: 
 

 
Note that the marginal effects depend through P on x and can therefore 
only be reported for specified types. It is often most interesting to use the 
estimated model to predict choice probabilities for specific households 
types described by x 
 

 
 
The conditional logit model can be used to perform counterfactual policy 
experiments by varying the values of xnj. Be careful on how policy 
measures enter the alternative specific x2j and alternative/individual 
specific characteristics x1 nj. Note that you cannot inspect alternative 
specific policy changes when using alternative fixed effects αj . One can 
also simulate the effect when new alternatives are added or existing ones 
are deleted. 
 
Estimation 
The conditional model can be estimated using maximum likelihood (ML). 
The log likelihood function is 
 

 
where dnj = 1 if individual n chooses alternative j and dnj = 0 otherwise. 
The maximum likelihood estimator ˆ β is consistent, asymptotically 
efficient and normally distributed.  
 
Implementation in STATA 
Stata requires your data in long format when you estimate a conditional 
logit model: there is a line for any individual n and any alternative j (much 
like panel data). So the data set contains N · J lines. The dependent 
variable (depvar = dnj) is a dummy variable that indicates if individual n 
has choosen alternative j or not. The independent variables (indepvars = 
xnj) vary across alternatives and possibly also across individuals. Stata 
estimates the conditional logit model by the command 
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clogit depvar indepvars, group(groupvar) 
 
where the variable (groupvar = n) identifies the individual. You can use 
the post-estimation command 
 
predict p, pc1 
 
to request predictions of the choice probabilities Pnj = P(ynj = j|xnj) = P(dnj 
= 1|xnj) for all individuals in the sample.  
 
Stata does not provide the marginal effects on the choice probabilities for 
the conditional logit model. 
 
 
MANUAL STATA UNTUK ORDERED PROBIT REGRESSION 
 
oprobit fits ordered probit models of ordinal variable depvar on the 
independent variables indepvars. The actual values taken on by the 
dependent variable are irrelevant, except that larger values are assumed 
to correspond to “higher” outcomes. See [R] logistic for a list of related 
estimation commands. 
 
An ordered probit model is used to estimate relationships between an 
ordinal dependent variable and a set of independent variables. An ordinal 
variable is a variable that is categorical and ordered, for instance, “poor”, 
“good”, and “excellent”, which might indicate a person’s current health 
status or the repair record of a car. If there are only two outcomes, see [R] 
logistic, [R] logit, and [R] probit. This entry is concerned only with more 
than two outcomes. If the outcomes cannot be ordered (for example, 
residency in the north, east, south, or west), see [R] mlogit. This entry is 
concerned only with models in which the outcomes can be ordered. 
 
In ordered probit, an underlying score is estimated as a linear function of 
the independent variables and a set of cutpoints. The probability of 
observing outcome i corresponds to the probability that the estimated 
linear function, plus random error, is within the range of the cutpoints 
estimated for the outcome: 
 

 
 
Example 1 
In example 2 of [R] ologit, we use a variation of the automobile dataset 
(see [U] 1.2.2 Example datasets) to analyze the 1977 repair records of 66 
foreign and domestic cars. We use ordered logit to explore the 
relationship of rep77 in terms of foreign (origin of manufacture), length (a 
proxy for size), and mpg. Here we fit the same model using ordered probit 
rather than ordered logit: 
 

 
 
We find that foreign cars have better repair records, as do larger cars and 
cars with better mileage ratings. 
 
 
 
 
 

 
 
Multinomial Logit 
The multinomial logit is used for the same type of choice situations as the 
conditional logit model: 
 

yn ∈ {1, 2, ...J} . 
 
where the values of yn have no natural order. 
However, the multinomial logit uses only variables that describe 
characteristics 
of the individuals and not of the alternatives. This limits the usefulness of 
the model for counterfactual predictions. Some examples: 
 
• Travellers choose among a set of travel modes: “bus”, “train”, “car”, 
“plane”. There are variables that describe the traveller, such as her 
income. There is no information on the travel modes.  
• Car buyers choose among certain types of vehicles: “4-Door Sedans”, “2-
Door Coupes”, “StationWagons”, “Convertibles”, “Sports Cars”, “Mini 
Vans”, “SUVs”, “Pickup Trucks”, “Vans”. Only information on buyer is used.  
• Buyers of toilet papers choose among different brands. Only information 
on buyer is used. 
• Firms choose from different technologies. Only firm information is used.  
 
The Econometric Model 
The multinomial logit model differs from the conditional logit model only 
in the specification of the deterministic part of the indirect utility V ∗nj 
 

 
 
The exogenous variables xn describe only the individual and are identical 
across alternatives. However the parameter βj differs across alternatives.  
The remaining parts are as in the conditional logit model: The observed 
choice yn of an individual n is 

 
the error terms follow independently and identically an extreme value 
distribution 
 

 
 
and the probability that an individual n chooses alternative j is 
 

 
An interesting feature of the multinomial logit model is that the odds 
ratio (Pnj/Pni) depends log-linearly on xn 

 
 
Identification 
The parameter vectors βj , j = 1, ..., J are not uniquely defined: any vector q 
added to all vectors β∗ j = βj+q cancels in the choice probabilities Pnj  

 
The βj’s are usually identified by setting the βi = 0 for one reference 
alternative i. 
 
Interpretation of Parameters 
[The individual index n is skipped in this section] The parameters of the 
multinomial logit model are difficult to interpret. Neither the sign (see the 
identification section above) nor the magnitude of the parameter has an 
direct intuitive meaning. Hypothesis test have therefore to be very 
carefully formulated in terms of the estimated parameters. The marginal 
effect of an independent variable xk on the choice probability for 
alternative j 
 

 
 
depends not only on the parameter βjk but also on the mean of all other 
alternatives 

 
 
A potential more direct interpretation of the parameter estimates can be 
gained by looking at the log of the odds ratio:  
 

 
 

 
VI. MODEL MULTI-CHOICE  TANPA 
URUTAN (MULTINOMIAL LOGIT ) 
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which reduces to 

 
 
for comparisons with the reference category i. A positive parameter βjk 
means therefore that the relative probability of choosing j increases 
relative to the probability of choosing i. The multinomial logit model can 
also be used to predict choice probabilities for specific households types 
xnj 

 
 
However one can only inspect changes of individual characteristics on 
the predicted outcome as all information on the alternatives is enclosed 
in the estimated alternative specific parameters ˆ βj . Moreover, it is not 
possible to simulate the addition or deletion of choice alternatives. 
 
Estimation 
The conditional model can be estimated using maximum likelihood (ML). 
The log likelihood function is 
 

 
 
where dnj = 1 if individual n chooses alternative j and dnj = 0 otherwise. 
The maximum likelihood estimator ˆ β is consistent, asymptotically 
efficient and normally distributed. 
 
Implementation in STATA 
The multinomial logit models only uses individual specific characteristics. 
The data is therefore stored as a usual cross-section dataset: one line per 
individual. The dependent variable (depvar = ynj) is a categorical variable 
with the individual n’s choosen alternative j. The independent variables 
(indepvars = xn) do not vary across alternatives. Stata estimates the 
multinomial logit model by the command  
 
mlogit depvar indepvars, basecategory(#) 
 
where # indicates the alternative i for which the parameter βi = 0 for 
identification. 
 
The post-estimation command 
 
predict p1, p outcome(1) 
 
predicts the probability of choosing the alternative with value yn = 1, in 
our notation P(yn = 1|xn), for all individuals in the sample. You can directly 
predict the choice probabilities for all alternatives. For 3 alternatives, the 
command 
 
predict p1 p2 p3, p 
stores P(yn = 1|xn), P(yn = 2|xn) and P(yn = 3|xn) in the respective new 
variables p1, p2 and p3. 
 
The marginal effects on the probability of choosing e.g. the alternative 
with value 1 is computed by 
 
mfx compute, predict(outcome(1)) 
 
for an individual with mean characteristics ¯xn. The at option is used to 
evaluate further types xn. 
 
The independence of irrelevant alternatives (IIA) property of the 
conditional and the multinomial logit model is in most applications a very 
unrealistic assumption. The parameter estimators and especially the 
counterfactual predictions of both models are inconsistent if the IIA does 
not hold. More flexible models such as nested logit, mixed (kernel) logit or 
multinomial probit have therefore been proposed. The flexibility of the 
multinomial probit and the mixed logit model, however, comes at a price: 
the estimation is numerically very demanding. Moreover, many not yet 
fully understood practical problems of identification arise. 
 
 
MANUAL STATA UNTUK REGRESI LOGISTIK MULTINOMIAL 
 
mlogit fits maximum-likelihood multinomial logit models, also known as 
polytomous logistic regression. You can define constraints to perform 
constrained estimation. Some people refer to conditional logistic 
regression as multinomial logit. If you are one of them, see [R] clogit. See 
[R] logistic for a list of related estimation commands. 
 
mlogit fits maximum likelihood models with discrete dependent (left-
hand-side) variables when the dependent variable takes on more than two 
outcomes and the outcomes have no natural ordering. If the dependent 
variable takes on only two outcomes, estimates are identical to those 
produced by logistic or logit; see [R] logistic or [R] logit. If the outcomes 
are ordered, see [R] ologit. 
 

Description of the model 
For an introduction to multinomial logit models, see Greene (2012, 763–
766), Hosmer, Lemeshow, and Sturdivant (2013, 269–289), Long (1997, 
chap. 6), Long and Freese (2014, chap. 8), and Treiman (2009, 336–341). 
For a description emphasizing the difference in assumptions and data 
requirements for conditional and multinomial logit, see Davidson and 
MacKinnon (1993). Consider the outcomes 1, 2, 3, : : : , m recorded in y, 
and the explanatory variables X. Assume that there are m = 3 outcomes: 
“buy an American car”, “buy a Japanese car”, and “buy a European car”. 
 
The values of y are then said to be “unordered”. Even though the 
outcomes are coded 1, 2, and 3, the numerical values are arbitrary 
because 1 < 2 < 3 does not imply that outcome 1 (buy American) is less 
than outcome 2 (buy Japanese) is less than outcome 3 (buy European). 
This unordered categorical property of y distinguishes the use of mlogit 
from regress (which is appropriate for a continuous dependent variable), 
from ologit (which is appropriate for ordered categorical data), and from 
logit (which is appropriate for two outcomes, which can be thought of as 
ordered). In the multinomial logit model, you estimate a set of 
coefficients, (1), (2), and (3), corresponding to each outcome: 
 

 
The model, however, is unidentified in the sense that there is more than 
one solution to (1), (2), and (3) that leads to the same probabilities for y = 
1, y = 2, and y = 3. To identify the model, you arbitrarily set one of (1), (2), 
or (3) to 0—it does not matter which. That is, if you arbitrarily set (1) = 0, 
the remaining coefficients (2) and (3) will measure the change relative to 
the y = 1 group. If you instead set (2) = 0, the remaining coefficients (1) 
and (3) will measure the change 
relative to the y = 2 group. The coefficients will differ because they have 
different interpretations, but the predicted probabilities for y = 1, 2, and 3 
will still be the same. Thus either parameterization will be a solution to the 
same underlying model. 
 
Setting β(1) = 0, the equations become 

 
 
The relative probability of y = 2 to the base outcome is 

 
 
Let’s call this ratio the relative risk, and let’s further assume that X and (2) 

k are vectors equal to (x1; x2; : : : ; xk) and  , 
respectively. The ratio of the relative risk for a one-unit change in xi is then 

 
 
Thus the exponentiated value of a coefficient is the relative-risk ratio for a 
one-unit change in the corresponding variable (risk is measured as the risk 
of the outcome relative to the base outcome).  
 
Fitting unconstrained models 
 
Example 1: A first example 
We have data on the type of health insurance available to 616 
psychologically depressed subjects in the United States (Tarlov et al. 1989; 
Wells et al. 1989). The insurance is categorized as either an indemnity plan 
(that is, regular fee-for-service insurance, which may have a deductible or 
coinsurance rate) or a prepaid plan (a fixed up-front payment allowing 
subsequent unlimited use as provided, 
for instance, by an HMO). The third possibility is that the subject has no 
insurance whatsoever. We wish to explore the demographic factors 
associated with each subject’s insurance choice. One of the demographic 
factors in our data is the race of the participant, coded as white or 
nonwhite: 
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Although insure appears to take on the values Indemnity, Prepaid, and 
Uninsure, it actually takes on the values 1, 2, and 3. The words appear 
because we have associated a value label with the numeric variable insure; 
see [U] 12.6.3 Value labels. When we fit a multinomial logit model, we can 
tell mlogit which outcome to use as the base outcome, or we can let 
mlogit choose. To fit a model of insure on nonwhite, letting mlogit choose 
the base outcome, we type 
 
. mlogit insure nonwhite 
Iteration 0: log likelihood = -556.59502 
Iteration 1: log likelihood = -551.78935 
Iteration 2: log likelihood = -551.78348 
Iteration 3: log likelihood = -551.78348 
 

 
 
mlogit chose the indemnity outcome as the base outcome and presented 
coefficients for the outcomes prepaid and uninsured. According to the 
model, the probability of prepaid for whites (nonwhite = 0) is 
 

 
Similarly, for nonwhites, the probability of prepaid is 

 
These results agree with the column percentages presented by tabulate 
because the mlogit model is fully saturated. That is, there are enough 
terms in the model to fully explain the column percentage in each cell. The 
model chi-squared and the tabulate chi-squared are in almost perfect 
agreement; both test that the column percentages of insure are the same 
for both values of nonwhite. 
 
Example 2: Specifying the base outcome 
By specifying the baseoutcome() option, we can control which outcome of 
the dependent variable is treated as the base. Left to its own, mlogit chose 
to make outcome 1, indemnity, the base outcome. To make outcome 2, 
prepaid, the base, we would type 
 

 
 
The baseoutcome() option requires that we specify the numeric value of 
the outcome, so we could not type base(Prepaid). Although the 
coefficients now appear to be different, the summary statistics reported at 
the top are identical. With this parameterization, the probability of 
prepaid insurance for whites is 
 

 
This is the same answer we obtained previously. 
 
 
 

 
 
 
Introduction 
The next two sets of notes are going to look at two closely related topics: 
regression when the dependent variable is incompletely observed and 
regression when the dependent variable is completely observed but is 
observed in a selected sample that is not representative of the population. 
These models share the feature that OLS regression leads to inconsistent 
parameter estimates because the sample is not representative of the 
population. This week we are going to focus on incompletely observed 
data. 
 
Truncation and Censoring 
The leading causes of incompletely observed data are (i) truncation and (ii) 
censoring. 
 
Truncation 
Truncation occurs when some observations on both the dependent 
variable and regressors are lost. For example, income may be the 
dependent variable and only low-income people are included in the 
sample. In effect, truncation occurs when the sample data is drawn from a 
subset of a larger population. 
 
Censoring 
Censoring occurs when data on the dependent variable is lost (or limited) 
but not data on the regressors. For example, people of all income levels 
may be included in the sample, but for some reason the income of high-
income people may be top-coded as, say, $100,000. Censoring is a defect 
in the sample - if there were no censoring, then the data would be a 
representative sample from the population of interest. Truncation entails 
a greater loss of information than censoring. Long (1997, 188) provides a 
nice picture of truncation and censoring. 
 
Some Basics on Truncated and Censored Distributions 
 
Normal and Standard Normal Distributions 
y is normally distributed with mean ¹ and variance ¾2. Thus, the pdf of y is 
the familiar: 

 

This is often written as  Any normal distribution like 
this, regardless of its mean and variance, can be rewritten as a function of 
the standard normal distribution i.e. N(0,1) (Greene 2003, 849-850). To see 
this, recall that normal distributions remain normal under linear 
transformations i.e. if 

 
One particularly convenient transformation is  

 
VII. MODEL TOBIT 
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And 

 

The resulting variable s a standard normal distribution, 
denoted N(0, 1) with a density 
 

 
The specific notation Á(z) is often used for this distribution and ©(z) for its 
cdf. It follows from (2) that if y » N(¹; ¾2I), then we can rewrite it as a 
function of the standard normal distribution in the following way: 

 
The cdf can be written as 

 
 
Truncated Normal Distribution 
Let y denote the observed value of the dependent variable. Unlike with 
normal regression, y is the incompletely observed value of a latent 
dependent variable y¤. Recall that with truncation, our sample data is 
drawn from a subset of a larger population. In effect, with truncation from 
below, we only observe y = y¤ 
if y¤ is larger than the truncation point T . In effect, we lose the 
observations on y¤ that are smaller or equal to T . When this is the case, 
we typically assume that the variable yIy > T follows a truncated normal 
distribution. The issue that we need to address is that we have removed a 
part of the original distribution. As a result, the distribution no longer has 
an area equal to one. To make the area under what is left of the 
distribution equal to one, we have to re-scale it (Greene 2003, 757). Thus, 
if a continuous random variable y has a pdf f(y) and T is a constant, then 
we have 
 

 
Using the results from (4), we know that 

 

where  and is the standard normal cdf as before. Given 
this, the density of the truncated normal distribution is 

 
 

where  is the standard normal pdf as before.The likelihood function 
for the truncated normal distribution is 

 
Or 

 
 
Some results on truncated distributions are: 

1. If the truncation is from below, then the mean of the truncated 
variable is greater than the mean of the original one. If the 
truncation is from above, then the mean of the truncated 
variable is smaller than the mean of the original one. 

2. Truncation reduces the variance compared with the variance in 
the untruncated distribution. 

 
Moments of the Truncated Normal Distribution 

If  and T is the truncation point, then 

 
And 

 
where  

 
is the standard normal density, 

 
And 

 

 is called the inverse Mills ratio (IMR).1 We can think of the inverse 
Mills ratio as measuring the amount of truncation – the higher ¸, the more 
truncation. 
 
Truncated Regression Model 
We start with 

 
We are interested in the distribution of y given that y is greater than the 
truncation point T . Thus, we have 

 
 
As a result, the conditional mean is a nonlinear function of 

Note that it is now easy to see  why OLS is wrong. In 
effect, OLS omits everything after the X¯ in (15) - there is omitted variable 
bias. It is also the case that the error term will be heteroskedastic.  
 
Censored Normal Distribution 
When a distribution is censored on the left, observations with values at or 
below T are set to Ty. 

 
The use of T and Ty are just a generalization of having T and Ty set at 0. If a 
continuous variable y has a pdf f(y) and T is a constant, then we have 
 

 
In other words, the density of y is the same as that for y* for y > T and is 
equal to the probability of observing y* < T if y = T . d is an indicator 
variable that equals 1 if y > T i.e. the observation is uncensored and is 
equal to 0 if y = T i.e. the observation is censored. We know from earlier 
that 

 

 
 
Thus, the likelihood function can be written as 

 
The expected value of a censored variable is just 

 
 
For the special case of when T = 0, we have 

 
Where 

 
 
Tobit Model 
 
Introduction 
With this in hand, we can now turn to the tobit model (or censored normal 
regression model). AsWooldridge (2002, 517-520) makes clear, censored 
regression applications fall into two categories.  
 

1. Censored Regression Applications: In this application, we have 
true censoring as outlined above. There is a variable with 
quantitative meaning, y¤ and we are interested in the 
population regression E(y¤). If y* were observed for everyone 
in the population, we could use OLS etc. However, a data 
problem arises in that y* is censored from above and/or below 
i.e. it is not observed for some part of the population. This is 
the censoring issue we have been discussing. 
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2. Corner Solution Models: In the second application, though, it 
seems misleading to use the terminology of censoring. In this 
application, y is an observable choice or outcome describing 
some agent with the following characteristics: y takes on the 
value 0 with positive probability but is a continuous random 
variable over strictly positive values. In effect, we have an agent 
who is solving a maximization problem. For some of these 
individuals, the optimal choice will be the corner solution, y = 0. 
It seems better to refer to these types of models as corner 
solution models rather than censored regression models. Note 
that in the corner solution applications, the issue is NOT data 
observability: we are interested in features of the distribution 
of y such as E(y) and P(y=0). As Wooldridge points out, it is 
problematic to use OLS in this setting. 

 
Both types of application - the censored regression application and the 
corner solution application - lead us to the standard censored Tobit model 
(type 1 Tobit model). 
 
Setup 
The structural equation in the Tobit model is: 

 
 
where ²i » N(0; ¾2). Y* is a latent variable that is observed for values 
greater than T and censored otherwise.  The observed y is defined by the 
following measurement equation 

 
 
In the typical tobit model, we assume that T = 0 i.e. the data are censored 
at 0. Thus, we have 

 
 
Estimation 
As we’ve seen from earlier, the likelihood function for the censored 
normal distribution is: 

 
 
where T is the censoring point. In the traditional tobit model, we set T = 0 
and parameterize ¹ as Xi¯. This gives us the likelihood function for the tobit 
model: 

 
 
The log-likelihood function for the tobit model is 
 

 
The overall log-likelihood is made up of two parts. The first part 
corresponds to the classical regression for the uncensored observations, 
while the second part corresponds to the relevant probabilities that an 
observation is censored. 
To estimate a tobit model, type: 
 
 tobit DV IVs, ll(0) 
 
ll(0) indicates that the lower limit (censoring point) is 0. If censoring is from 
above, use ul(the censoring point). If the censoring point is not zero but 
must be estimated, use min(yijyi > 0). This will exceed the true censoring 
point, but is better than using 0 - I think STATA does this automatically if 
you do not explicitly 
specify the lower limit. 
 
Expected Values for Tobit Model 
As Sigelman and Zeng (1999) point out, there are three expected values 
that we might be interested in. To simplify things, we’ll keep looking at the 
case where censoring is at zero i.e. T = 0. 
 
1. Expected value of the latent variable y* 

 
2. Expected value of yjI > 0: 

 
 
Where does this come from? Recall from (15) that the expected value of a 
truncated normal distribution is: 

 
 
Expected value of y: 

 

where is again the inverse Mills ratio. This is the 
probability of being uncensored multiplied by the expected value of y 
given y is uncensored. 
 
Given that there are three expected values, which one should you report? 
As Greene (2003, 764) notes, there is no consensus on this and much will 
depend on the purpose of the analysis. He thinks that if the data is always 
censored, then focusing on the latent variable is not particularly useful. 
Wooldridge (2002, 520) also argues that you are probably not interested in 
the latent variable if you are employing a corner solution model. If we are 
interested in the effects of explanatory variables that may or may not be 
censored then we are probably interested in E[y]. If we are interested in 
just the  uncensored observations, we will probably just want to look at 
E[yjy > T ]. Greene seems to side with E[y] as the most useful but you 
should think about what is most useful for your particular purposes. 
 
Marginal Effects for Tobit Model 
Just as there are three expected values, there are three possible marginal 
effects. 
 
1. Marginal effect on the latent dependent variable, y*: 

 
Thus, the reported Tobit coefficients indicate how a one unit change in an 
independent variable xk alters the latent dependent variable. 
 
2. Marginal effect on the expected value for y for uncensored 
observations: 

 

where  . This indicates how a one unit change in an 
independent variable xk affects uncensored observations. 
 
 
 
3. Marginal effect on the expected value for y (censored and uncensored):  

 
 
Where does this come from? Recall from (21) that the expected value of a 
censored normal distribution where the censoring occurs at 0 is: 

 
It turns out that this equation can be written as 

 
This is called McDonald and Moffitt’s decomposition. It allows us to see 
that a change in xk affects the conditional mean of y* in the positive part 
of the distribution and it affects the probability that the observation will 
fall in that part of the distribution. 
 

Note that  is simply the estimated probability of observing an 
uncensored observation at these values of X. As this scale factor moves 
closer to one - fewer censored observations – then the adjustment factor 
becomes unimportant and the coefficient βk gives us the marginal effect 
at these particular values of X. Though not a formal result, this marginal 
effect suggests a reason why, in general, OLS estimates of the coefficients 
in a tobit model usually resemble the ML estimates multiplied by the 
proportion of uncensored observations in the sample. 
 
Again, which of these marginal effects should be reported will depend on 
your purpose. Wooldridge recommends reporting both the marginal 
effects on E[y] and E[yIy > 0]. 
 
Why not OLS ? 
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Generally, OLS on the whole sample or just the uncensored sample will 
provide inconsistent estimates of β .This is relatively easy to see. Consider 
OLS on the uncensored sample. From (30), we have  
 

 
This implies that E[²iIXi; yi > 0; ¸λi] = 0. Note that we mistakenly omit 

¸ n our OLS regression. This implies that the effect of this 
omitted term will appear in the disturbance term, which means that the Xs 
will be correlated with the disturbance term, leading to inconsistent 
estimates. Now consider OLS on the full sample. From the following 
equation, 

 
 
we can see that OLS on the full sample will also produce inconsistent 
estimates because E[y] is a non-linear function of X, ¯, ¾ and OLS assumes 
linearity.  
 
What’s the relationship between OLS and the tobit model? 
 If y and X are normally distributed and censoring is from below, it has 
been shown that the OLS slope parameters coverge to p times the true 
slope parameter, where p is the fraction of the sample that is uncensored. 
In practice, this proportionality result provides a good empirical 
approximation of the inconsistency of OLS if a tobit model is instead 
appropriate. 
 
Tobit and Probit 
The tobit and probit models are similar in many ways. They each have the 
same structural model, just different measurement models i.e. how the y¤ 
is translated into the observed y is different. In the tobit model, we know 
the value of y¤ when y* > 0, while in the probit model we only know if y* > 
0. Since there is more information in the tobit model, the estimates of the 
¯s should be more efficient. As Greene (2003, 776) points out, though, the 

probit estimates should be consistent for 1 . In other 
words,if we multiply the probit coefficients by Ϭtobit, we should get the 
tobit coefficients. Alternatively you can 
divide the tobit coefficients by Ϭtobit to get the probit coefficients. This 
result will only hold if tobit is the correct model. 
 
Some Assumptions 
There are two basic assumptions underlying the tobit model. It turns out 
that if the disturbance ε²i is either heteroskedastic or non-normal, then 
the ML estimates are inconsistent. It is possible to get consistent estimates 
with heteroskedastic errors if the heteroskedasticity is modeled directly as 
in i.e. 

 
 
Note also that we are implicitly assuming that the same data generating 
process that determines the censoring is the same process that 
determines the outcome variable. The sample selection models that we 
are going to deal with next time allow you to specify a different model for 
the censoring and the outcome components. 
 
 
 
 
 
 
MANUAL STATA UNTUK REGRESI MODEL TOBIT 
 
tobit fits a model of depvar on indepvars where the censoring values are 
fixed. 
Tobit estimation was originally developed by Tobin (1958). A consumer 
durable was purchased if a consumer’s desire was high enough, where 
desire was measured by the dollar amount spent by the purchaser. If no 
purchase was made, the measure of desire was censored at zero. 
 
Example 1: Censored from below 
We will demonstrate tobit with an artificial example, which in the process 
will allow us to emphasize the assumptions underlying the estimation. We 
have a dataset containing the mileage ratings and weights of 74 cars. 
There are no censored variables in this dataset, but we are going to create 
one. Before that, however, the relationship between mileage and weight 
in our complete data is 
 

 
(We divided weight by 1,000 simply to make discussing the resulting 
coefficients easier. We find that each additional 1,000 pounds of weight 
reduces mileage by 6 mpg.) 
 
mpg in our data ranges from 12 to 41. Let us now pretend that our data 
were censored in the sense that we could not observe a mileage rating 
below 17 mpg. If the true mpg is 17 or less, all we know is that the mpg is 
less than or equal to 17: 

 
 
The replace before estimation was not really necessary—we remapped all 
the mileage ratings below 17 to 17 merely to reassure you that tobit was 
not somehow using uncensored data. We typed ll after tobit to inform 
tobit that the data were left-censored. tobit found the minimum of mpg in 
our data and assumed that was the censoring point. We could also have 
dispensed with replace and typed ll(17), informing tobit that all values of 
the dependent variable 17 and below are really censored at 17. In either 
case, at the bottom of the table, we are informed that there are, as a 
result, 18 left-censored observations.  
 
On these data, our estimate is now a reduction of 6.9 mpg per 1,000 extra 
pounds of weight as opposed to 6.0. The parameter reported as /sigma is 
the estimated standard error of the regression; the resulting 3.8 is 
comparable with the estimated root mean squared error reported by 
regress of 3.4. 
 
Technical note 
You would never want to throw away information by purposefully 
censoring variables. The regress estimates are in every way preferable to 
those of tobit. Our example is designed solely to illustrate the relationship 
between tobit and regress. If you have uncensored data, use regress. If 
your data are censored, you have no choice but to use tobit. 
 
Example 2: Censored from above 
tobit can also fit models that are censored from above. This time, let’s 
assume that we do not observe the actual mileage rating of cars yielding 
24 mpg or better—we know only that it is at least 24. (Also assume that 
we have undone the change to mpg we made in the previous example.) 
 
. use http://www.stata-press.com/data/r13/auto, clear 
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Example 3: Two-limit tobit model 
tobit can also fit models that are censored from both sides (the so-called 
two-limit tobit): 
 

 
 
 

 
 
 
Censored and Truncated Data: Definitions 
• Y is censored when we observe X for all observations, but we only know 
the true value of Y for a restricted range of observations. Values of Y in a 
certain range are reported as a single value or there is  significant 
clustering around a value, say 0. 
 
- If Y = k or Y > k for all Y => Y is censored from below or left-censored. 
- If Y = k or Y < k for all Y => Y is censored from above or right-censored. 
 
We usually think of an uncensored Y, Y*, the true value of Y when the 
censoring mechanism is not applied. We typically have all the observations 
for {Y,X}, but not {Y*,X}.  Y is truncated when we only observe X for 
observations where Y would not be censored. We do not have a full 
sample for {Y,X}, we exclude observations based on characteristics of Y.  
 
Censored from below: Example 

 
• If Y ≤ 5, we do not know its exact value. 
 
Example: A Central Bank intervenes if the exchange rate hits the band’s 
lower limit. => If St ≤ E => St= E. 
 

 
 
The pdf of the observable variable, y, is a mixture of discrete (prob. mass 
at Y=5) and continuous (Prob[Y*>5]) distributions.  
 

 
Under censoring we assign the full probability in the censored region to 
the censoring point, 5. 
 
Truncated Data: Example 
 

 
 If Y < 3, the value of X (or Y) is unknown. (Truncation from below.) 
Example: If a family’s income is below certain level, we have no 
information about the family’s characteristics. 
 

 
Under data censoring, the censored distribution is a combination of a pmf 
plus a pdf. They add up to 1. We have a different situation under 
truncation. To create a pdf for Y we will use a conditional pdf. 
 
Truncated regression 
Truncated regression is different from censored regression in the 
following way: 

1. Censored regressions: The dependent variable may be 
censored, but you can include the censored observations in the 
regression 

2. Truncated regressions: A subset of observations are dropped, 
thus, only the truncated data are available for the regression. 

Why do we have truncation? 
(1) Truncation by survey design: Studies of poverty. By survey’s design, 
families whose incomes are greater than that threshold are dropped from 
the sample. 
 
(2) Incidental Truncation: Wage offer married women. Only those who 
are working has wage information. It is the people’s decision, not the 
survey’s design, that determines the sample. selection. 
 
Truncation and OLS 
What happens when we apply OLS to a truncated data? 
- Suppose that you consider the following regression: 

 
 
- We have a random sample of size N. All CLM assumptions are satisfied. 
(The most important assumption is (A2) E(ei|xi)=0.) - Instead of using all 
the N observations, we use a subsample. Then, run OLS using this sub-
sample (truncated sample) only. 
 
Under what conditions, does sample selection matter to OLS? 
 
(A) OLS is Unbiased 
(A-1) Sample selection is randomly done. 
(A-2) Sample selection is determined solely by the value of xvariable. 

 
VIII. MODEL REGRESI DENGAN VARIABEL 
BEBAS TERPOTONG (TRUNCATED) DAN 
HECMAN SELECTION MODEL 
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For example, suppose that x is age. Then if you select sample if age is 
greater than 20 years old, this OLS is unbiased.  
 
(B) OLS is Biased 
(B-1) Sample selection is determined by the value of y-variable. 
Example: Y is family income. We select the sample if y is greater than 
certain threshold. Then this OLS is biased. 
 
(B-2) Sample selection is correlated with ei. 
Example: We run a wage regression wi =A0+A1 educi+ ei, where ei 
contains unobserved ability. If sample is selected based on the unobserved 
ability, this OLS is biased. 
 
In practice, this situation happens when the selection is based on the 
survey participant’s decision. Since the decision to participate is likely to 
be based on unobserved factors which are contained in e, the selection is 
likely to be correlated with εi. 
 
Truncation and OLS 
 
Consider the previous regression: 

 
- All CLM assumptions are satisfied. 
- Instead of using all the N observations, we use a subsample. Let si be a 
selection indicator: If si=1, then person i is included in the regression. If 
si=0, then person i is dropped from the data.   
 
If we run OLS using the selected subsample, we use only the observation 
with si=1. That is, we run the following regression: 

 
siyi= A0si + A1sixi + si ei 
Now, sixi is the explanatory variable, and ui=siεi is the error term.  
 
OLS is unbiased if E(ui=siei|sixi) = 0.  
=> we need check under what conditions the new (A2) is satisfied.  
 
Truncation and OLS: When does (A2) hold? 
When does E(ui=si ei |sixi)=0 hold? 
It is sufficient to check: E(ui|sixi)=0. (If this is zero, then new (A2) is 
also zero.) 
 
• E(ui|xi,si) = siE(ei |xi,si) - si is in the conditional set. 
• It is sufficient to check the condition which ensures E(ui|xi, si)=0. 
 
CASES: 
(A-1) Sample selection is done randomly. 
s is independent of e and x. => E(e|x,s)=E(e|x). 
Since the CLM assumptions are satisfied  
=> we have E(e|x)=0. 
=> OLS is unbiased. 12 
 
(A-2) Sample is selected based solely on the value of x-variable. 
Example: We study trading in stocks, yi. One of the dependent 
variables, xi, is wealth, and we select person i if wealth is greater than 
50K. Then, 
 
si=1 if xi ≥50K, 
si=0 if xi <50K. 
-Now, si is a deterministic function of xi. 
 
 Since s is a deterministic function of x, it drops out from the 
conditioning set. Then, 
E(e|x, s) = E(e|x, s(x)) - s is a deterministic function of x. 
= E(e|x) = 0 - CLM assumptions satisfied. 
=> OLS is unbiased. 
 
(B-1) Sample selection is based on the value of y-variable. 
Example: We study determinants of wealth, Y. We select individuals whose 
wealth is smaller than 150K. Then, si=1 if yi <150K. 
-Now, si depends on yi (and ei). It cannot be dropped out from the 
conditioning set like we did before. Then, E(e|x, s)≠E(e|x) = 0. 
 
For example, 
E(e|x, s=1) = E(e|x, y ≤150K) = E(e|x, A0+A1x+ e ≤150K) 

            = E(e|x, e u ≤150K-A0-A1x) 
            ≠E(e|x) = 0. => OLS is biased. 

 
(B-2) Sample selection is correlated with ui. 
The inclusion of a person in the sample depends on the person’s decision, 
not the surveyor's decision. This type of truncation is called the incidental 
truncation. The bias that arises from this type of sample selection is called 
the Sample Selection Bias. 
 
Example: wage offer regression of married women: wagei = A0 + A1edui + 
ei. 
 
Since it is the woman’s decision to participate, this sample selection is 
likely to be based on some unobservable factors which are contained in ei. 
Like in (B-1), s cannot be dropped out from the conditioning set: 
 
E(e|x, s) ≠E(e|x) = 0 => OLS is biased. 

 
 CASE (A-2) can be more complicated, when the selection rule based on 
the x-variable may be correlated with ei.  
 
Example: X is IQ. A survey participant responds if IQ > v. 
Now, the sample selection is based on x-variable and a random error v. 
If we run OLS using only the truncated data, will it cause a bias? 
 
Two cases: 
- (1) If v is independent of e, then it does not cause a bias. 
- (2) If v is correlated with e, then this is the same case as (B-2). Then,OLS 
will be biased. 
 
Estimation with Truncated Data. 
CASES 
- Under cases (A-1) and (A-2), OLS is appropriate. 
- Under case (B-1), we use Truncated regression. 
- Under case (B-2) –i.e., incidental truncation-, we use the Heckman 
Sample Selection Correction method. This is also called the Heckit model. 
 
Truncated Regression 
• Data truncation is (B-1): the truncation is based on the y-variable. 
• We have the following regression satisfies all CLM assumptions: 
yi= xi’ . + ei, 
 ei~N(0, K2) 
- We sample only if yi< ci - Observations dropped if yi ≥ ci by design. 
- We know the exact value of ci for each person. 
 
 We know that OLS on the truncated data will cause biases. The model that 
produces unbiased estimate is based on the ML Estimation. 
 

 
Truncated Regression: Conditional Distribution 
 Given the normality assumption for ei, ML is easy to apply. 
- For each, ei = yi- xi’ ., the likelihood contribution is f(ei). 
- But, we select sample only if yi<ci 
 
we have to use the density function of ei conditional on yi<ci: 

 
Truncated Normal 
Moments: 

 
 
First moment: 

 
=> If μ*>0 and the truncation is from below –i.e., O(P) >0–, the mean of 
the truncated variable is greater than the original mean 
 
Note: For the standard normal distribution O(P) is the mean of the 
truncated distribution. 
 
 Second moment: 
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=> Truncation reduces variance! This result is general, it applies to upper 

or lower truncation given that  
 
 
 
 
 
Truncated Normal 
 

 
 
Truncated Regression: ML Estimation 

 
The partial effects 
The estimated βk shows the effect of xki on yi. Thus, 

 
 
Truncated Regression: MLE - Example 
DATA: From a survey of family income in Japan . (JPSC_familyinc.dta). The 
data is originally not truncated.  
 
Model:    yi = .0+ .1 xi + ei 
yi = family income in JPY 10,000 
xi: husband’s education 
 
 Three cases: 

1. EX1. Use all observations to estimate model 
2. EX2. Truncate sample from above (y<800). Then run the OLS 

using 
on the truncated sample. 

3. EXe. Run the truncated regression model for the data truncated 
from above. 

 

 

 
Sample Selection Bias Correction Model 
The most common case of truncation is (B-2): Incidental truncation.  This 
data truncation usually occurs because sample selection is determined by 
the people’s decision, not the surveyor’s decision.  Back to the wage 
regression example. If person i has chosen to participate (work), person i 
has self-selected into the sample. If person i has decided not to 
participate, person i has self-selected out of the sample.  The bias caused 
by this type of truncation is called sample selection bias.  This model 
involves two decisions:  
 
(1) participation  
(2) amount. 
 
It is a generalization of the Tobit Model. 
 
Tobit Model – Type II 
Different ways of thinking about how the latent variable and the 
observed variable interact produce different Tobit Models. 
 
 The Type I Tobit Model presents a simple relation: 

 
 
The effect of the X’s on the probability that an observation is censored and 
the effect on the conditional mean of the non-censored observations are 
the same:β 
 
The Type II Tobit Model presents a more complex relation: 

 
 
Now, we have different effects of the X’s. 

 
 
- A more flexible model. X can have an effect on the decision to participate 
(Probit part) and a different effect on the amount decision (truncated 
regression). 
- Type I is a special case: e2,i = e1,i and 1=.. 
 
Example:  
Age affects the decision to donate to charity. But it can have a different 
effect on the amount donated. We may find that age has a positive effect 
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on the decision to donate, but given a positive donation, younger 
individuals donate more than older individuals. The Tobit Model assumes a 

bivariate normal distribution for with covariance given by 

 
 
Conditional expectation: 

 
 
- Unconditional Expectation 

 
 
Note: This model is known as the Heckman selection model, or the Type II 
Tobit model (Amemiya), or the probit selection model (Wooldridge). 
 
Tobit Model – Type II – Sampel Selection (Heckman Selesction Model) 
We generalized the model presented, making the decision to participate 
dependent on a different variable, z. Then, 

 
This model is called the Sample selection model, due to Heckman. 
 
Example (from Heckman (Econometrica, 1979): Structural Labor model: 
 
Labor Supply equation: 

 
- hi*: desired hours by ith person (latent variable) 
- wi: wage that could be earned 
- Zi: non-labor income, taste variables (married, kids, etc.) 
- Ui (error term): unobserved taste for work. 
 
Market wage equation: 

 
- Xi: productivity, age, education, previous experience, etc. 
- μi (error term): unobserved wage earning ability. 
 
Goal: Estimation of wage offer equation for people of working age 
 
The sample is non longer random. How can we estimate (2) if we 
only observe wages for those who work? 
 
Problem: Selection bias. Non-participation is rarely random 
- Not distributed equally across subgroups 
- Agents decide to participate or not –i.e., self-select into a group. 
Can we test for selection bias? 
 
Tobit Model – Type II – Sample selection 
Terminology : 

 
From the conditional expectation: 

 
 
From the conditional expectation we see that applying OLS to observed 
sample will produce biased (and inconsistent) estimators. This is called 
sample selection bias (an omitted variable problem). It depends on p (and 
z).  But OLS y on X and O on the sub-sample with y*>0 produces consistent 
estimates. But, we need an estimator for O. This idea is the basis of 
Heckman’s two-step estimation. 
 
Estimation 
- ML –complicated, but efficient 
- Two-step –easier, but not efficient. Not the usual standard errors. 
 
The Marginal effects of changes in exogenous variables have two 
components: 
- Direct effect on mean of yi, i via (2) 
- If a variable affects the probability that yi* > 0, then it will affect yi via λi  

 
Marginal effect if regressor appears in both zi and xi: 

 
Conditional distribution: Bivariate Normal 
To derive the likelihood function for the Sample selection model, we will 
use results from the conditional distribution of two bivariate normal RVs.  
Recall the definition of conditional distributions for continuous RVs: 

 
In the case of the bivariate normal distribution the conditional distribution 
of xi given xj is Normal with mean and standard deviation (using the 
standard notation): 

 

 
 The model assumes a bivariate distribution for (e1,i;e2,i), with covariance 

given by We use a participation dummy  variable: Di =0 
(No), Di =1 (Yes). 
 
 The likelihood reflects two contributions: 

 

 
- Moments of the conditional distribution (y1|y2) of a normal RV: 

 
Now, we can put all the contributions together: 

 
Then, combining all the previous parts: 

 
Complicated likelihood. The computational problem tends to be somewhat 
badly behaved: => Iterative methods do not always converge to the MLE. 
 
It is much easier two use Heckman’s two-step (Heckit) estimator: 
(1) Probit part: Estimate 1 using ML => get a 
(2) Truncated regression: 
- For each Di=1 (participation), calculate Oi = O(xi’a)  
- Regress yi -against xi and O(xi’a). => get b and bO. 
 
Problems: 
- Not efficient (relative to MLE) 
- Getting Var[b] is not easy (we are estimating 1 too). 
 
 In practice it is common to have close to perfect collinearity, between zi 
and xi. Large standard errors are common.  In general, it is difficult to 
justify different variables for zi and xi. This is a problem for the estimates. 
It creates an identification problem. 
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Tobit Model – Type II – Two-step estimator 
Technically, the parameters of the model are identified, even when z=x. 
But, identification is based on the distributional assumptions.  Estimates 
are very sensitive to assumption of bivariate normality - Winship and Mare 
(1992) and z=x. 
 

 parameter very sensitive in some common applications. Sartori 
(2003) comes with 95% C.I. for a = -.999999 to +0.99255!  
 

Identification is driven by the non-linearity in the selection equation, 
through λi (and, thus, we need variation in the z’s too!).  We find that 
when z=x, identification tends to be tenuous unless there are many 
observations in the tails, where there is substantial nonlinearity in the λi. 
We need exclusion restrictions. 
 
Do we have a sample selection problem? 
Based on the conditional expectation, a test is very simple. We need to 
test if there is an omitted variable. That is, we need to test if Oi belongs in 
the conditional expectation of y|y>0. 
 
Easy test: H0: AO=0. 
 

We can do this test using the estimator for from the second step of 
Heckman’s two-step procedure. 
 
 Usual problems with testing. 
- The test assumes correct specification. If the selection equation is 
incorrect, we may be unable to reject H0. 
- Rejection of H0 does not imply accepting the alternative –i.e., sample 
selection problem. We may have non-linearities in the data! 
 
 Rejection of H0 does not imply accepting the alternative –i.e., sample 
selection problem. We may have non-linearities in the data! 
Identification issue II 
We are not sure about the functional form. We may not be 
comfortableinterpreting nonlinearities as evidence for endogeneity of the 
covariates. 
 
Tobit Model – Type II – Application 

 
 

 

 
 
 
 
MANUAL STATA UNTUK TRUNCATED REGRESSION 
 
truncreg fits a regression model of depvar on indepvars from a sample 
drawn from a restricted part of the population. Under the normality 
assumption for the whole population, the error terms in the truncated 
regression model have a truncated normal distribution, which is a normal 
distribution that has been scaled upward so that the distribution 
integrates to one over the restricted range. Truncated regression fits a 
model of a dependent variable on independent variables from a restricted 
part of a population. Truncation is essentially a characteristic of the 
distribution from which the sample data are drawn. If x has a normal 
distribution with mean  and standard deviation , the density of the 
truncated normal distribution is 

 
 
where  are the density and distribution functions of the standard 
normal distribution. 
 
Compared with the mean of the untruncated variable, the mean of the 
truncated variable is greater if the truncation is from below, and the mean 
of the truncated variable is smaller if the truncation is from above. 
Moreover, truncation reduces the variance compared with the variance in 
the untruncated 
distribution. 
 
Example 1 
We will demonstrate truncreg with part of the Mroz dataset distributed 
with Berndt (1996). This dataset contains 753 observations on women’s 
labor supply. Our subsample is of 250 observations, with 150 market 
laborers and 100 nonmarket laborers. 
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We first perform ordinary least-squares estimation on the market laborers. 
 

 
 
Now we use truncreg to perform truncated regression with truncation 
from below zero. 

 
 
If we assume that our data were censored, the tobit model is 

 
 
Technical note 
Whether truncated regression is more appropriate than the ordinary least-
squares estimation depends on the purpose of that estimation. If we are 
interested in the mean of wife’s working hours conditional on the 
subsample of market laborers, least-squares estimation is appropriate. 
However if we are 
interested in the mean of wife’s working hours regardless of market or 
nonmarket labor status, least-squares estimates could be seriously 
misleading. 
Truncation and censoring are different concepts. A sample has been 

censored if no observations have been systematically excluded but some 
of the information contained in them has been suppressed. 
 
In a truncated distribution, only the part of the distribution above (or 
below, or between) the truncation points is relevant to our computations. 
We need to scale it up by the probability that an observation falls in the 
range that interests us to make the distribution integrate to one. The 
censored distribution used by tobit, however, is a mixture of discrete and 
continuous distributions. Instead of rescaling over the observable range, 
we simply assign the full probability from the censored regions to the 
censoring points. The truncated regression model is sometimes less well 
behaved than the tobit model. Davidson and MacKinnon (1993) provide an 
example where truncation results in more inconsistency than censoring. 
 
 
 

 
 
 
Simultaneous equation model (SEM) 
Simultaneous equation model: The model in which there is a single 
dependent 
variable and one or more explanatory variables then the model is called a 
single 
equation model. On the other hand, a system of equations representing a 
set of 
relationships among variables or describing the joint dependence of 
variables is called simultaneous equation. In such models there are more 
than one equation one of the mutually or jointly dependent or 
endogenous variables. 
 
Example : Let us consider the following demand supply model . 

 
 
Where ,  
Q dt quantity demand 
Qst quantity supplied 
P=Price 
Y=disposal income 
Z=cost of main raw materials 
t=time 
 
which is an example of simultaneous equation model. 
 
Complete simultaneous equation model : 
A simultaneous equation model is complete if the total number of 
equation of Endogenous variable is equal to the number of equation.  
 
Example :consider the model of income determination . 

 
Where, C= consumption 
Y= income 
I= investment 
t= time 
u= error term 
 
Here the number of Endogenous variables is equal to the number of 
equation Hence this is a complete simultaneous equation model. 
 
Define or distinguish between endogenous and exogenous variable :  

1. Endogenous variable : In the context of SEM , the jointly 
dependent variables are called Endogenous variables that is the 
variables whose values are determined whitin the model are 
called endogenous variables . The endogenous variables are 
regarded as stochastic. 

 
2. Exogenous / predetermined variable: The variable having 

specified values in general is called exogenous variable .In SEM , 
the predetermined variables , that variables whose values are 
determined outside the model are called exogenous variable .It 
is also known as non-stochastic as non random variable . 

 
Example: Let us consider the Keynesian model of income distribution . 
Consumption function : 

 
Where  
C =consumption expenditure 
Y =Income 
I =Investment 

 
IX. MODEL PERSAMAAN SIMULTAN 
DAN TWO-STEP LEAST SQUARES (2SLS) 

 



 Masterbook of Business and Industry (MBI) 

  

Muhammad Firman   (University of Indonesia -  Accounting )                      34 

 

T =time 
t =saving 
U =stochastic disturbance term 
β0 + β1 = parameters. 
 
In the above example, C and Y are called endogenous variables .Since they 
are 
depending to each other and their values are determined within SEM. And 
I is treated as exogenous variables its value can be determined outside the 
model. 
 
Different types of Endogenous and variables . 
Endogenous variables divide into two categories such as 
1: Current endogenous variables. 
2 : Lagged endogenous variables. 
 
Exogenous variables also divide into two categories such as 
1: Current exogenous variables. 
2: Lagged exogenous variables. 
 
What are the differences between single equation model & simultaneous 
equation model? 

 
 
Structural model/behavior model  
Structural model: A complete system of equation, which describes or 
represents the structure of the relationship of economic variables, is called 
a structural model.  The endogenous variables are expressed as the 
function of the other endogenous variables, predetermined variables & 
disturbance. 
 

 
 
Reduced form of a model with example. 
Reduced form of a model: The reduced form model is that model in which 
the 
endogenous variables are expressed as an explicit function of a 
predetermined 
variable. In otherwords, a reduced form equation is one that expresses an 
endogenous variable solely in terms of the predetermined variable & the 
stochastic disturbances. 

 
 
Here , C t &Yt are the endogenous variable & I t is an exogenous variable. 
Now , if we put the value of C t in equation (2), 
 

 
So, the equation (3) is called reduced form equation , it express the 
endogenous solely as a function of the exogenous variables I & the 
stochastic disturbance term 0 1 , & t w are the reduced form parameter.  
 
Recursive model 
A model is called recursive if its structural equations can be ordered in 
such a way that the first equation includes only predetermined variables in 
the right hand side. The second equation contains predetermined 
variables & the first endogenous variable (of the 1st equation) in the right 
hand side & so on. i.e 

 
And so on. 
 
Example: As an example of recursive system, one way postulate the 
following model of wage & price determination. 

 
 
Properties: 

1. OLS can be applied straight a way on the each equations to 
estimate the parameters. 

2. OLS estimates on the parameters of recursive model is best & 
unbiased. 

3. There is no independency among the endogenous variable in 
recursive model. 

4. The same time period disturbances in different equations are 
uncorrelated. This is the assumption of zero contemporaneous 
correlation. 

 
Simultaneous equation bias 
The bias arising from the application of classical least square to an 
equation belonging  to a system of simultaneous relations is called 
simultaneous equation bias. Because of arising: In the one or more 
explanatory variables are correlated with the disturbance term because 
the estimators thus obtained are inconsistent. 
 
Consequences: 
This creates several problems. Firstly these arises the problem of 
identification of the parameters of individual relationships. Secondly, 
these arise problems of estimation.  
 
Problem: consider the Keynsian model & show that, 
1. Yt& u t are uncorrelated. 
2. The OLS estimates of 1 is biased & inconsistent. 
 
Solution : Let us consider, the Keynesian income model, 
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Since 2 >0 and 0< <1 
So, Y t & u t are correlated because the assumption of the CLRM are 
violated & hence OLS estimators are inconsistent in this situation.  
 
Biased of β1 

 

 
 
An estimator is said to be consistent if its probability limit is equal to its 
true value. Taking probability limit [Plim] in the both sides of equation (6) 
then 

 
 
OLS estimator is not appropriate in a simultaneous equation: 
The OLS estimate method is not appropriate in a simultaneous equation 
model 
because one or more explanatory variables are correlated with the 
disturbance term in that equation & the estimator thus obtained are 
inconsistent. For this reason OLS method is not appropriate in a 
simultaneous equation model. 

 
 
 
 
 
MANUAL STATA UNTUK PENDUGAAN PERSAMAAN SIMULTAN 
 
ivregress fits a linear regression of depvar on varlist1 and varlist2, using 
varlistiv (along with varlist1) as instruments for varlist2. ivregress supports 
estimation via two-stage least squares (2SLS), limited-information 
maximum likelihood (LIML), and generalized method of moments (GMM). 
In the language of instrumental variables, varlist1 and varlistiv are the 
exogenous variables, and varlist2 are the endogenous variables 
 
. Angrist and Pischke (2009, chap. 4) offer a casual yet thorough 
introduction to instrumental-variables estimators, including their use in 
estimating treatment effects. Some of the earliest work on simultaneous 
systems can be found in Cowles Commission monographs—Koopmans and 
Marschak (1950) and Koopmans and Hood (1953)—with the first 
developments of 2SLS appearing in Theil (1953) and Basmann (1957). 
However, Stock and Watson (2011, 422–424) present an example of the 
method of instrumentalvariables that was first published in 1928 by Philip 
Wright. 
 
The syntax for ivregress assumes that you want to fit one equation from a 
system of equations or an equation for which you do not want to specify 
the functional form for the remaining equations of the system. To fit a full 
system of equations, using either 2SLS equation-by-equation or three-
stage least squares, see [R] reg3. An advantage of ivregress is that you can 
fit one equation of a multiple-equation system without specifying the 
functional form of the remaining equations. ivregress — Singleequation 
instrumentalvariables 
regression 5 
Formally, the model fit by ivregress is 

 
Here yi is the dependent variable for the ith observation, yi represents the 
endogenous regressors (varlist2 in the syntax diagram), x1i represents the 
included exogenous regressors (varlist1 in the syntax diagram), and x2i 
represents the excluded exogenous regressors (varlistiv in the syntax 
diagram). 
x1i and x2i are collectively called the instruments. ui and vi are zero-mean 
error terms, and the correlations between ui and the elements of vi are 
presumably nonzero. The rest of the discussion is presented under the 
following headings: 

1. 2SLS and LIML estimators 
2. GMM estimator 

 
2SLS and LIML estimators : The most common instrumental-variables 
estimator is 2SLS. 
 
Example 1: 2SLS estimator 
We have state data from the 1980 census on the median dollar value of 
owner-occupied housing (hsngval) and the median monthly gross rent 
(rent). We want to model rent as a function of hsngval and the percentage 
of the population living in urban areas (pcturban): 

 
where i indexes states and ui is an error term. 
Because random shocks that affect rental rates in a state probably also 
affect housing values, we treat hsngval as endogenous. We believe that 
the correlation between hsngval and u is not equal to zero. On the other 
hand, we have no reason to believe that the correlation between pcturban 
and u is nonzero, so we assume that pcturban is exogenous. Because we 
are treating hsngval as an endogenous regressor, we must have one or 
more additional variables available that are correlated with hsngval but 
uncorrelated with u.  
 
Moreover, these excluded exogenous variables must not affect rent 
directly, because if they do then they should be included in the regression 
equation we specified above. In our dataset, we have a variable for family 
income (faminc) and for region of the country (region) that we believe are 
correlated with hsngval but not the error term. Together, pcturban, 
faminc, and factor variables 2.region, 3.region, and 4.region constitute our 
set of instruments.  
 
To fit the equation in Stata, we specify the dependent variable and the list 
of included exogenous variables. In parentheses, we specify the 
endogenous regressors, an equal sign, and the excluded exogenous 
variables. Only the additional exogenous variables must be specified to the 
right of the equal sign; the exogenous variables that appear in the 
regression equation are automatically included as instruments. 
 
Here we fit our model with the 2SLS estimator: 
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As we would expect, states with higher housing values have higher rental 
rates.  
The proportion of a state’s population that is urban does not have a 
significant effect on rents. 
 
Technical note 
In a simultaneous-equations framework, we could write the model we just 
fit as 
 

 
 
 
which here happens to be recursive (triangular), because hsngval appears 
in the equation for rent but rent does not appear in the equation for 
hsngval. In general, however, systems of simultaneous  equations are not 
recursive. Because this system is recursive, we could fit the two equations 
individually via OLS if we were willing to assume that u and v were 
independent. For a more detailed discussion of triangular systems, see 
Kmenta (1997, 719–720). Historically, instrumental-variables estimation 
and systems of simultaneous equations were taught concurrently, and 
older textbooks describe instrumental-variables estimation solely in the 
context of simultaneous equations. However, in recent decades, the 
treatment of endogeneity and instrumentalvariables estimation has taken 
on a much broader scope, while interest in the specification of complete 
systems of simultaneous equations has waned. Most recent textbooks, 
such as Cameron and Trivedi (2005), Davidson and MacKinnon (1993, 
2004), and Wooldridge (2010, 2013), treat instrumental-variables 
estimation as an integral part of the modern economists’ toolkit and 
introduce 
it long before shorter discussions on simultaneous equations. 
 
In addition to the 2SLS member of the -class estimators, ivregress 
implements the LIML estimator. Both theoretical and Monte Carlo 
exercises indicate that the LIML estimator may yield less bias and 
confidence inter als with better coverage rates than the 2SLS estimator. 
See Poi (2006) and Stock, Wright, and Yogo (2002) (and the papers cited 
therein) for Monte Carlo evidence. 
ivregress — Singleequation 
 
Example 2: LIML estimator 
Here we refit our model with the LIML estimator: 
 

 
These results are qualitatively similar to the 2SLS results, although the 
coefficient on hsngval is about 19% higher. 
 
GMM estimator 
Since the celebrated paper of Hansen (1982), the GMM has been a popular 
method of estimation in economics and finance, and it lends itself well to 
instrumental-variables estimation. The basic principle is that we have 
some moment or orthogonality conditions of the form 
 

 
 

From (1), we have . What are the 

elements of the instrument vector zi? By  assumption, x1i is uncorrelated 
with ui, as are the excluded exogenous variables x2i, and so we use zi = 
[x1i x2i]. The moment conditions are simply the mathematical 
representation of the assumption that the instruments are exogenous—
that is, the instruments are orthogonal to (uncorrelated with) ui. If the 
number of elements in zi is just equal to the number of unknown 
parameters, then we can apply the analogy principle to (3) and solve 
 

 
 
This equation is known as the method of moments estimator. Here where 
the number of instruments equals the number of parameters, the method 
of moments estimator coincides with the 2SLS estimator, which also 
coincides with what has historically been called the indirect least-squares 
estimator (Judge et al. 1985, 595). The “generalized” in GMM addresses 
the case in which the number of instruments (columns of zi) exceeds the 
number of parameters to be estimated. Here there is no unique solution 
to the population moment conditions defined in (3), so we cannot use (4). 
Instead, we define the objective function 

 
where W is a positive-definite matrix with the same number of rows and 
columns as the number of columns of zi. Wis known as the weighting 
matrix, and we specify its structure with the wmatrix() option. The GMM 
estimator of (1; 2) minimizes Q(1; 2); that is, the GMM estimator chooses 
1 and 2 to make the moment conditions as close to zero as possible for a 
given W. For a more 
general GMM estimator, see [R] gmm. gmm does not restrict you to fitting 
a single linear equation, though the syntax is more complex. 
 
A well-known result is that if we define the matrix S0 to be the covariance 
of ziui and set  

 
then we obtain the optimal two-step GMM estimator, where by optimal 
estimator we mean the one that results in the smallest variance given the 
moment conditions defined in (3). Suppose that the errors ui are 
heteroskedastic but independent among observations. Then 
 

 
and the sample analogue is 

 
To implement this estimator, we need estimates of the sample residuals 
bui. ivregress gmm obtains the residuals by estimating β1 and β2 by 2SLS 

and then evaluates (6) and sets .. Equation (6) is the same 
as the center term of the “sandwich” robust covariance matrix available 
from most Stata estimation commands through the vce(robust) option. 
 
Example 3: GMM estimator 
Here we refit our model of rents by using the GMM estimator, allowing for 
heteroskedasticity in ui: 
 

 
 
Because we requested that a heteroskedasticity-consistent weighting 
matrix be used during estimation but did not specify the vce() option, 
ivregress reported standard errors that are robust to heteroskedasticity. 
Had we specified vce(unadjusted), we would have obtained standard 
errors that would be correct only if the weighting matrix W does in fact 
converge to S0 -1  
 
Technical note 
Many software packages that implement GMM estimation use the same 
heteroskedasticity-consistent weighting matrix we used in the previous 
example to obtain the optimal two-step estimates but do not use a 
heteroskedasticity-consistent VCE, even though they may label the 
standard errors as being “robust”. To replicate results obtained from other 
packages, you may have to use the vce(unadjusted) option. See Methods 
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and formulas below for a discussion of robust covariance matrix 
estimation in the GMM framework. 
 
By changing our definition of S0, we can obtain GMM estimators suitable 
for use with other types of data that violate the assumption that the errors 
are independent and identically distributed. For example, you may have a 
dataset that consists of multiple observations for each person in a sample. 
The observations that correspond to the same person are likely to be 
correlated, and the estimation technique should account for that lack of 
independence. Say that in your dataset, people are identified by the 
variable personid and you type 
 
. ivregress gmm ..., wmatrix(cluster personid) 
 
Here ivregress estimates S0 as 
 

 
where C denotes the set of clusters and 

 
where cj denotes the jth cluster. This weighting matrix accounts for the 
within-person correlation among observations, so the GMM estimator that 
uses this version of S0 will be more efficient than the estimator that 
ignores this correlation. 
 
Example 4: GMM estimator with clustering 
We have data from the National Longitudinal Survey on young women’s  
wages as reported in a series of interviews from 1968 through 1988, and 
we want to fit a model of wages as a function of each woman’s age and 
age squared, job tenure, birth year, and level of education. We believe 
that random shocks that affect a woman’s wage also affect her job tenure, 
so we treat tenure as endogenous. As additional instruments, we use her 
union status, number of weeks worked in the past year, and a dummy 
indicating whether she lives in a metropolitan area. Because we have 
several observations for each woman (corresponding to interviews done 
over several years), we want to control for clustering on each person. 
 

 
Both job tenure and years of schooling have significant positive effects on 
wages. Time-series data are often plagued by serial correlation. In these 
cases, we can construct a weighting matrix to account for the fact that the 
error in period t is probably correlated with the errors in periods t - 1, t -2, 
etc. An HAC weighting matrix can be used to account for both serial 
correlation and potential heteroskedasticity.  
 
To request an HAC weighting matrix, you specify the wmatrix(hac kernel  
option.  
kernel specifies which of three kernels to use: bartlett, parzen, or 
quadraticspectral. Kernel determines the amount of weight given to 
lagged values when computing the HAC matrix, and # denotes the 
maximum number of lags to use. Many texts refer to the bandwidth of the 
kernel instead of the number of lags; the bandwidth is equal to the 
number of lags plus one. If neither opt nor # is specified, then N - 2 lags are 
used, where N is the sample size. 
 
If you specify wmatrix(hac kernel opt), then ivregress uses Newey and 
West’s (1994) algorithm for automatically selecting the number of lags to 
use. Although the authors’ Monte Carlo simulations do show that the 
procedure may result in size distortions of hypothesis tests, the procedure 
is still useful when little other information is available to help choose the 
number of lags. For more on GMM estimation, see Baum (2006); Baum, 
Schaffer, and Stillman (2003, 2007); Cameron and Trivedi (2005); Davidson 
and MacKinnon (1993, 2004); Hayashi (2000); or Wooldridge (2010). See 
Newey and West (1987) and Wang and Wu (2012) for an introduction to 
HAC covariance matrix estimation. 
 

 
 

 
 
 
Seemingly Unrelated Regression Equations Models 
A basic nature of multiple regression model is that it describes the 
behaviour of a particular study variable based on a set of explanatory 
variables. When the objective is to explain the whole system, there may be 
more than one multiple regression equations. For example, in a set of 
individual linear multiple regression equations, each equation may explain 
some economic phenomenon.  
 
One approach to handle such a set of equations is to consider the set up of 
simultaneous equations model is which one or more of the explanatory 
variables in one or more equations are itself the dependent (endogenous) 
variable associated with another equation in the full system. On the other 
hand, suppose that none of the variables is the system are simultaneously 
both explanatory and dependent in nature. There may still be interactions 
between the individual equations if the random error components 
associated with at least some of the different equations are correlated 
with each other. This means that the equations may be linked statistically, 
even though not structurally – through the jointness of the distribution of 
the error terms and through the non-diagonal covariance matrix. Such a 
behaviour is reflected in the seemingly unrelated regression equations 
(SURE) model in which the individual equations are in fact related to one 
another, even though superficially they may not seem to be. 
 
The basic philosophy of the SURE model is as follows. The jointness of the 
equations is explained by the structure of the SURE model and the 
covariance matrix of the associated disturbances. Such jointness 
introduces additional information which is over and above the information 
available when the individual equations are considered separately. So it is 
desired to consider all the separate relationships collectively to draw the 
statistical inferences about the model parameters. 
 
Example: 
Suppose a country has 20 states and the objective is to study the 
consumption pattern of the country. There is one consumption equation 
for each state. So all together there are 20 equations which describe 20 
consumption functions. It may also not necessary that the same variables 
are present in all the models. Different equations may contain different 
variables. It may be noted that the consumption pattern of the 
neighbouring states may have the characteristics in common. Apparently, 
the equations may look distinct individually but there may be some kind of 
relationship that may be existing among the equations. Such equations can 
be used to examine the jointness of the distribution of disturbances. It 
seems reasonable to assume that the error terms associated with the 
equations may be contemporaneously correlated. The equations are 
apparently or “seemingly” unrelated regressions rather than independent 
relationships. 
 
Model: 
We consider here a model comprising of M multiple regression equations 
of the  
form  
 

 
where tiy is the tht observation on the thi dependent variable which is to 
be explained by the thi regression equation, tijx is the tht observation on 
thj explanatory variable appearing in the thi equation, ijβ is the coefficient 
associated with tijx at each observation and tiε is the tht value of the 
random error component associated with thi equation of the model.  
 
These M equations can be compactly expressed as  

 
 
where iy is ()1T× vector with elements tiy; ()iiXisTK× matrix whose columns 
represent the T observations on an explanatory variable in the thi 
equation; iβis a ()1ik× vector with elements ijβ; and iεis a      ()1T× vector of 
disturbances. These M equations can be further expressed as  
 

 

 
X. MODEL SEEMINGLY UNRELATED 
REGRESSION EQUATIONS 
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Treat each of the Mequations as the classical regression model and make 
conventional assumptions for 1,2,...,iM= as 
 

 
 
Considering the interactions between the M equations of the model, we 
assume 
 

 
where Qij is non-singular matrix with fixed and finite elements and ijσ is 
the covariance between the disturbances of andththij equations for each 
observation in the sample. 
 
Compactly, we can write 

 
 
where ⊗ denotes the Kronecker product operator, ψ is ()MTMT× matrix 

and  positive definite symmetric matrix. The 
definiteness of Σ avoids the possibility of linear dependencies among the 
contemporaneous disturbances in the M equations of the model. 

 
 
By using the terminologies “contemporaneous” and “intertemporal” 
covariance, we are implicitly assuming that the data are available in time 
series form but this is not restrictive. The results can be used for cross-
section data also. The constancy of the contemporaneous covariances 
across sample points is a natural generalization of homoskedastic 
disturbances in a single equation model. It is clear that the M equations 
may appear to be not related in the sense that there is no simultaneity 
between the variables in the system and each equation has its own 
explanatory variables to explain the study variable. The equations are 
related stochastically through the disturbances which are serially 
correlated across the equations of the model. That is why this system is 
referred to as SURE model. 
 
The SURE model is a particular case of simultaneous equations model 
involving M structural equations with M jointly dependent variable and 
()forallikki≥ distinct exogenous variables and in which neither current nor 
logged endogenous variables appear as explanatory variables in any of the 
structural equations. The SURE model differs from the multivariate 
regression model only in the sense that it takes account of prior 
information concerning the absence of certain explanatory variables from 
certain equations of the model. Such exclusions are highly realistic in many 
economic situations. 
 
 
OLS and GLS estimation: 
The SURE model is 
 

 
 Assume that ψ is known. 
 
The OLS estimator of β is  

 
 
Further  

 
 
The generalized least squares (GLS) estimator of β  
 

 
 
Define 

 
 
then GX=0we find that  

 
Since ψ is positive definite, so 'GψG is atleast positive semidefinite and so 
GLSE is, in general, more efficient than OLSE for estimating β. In fact, using 
the result that GLSE best linear unbiased estimator of β, so we can 
conclude that ˆβ is the best linear unbiased estimator in this case also. 
 
Feasible generalized least squares estimation: 
When Σ is unknown, then GLSE of β cannot be used. Then Σ can be 
estimated and replaced by ()MM× matrix .S With such replacement, we 
obtain a feasible generalized least squares (FGLS) estimator of β as  
 

 

Assume that is nonsingular matrix and sij is some estimator of 
σij. 
 
 
 
 
 
Estimation of Σ 

There are two possible ways to estimate  
 
1. Use of unrestricted residuals 
Let K be the total number of distinct explanatory variables out of 
12,,...,mkkk variables in the full model 
 

 
 
 and let Z be a TK× observation matrix of these variables. 
 
Regress each of the M study variables on the column of Z and obtain (Tx1) 
residual vectors 

 
 
Then obtain  
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Hence 

 
2. Use of restricted residuals 
In this approach to find an estimator of ,ijσ the residuals obtained by 
taking into account the restrictions on the coefficients which distinguish 
the SURE model from the multivariate regression model are used as 
follows. 
 
Regress yy on Xi i.e., regress each equation, i= 1,2,...,M by OLS and obtain 
the residual vector 

 
 

 
 
Seemingly Unrelated Regression (SUR) models as a Generalized Least 
Squares (GLS) Solution to Path Analytic Models 
Multivariate regression requires the design matrix for each of p dependent 
variables to be the same in its form and assumes that all the coefficients in 
the model are unknown and estimated from the data. Zellner (1962) 
formulated Seemingly Unrelated Regression (SUR) models as p correlated 
regression equations. Of particular interest, SUR allow each of the p 
dependent variables to have a different design matrix with some of the 
predictor variables being the same. Of particular relevance to path 
analysis, SUR models allow for a variable to be both in the Y and X 
matrices. SUR models are underutilized in educational research. We will 
explicate how SUR models can be used to solve path analytic models and 
in other situations. 
 
Introduction 
Standard multivariate regression requires that the design matrix for each 
of p dependent variables to be exactly the same in its functional form such 
that: 
 

 
 
where Y is a matrix of p dependent variables, X is a k-dimensional design 
matrix, and ε is a error matrix, which is assumed to be distributed as N 

(Nxp)(0,Σ⊗IN). Multivariate regression theory using ordinary least squares 
(OLS) assumes that all of the B coefficients in the model are unknown and 
to be estimated from the data as: 
 

 
 
Zellner (1962) formulated the Seemingly Unrelated Regression (SUR) 
model as p correlated regression equations, which has also been refered 
to as multiple-design multivariate (MDM) models (Srivastava, 1967). The p 
regression equations are “seemingly unrelated” because taken separately 
the error terms would follow standard linear OLS linear model form. 
However, the standard OLS solutions ignore any correlation among the 
errors across equations; however, because the dependent variables are 
correlated and the design matrices may contain some of the same 
variables there may be “contemporaneous” correlation among the errors 
across the p equations. Thus, SUR models are often applied when there 
may be several equations, which appear to be unrelated; however, they 
may be related by the fact that: 
 
(1) some coefficients are the same or assumed to be zero; 
(2) the disturbances are correlated across equations;  
(3) a subset of  right hand side variables are the same.  
 
This third condition is of particular interest because it allows each of the p 
dependent variables to have a different design matrix with some of the 
predictor variables being the same. In fact, SUR models allow for a variable 
to be both in the Y and X matrices, which has particular relevance to path 
analysis. SUR models are an underused multivariate technique. We will 
explicate how SUR models can be used to solve path analytic models. 
 
SUR Model 
The SUR model is a generalization of multivariate regression using a 
vectorized parameter model. The Y matrix is vectorized and vertically 
concatenated, yv. The design matrix, D, is formed as a block diagonal with 
the jth design matrix, Xj, is on the jjth block of the matrix. The model is 
then expressed as: 
 

 
 
where mj is the number of parameters estimated (columns) by the jth 
design matrix, Xj. 
 
To illustrate, the SUR model is laid out as: 
 

 
where M is the total number of parameters estimated over the p models 
 

 
parameter estimates are solved as: 

 
 

 
 
 
where  

  is the hat matrix for the jth design matrix and 
df* is the average of the numerator degrees-of-freedom (df) for the ith 
and jth models. Thus, a SUR model is an application of generalized least 
squares (GLS). In fact, because the residual covariance matrix is unknown 
and must be estimated from the data, this application is often called 
feasible generalized least squares (FGLS; see Timm, 2002). 
 
Path Analysis as a SUR Model 
 



 Masterbook of Business and Industry (MBI) 

  

Muhammad Firman   (University of Indonesia -  Accounting )                      40 

 

 
 
To demonstrate how SUR can be used to solve a path analysis problem, 
suppose the following path model. y1 is the “terminal variable and is 
directly influenced by y2, y3, and x2. x2 also has indirect effects on y1 
through y2 and y3. x1 only has an indirect effect on y1 though y2. x3 only 
has an indirect effect on y1 though y3. Assuming standardized variables so 
that all intercepts will be zero, the correctly specified regression models 
would be: 
 

 
 
Because the dependent variables are correlated and the design matrices 
contain some of the same variables there is “contemporaneous” 
correlation among the errors across the p equations. However, the 
standard OLS solutions will ignore any correlation among the errors across 
these three equations. The correctly specified SUR model for this path 
analytic problem would be laid out as such: 
 

 
Setting this path analysis model up as a SUR model allows for the 
simultaneous solution of the coefficients in closed form and will produce 
estimates of the standard errors that take the contemporaneous 
correlations into account. To develop robust standard error or more 
precise maximum likelihood (ML) estimates the FGLS solution can be 
iterated. 
 
Applications 
A researcher interested in conducting a simulation study could compare 
the bias in the coefficients and standard errors of the correctly specified 
regression (7) and SUR (8) models and the results from structural equation 
modeling software (e.g. SAS PROC CALIS; AMOS). One  could also assess 
power and Type I error of correctly specified and misspecified models. For 
example, on could analyze a model that incorrectly assumes a direct path 
from x1 to y1 and then investigate the Type I error rates produced by the 
different analytic approaches. There many situations in educational and 
behavioral research in which multiple dependent variables are of interest. 
Oftentimes these variables may take the pattern of path analytic model, 
but there are many other cases where they do not.  
 
However, it is commonplace for educational researchers to conduct 
separate analyses for multiple dependent variables even though they are 
likely to be correlated and have similar although not identical design 
matrices. For example, researchers in counseling often have multiple 
outcomes (measure of symptoms, coping, etc.) that are assumed to have 
some of the same predictors but to also have predictors that are unique to 
each measure. This is a situation that calls for a SUR model; however, a 
search of ERIC and PSYCHINFO located less than 10 applications of SUR 
model despite the enormous number of articles that analyze multiple 
dependent variables. We contend that SUR models are underutilized and 
should be give more consideration as an analytic technique.  The issue 
begins with education and thus, we as statistics educators should devote 
more time to covering SUR models as a flexible analytic tool in our 
multivariate analyses courses. 
 
 
MANUAL STATA UNTUK SEEMINGLY UNRELATED REGRESSION MODEL 
 
sureg fits seemingly unrelated regression models (Zellner 1962; Zellner 
and Huang 1962; Zellner 1963). The acronyms SURE and SUR are often 
used for the estimator.  

 
Seemingly unrelated regression models are so called because they appear 
to be joint estimates from several regression models, each with its own 
error term. The regressions are related because the (contemporaneous) 
errors associated with the dependent variables may be correlated. Chapter 
5 of Cameron and Trivedi (2010) contains a discussion of the seemingly 
unrelated regression model and the feasible generalized least-squares 
estimator underlying it. 
 
Example 1 
When we fit models with the same set of right-hand-side variables, the 
seemingly unrelated regression results (in terms of coefficients and 
standard errors) are the same as fitting the models separately (using, say, 
regress). The same is true when the models are nested. Even in such cases, 
sureg is useful when we want to perform joint tests. For instance, let us 
assume that we think 
 

 
 
Because the models have the same set of explanatory variables, we could 
estimate the two equations separately. Yet, we might still choose to 
estimate them with sureg because we want to perform the joint test 

 
 
We use the small and dfk options to obtain small-sample statistics 
comparable with regress or mvreg. 
 

 
 
These two equations have a common set of regressors, and we could have 
used a shorthand syntax to specify the equations: 
 
. sureg (price weight = foreign length), small dfk 
 
Here the results presented by sureg are the same as if we had estimated 
the equations separately: 
 
. regress price foreign length (output omitted ) 
. regress weight foreign length (output omitted ) 
 
There is, however, a difference. We have allowed u1 and u2 to be 
correlated and have estimated the full variance–covariance matrix of the 
coefficients. sureg has estimated the correlations, but it does not report 
them unless we specify the corr option. We did not remember to specify 
corr when we fit the model, but we can redisplay the results: 
 
. sureg, notable noheader corr 
 
Correlation matrix of residuals: 
 

 
 
The notable and noheader options prevented sureg from redisplaying the 
header and coefficient tables. We find that, for the same cars, the 
correlation of the residuals in the price and weight equations is 0.5840 and 
that we can reject the hypothesis that this correlation is zero. We can test 
that the coefficients on foreign are jointly zero in both equations—as we 
set out to do—by typing test foreign; see [R] test. When we type a variable 
without specifying the equation, 
that variable is tested for zero in all equations in which it appears:  
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Example 2 
When the models do not have the same set of explanatory variables and 
are not nested, sureg may lead to more efficient estimates than running 
the models separately as well as allowing joint tests. This time, let us 
assume that we believe 
 

 
 
To fit this model, we type 
 

 
 
In comparison, if we had fit the price model separately, 
 

 
 
 
The coefficients are slightly different, but the standard errors are 
uniformly larger. This would still be true if we specified the dfk option to 
make a small-sample adjustment to the estimated covariance of the 
disturbances. 
 
Technical note 
Constraints can be applied to SURE models using Stata’s standard syntax 
for constraints. For a general discussion of constraints, see [R] constraint; 
for examples similar to seemingly unrelated regression models, see [R] 
reg3. 
 
 
. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
Distributed Lag Models 
 
In this chapter we focus on the dynamic nature of the economy, and the 
corresponding dynamic characteristics of economic data.  We recognize 
that a change in the level of an explanatory variable may have behavioral 
implications beyond the time period in which it occurred. The 
consequences of economic decisions that result in changes in economic 
variables can last a long time.  When the income tax is increased, 
consumers have less disposable income, reducing their expenditures on 
goods and services, which reduces profits of suppliers, which reduces the 
demand for productive inputs, which reduces the profits of the input 
suppliers, and so on. 
 
These effects do not occur instantaneously but are spread, or distributed, 
over future time periods. Economic actions or decisions taken at one point 
in time, t, affect the economy at time t, but also at times t + 1, t + 2, and so 
on.  Monetary and fiscal policy changes, for example, may take six to eight 
months to have a noticeable effect; then it may take twelve to eighteen 
months for the policy effects to work through the economy.  Algebraically, 
we can represent this lag effect by saying that a change in a policy variable 
xt has an effect upon economic outcomes yt, yt+1, yt+2, … . If we turn this 
around slightly, then we can say that yt is affected by the values of xt, xt-1, 
xt-2, … , or  
 
yt = f(xt, xt-1, xt-2,…)     (11.1.1) 
 
To make policy changes policymakers must be concerned with the timing 
of the 
changes and the length of time it takes for the major effects to take place. 
To make policy, they must know how much of the policy change will take 
place at the time of the change, how much will take place one month after 
the change, how much will take place two months after the changes, and 
so on.  Models like (1.1.1) are said to be dynamic since they describe the 
evolving economy and its reactions over time.  One immediate question 
with models like (1.1.1) is how far back in time we must go, or the length 
of the distributed lag. Infinite distributed lag models portray the effects as 
lasting, essentially, forever. In finite distributed lag models we assume that 
the effect of a change in a (policy) variable xt affects economic outcomes 
yt only for a certain, fixed, period of time. 
 
 
Finite Distributed Lag Models 
 
An Economic Model 
Quarterly capital expenditures by manufacturing firms arise from 
appropriations 
decisions in prior periods. Once an investment project is decided on, funds 
for it are appropriated, or approved for expenditure. The actual 
expenditures arising from any appropriation decision are observed over 
subsequent quarters as plans are finalized, materials and labor are 
engaged in the project, and construction is carried out.  If xt is the amount 
of capital appropriations observed at a particular time, we can be sure that 
the effects of that decision, in the form of capital expenditures yt, will be 
“distributed” over periods t, t + 1, t + 2, and so on until the projects are 
completed.  
 
Furthermore, since a certain amount of “start-up” time is required for any 
investment project, we would not be surprised to see the major effects of 
the appropriation decision delayed for several quarters. As the work on 
the investment projects draws to a close, we expect to observe the 
expenditures related to the appropriation xt declining.  Since capital 
appropriations at time t, xt, affect capital expenditures in the current and 
future periods (yt, yt+1, yt+2, …), until the appropriated projects are 
completed, we may say equivalently that current expenditures yt are a 
function of current and past appropriations xt, xt-1, … .  
 
Furthermore, let us assert that after n quarters, where n is the lag length, 
the effect of any appropriation decision on capital expenditure is 
exhausted. We can represent this economic model as\ 
 
yt = f(xt, xt-1, xt-2, … , xt-n) (11.2.1) 
 
Current capital expenditures yt depend on current capital appropriations, 
xt, as well as the appropriations in the previous n periods, xt, xt-1, xt-2, … , 
xt-n. This distributed lag model is finite as the duration of the effects is a 
finite period of time, namely n periods. We now must convert this 
economic model into a statistical one so that we can give it empirical 
content. 
 
The Econometric Model 
 In order to convert model (11.2.1) into an econometric model we must 
choose a 

 
XI. MODEL DISTRIBUSI LAG AUTOREGRESIF 
,TRANSFORMASI KOYCK, KAUSALITAS 
GRANGER, DAN ESTIMASI ARELLANO-BOND 
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functional form, add an error term and make assumptions about the 
properties of the error term.  As a first approximation let us assume that 
the functional form is linear, so that the finite lag model, with an additive 
error term, is 
 
yt = α + β0xt + β1xt-1 + β2xt-2 + … + βnxt-n + et, t = n + 1, … , T (11.2.2) 
 
where we assume that E(et) = 0, var(et) = σ2, and cov(et, es) = 0. 
 
 Note that if we have T observations on the pairs (yt, xt) then only T − n 
complete observations are available for estimation since n observations 
are “lost” in creating xt-1, xt-2, … , xt-n. • In this finite distributed lag the 
parameter α is the intercept and the parameter βi is called a distributed 
lag weight to reflect the fact that it measures the effect of changes in past 
appropriations, Δxt-i, on expected current expenditures, ΔE(yt), all other 
things held constant. That is, 

 
Equation (11.2.2) can be estimated by least squares if the error term et has 
the usual desirable properties. However, collinearity is often a serious 
problem in such models. collinearity is often a serious problem caused by 
explanatory variables that are correlated with one another.. In Equation 
(15.2.2) the variables xt and xt-1, and other pairs of lagged x’s as well, are 
likely to be closely related when using time-series data. If xt follows a 
pattern over time, then xt-1 will follow a similar pattern, thus causing xt 
and xt-1 to be correlated.  There may be serious consequences from 
applying least squares to these data. 
 
Some of these consequences are imprecise least squares estimation, 
leading to wide interval estimates, coefficients that are statistically 
insignificant, estimated coefficients that may have incorrect signs, and 
results that are very sensitive to changes in model specification or the 
sample period. These consequences mean that the least squares estimates 
may be unreliable.  Since the pattern of lag weights will often be used for 
policy analysis, this imprecision may have adverse social consequences. 
Imposing a tax cut at the wrong time in the business cycle can do much 
harm. 
 
An Empirical Illustration 
To give an empirical illustration of this type of model, consider data on 
quarterly 
capital expenditures and appropriations for U. S. manufacturing firms. 
Some of the observations are shown in Table 11.1. 
 
We assume that n = 8 periods are required to exhaust the expenditure 
effects of a capital appropriation in manufacturing. The basis for this 
choice is investigated in Section 11.2.5, since the lag length n is actually an 
unknown constant. The least squares parameter estimates for the finite 
lag model (11.2.2) are given in Table 11.2. 
 

 

 
 
The R2 for the estimated relation is 0.99 and the overall F-test value is 
1174.8. The statistical model “fits” the data well and the F-test of the joint 
hypotheses that all distributed lag weights βi = 0, i = 0, ... , 8, is rejected at 
the α = .01 level of significance.  Examining the individual parameter 
estimates, we notice several disquieting facts. First, only the lag weights 
b2, b3, b4, and b8 are statistically significantly different from zero based 
on individual t-tests, reflecting the fact that the estimates’ standard errors 
are large relative to the estimated coefficients. 
 
Second, the estimated lag weights b7 and b8 are larger than the estimated 
lag weights for lags of 5 and 6 periods. This does not agree with our 
anticipation that the lag effects of appropriations should decrease with 
time and in the most distant periods should be small and approaching 
zero.  These characteristics are symptomatic of collinearity in the data. The 
simple correlations among the current and lagged values of capital 
appropriations are large. Consequently, a high level of linear dependence 
is indicated among the explanatory variables. Thus, we conclude that the 
least squares estimates in Table 11.2 are subject to great sampling 
variability and are unreliable, owing to the limited independent 

information provided by each explanatory variable xt-i. 
 
We noted that one way to combat the ill-effects of collinearity is to use 
restricted least squares. By replacing restrictions on the model parameters 
we reduce the variances of the estimator.  In the context of distributed lag 
models we often have an idea of the pattern of the time effects, which we 
can translate into parameter restrictions. In the following section we 
restrict the lag weights to fall on a polynomial. 
 
Polynomial Distributed Lags 
 Imposing a shape on the lag distribution will reduce the effects of 
collinearity. Let us assume that the lag weights follow a smooth pattern 
that can be represented by a low degree polynomial. Shirley Almon 
introduced this idea, and the resulting finite lag model is often called the 
Almon distributed lag, or a polynomial distributed lag.  For example, 
suppose we select a second-order polynomial to represent the pattern of 
lag weights. Then the effect of a change in xt-i on E(yt) is 
 

 
An example of this quadratic polynomial lag is depicted in Figure 11.2. The 
polynomial lag in Figure 11.2 depicts a situation that commonly arises 
when modeling the effects of monetary and fiscal policy. At time t the 
effect of a change in a policy variable is 

 
The immediate impact might well be less than the impact after several 
quarters, or months. After reaching its maximum, the policy effect 
diminishes for the remainder of the finite lag.  For illustrative purposes 
again suppose that the lag length is n = 4 periods. Then the finite lag model 
is 
 
yt = α + β0xt + β1xt-1 + β2xt-2 + β3xt-3 + β4xt-4 + et, t = 5, … , T (11.2.5) 
Then the relations in Equation (15.2.4) become 
β0 = γ0 i = 0 
β1 = γ0 + γ1 + γ2 i = 1 
β2 = γ0 + 2γ1 + 4γ2 i = 2    (11.2.6) 
β3 = γ0 + 3γ1 + 9γ2 i = 3 
β4 = γ0 + 4γ1 + 16γ2 i = 4 
 
In order to estimate the parameters describing the polynomial lag, γ0, γ1, 
and γ2, we substitute Equation (11.2.6) into the finite lag model Equation 
(11.2.5) to obtain 
 
yt = α + γ0xt + (γ0 + γ1 + γ2)xt-1 + (γ0 + 2γ1 + 4γ2)xt-2 
+ (γ0 + 3γ1 + 9γ2)xt-3 + (γ0 + 4γ1 + 16γ2)xt-4 + et 
= α + γ0zt0 + γ1zt1 + γ2zt2 + et     (11.2.7) 
 
In Equation (11.2.7) we have defined the constructed variables ztk as 
 
zt0 = xt + xt-1 + xt-2 + xt-3 + xt-4 
zt1 = xt-1 + 2xt-2 + 3xt-3 + 4xt-4 
zt2 = xt-1 + 4xt-2 + 9xt-3 + 16xt-4 
 
Once these variables are created the polynomial coefficients are estimated 
by applying least squares to Equation (11.2.7).  If we denote the estimated 
values of γk by ˆk γ , then we can obtain the estimated lag weights as  

 
Whatever the degree of the polynomial, the general procedure is an 
extension of what we have described for the quadratic polynomial.  
Equation (11.2.7) is a restricted model. We have replaced (n + 1) = 5 
distributed lag weights with 3 polynomial coefficients. This implies that in 
constraining the distributed lag weights to a polynomial of degree 2 we 
have imposed J = (n + 1) − 3 = 2 parameter restrictions. We may wish to 
check the compatibility of the quadratic polynomial lag model with the 
data by performing an F-test, comparing the sum of squared errors from 
the restricted model in Equation (11.2.7) to the sum of squared errors 
from the unrestricted model (11.2.5).  As an illustration, we will fit a 
second-order polynomial lag to the capital expenditure data in Table 11.1, 
with a lag length of n = 8 periods. In Table 11.3 are the estimated 
polynomial coefficients from Equation (11.2.7).  

 
In Table 11.4 we present the distributed lag weights calculated using 
Equation (11.2.8). The reported standard errors are based on the fact that 
the estimated distributed lag weights are combinations of the estimates in 
Table 11.3. 
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Since the estimated weights in Table 11.4 are linear combinations of the 
estimated polynomial coefficients in Table 11.3.  Constraining the 
distributed lag weights to fall on a polynomial of degree two has drastically 
affected their values as compared to the unconstrained values in Table 
11.2.  Also, note that the standard errors of the estimated coefficients are 
much smaller than those in the unconstrained model indicating more 
precise parameter estimation. 
 
Remark:  
Recall that imposing restrictions on parameters leads to bias unless the 
restrictions are true. In this case we do not really believe that the 
distributed lag weights fall exactly on a polynomial of degree two. 
However, if this assumption approximates reality, then the constrained 
estimator will exhibit a small amount of bias. Our objective is to trade a 
large reduction in sampling variance for the introduction of some bias, 
increasing the probability of obtaining estimates close to the true values. 
 
In Figure 11.3 we plot the unrestricted estimates of lag weights and the 
restricted estimates. Note that the restricted estimates display the 
increasing-then-decreasing “humped” shape that economic reasoning led 
us to expect. The effect of a change in capital appropriations xt at time t 
leads to an increase in capital expenditures in the current period, yt, by a 
relatively small amount. However, the expenditures arising from the 
appropriation decision increase during the next four quarters, before the 
effect begins to taper off. 
 
 Selection of the Length of the Finite Lag 
Numerous procedures have been suggested for selecting the length n of a 
finite 
distributed lag. None of the proposed methods is entirely satisfactory. The 
issue is an important one, however, because fitting a polynomial lag model 
in which the lag length is either over- or understated may lead to biases in 
the estimation of the lag weights, even if an appropriate polynomial 
degree has been selected. 
 We offer two suggestions that are based on “goodness-of-fit” criteria. 
Begin by 
selecting a lag length N that is the maximum that you are willing to 
consider. The 
unrestricted finite lag model is then  
 
yt = α + β0xt + β1xt-1 + β2xt-2 + β3xt-3 + … + βNxt-N + et         (11.2.9) 
 
We wish to assess the goodness of fit for lag lengths n ≤ N. The usual 
measures of goodness-of-fit, R2 and R2 , have been found not to be useful 
for this task. 
Two goodness-of-fit measures that are more appropriate are Akaike’s AIC 
criterion 

 
 
and Schwarz’s SC criterion 

 
For each of these measures we seek that lag length n* that minimizes the 
criterion used. Since adding more lagged variables reduces SSE, the second 
part of each of the criteria is a penalty function for adding additional lags.  
These measures weigh reductions in sum of squared errors obtained by 
adding additional lags against the penalty imposed by each. They are 
useful for comparing lag lengths of alternative models estimated using the 
same number of observations. 
 
The Geometric Lag 
An infinite distributed lag model in its most general form is:  

 

 
 
In this model yt is taken to be a function of xt and all its previous values. 
There may also be other explanatory variables on the right-hand side of 
the equation. The model in Equation (11.3.1) is impossible to estimate 
since there are an infinite number of parameters.  Models have been 
developed that are parsimonious, and which reduce the number of 
parameters to estimate. The cost of reducing the number of parameters is 
that these models must assume particular patterns for the parameters βi, 
which are called distributed lag weights. 
 
One popular model is the geometric lag, in which the lag weights are 
positive and decline geometrically. That is  
 
βi = βφi, |φ| < 1 (11.3.2) 
 
The parameter β is a scaling factor and the parameter φ is less than 1 in 
absolute value. The pattern of lag weights βi is shown in Figure 11.4.  
 
The lag weights βi = βφi decline toward zero as i gets larger. The most 
recent past is more heavily weighted than the more distant past, and, 
although the weights never reach zero, beyond a point they become 
negligible.  Substituting Equation (11.3.2) into Equation (11.3.1) we obtain, 
 
yt = α + β0xt + β1xt-1 + β2xt-2 + β3xt-3 + … + et 
= α + β(xt + φxt-1 + φ2xt-2 + φ3xt-3 + … ) + et   (11.3.3) 
 
which is the infinite geometric distributed lag model. In this model there 
are 3 
parameters, α-an intercept parameter, β-a scale factor, and φ-which 
controls the rate at which the weights decline.  In Equation (11.3.3) the 
effect of a one unit change in xt-i on E(yt) is  

 
This equation says that the change in the average value of y in period t 
given a change in x in period t − i, all other factors held constant, is βi = 
βφi.  The change in E(yt) given a unit change in xt is β; it is called an impact 
multiplier since it measures the change in the current period.  If the 
change in period t is sustained for another period then the combined 
effect β + βφ is felt in period t + 1. If the change is sustained for three 
periods the effect on E(yt+2) is β + βφ + βφ2. These sums are called 
interim multipliers and are the effect of sustained changes in xt. 
If the change is sustained permanently then the total effect, or the long 
run multiplier, is 

 
The Koyck Transformation 
How shall we estimate the geometric lag model represented by Equation 
(11.3.3)? As it stands, it is an impossible task, since the model has an 
infinite number of terms, and the parameters β and φ are multiplied 
together, making the model nonlinear in the parameters. One way around 
these difficulties is to use the Koyck transformation, in deference to L. M. 
Koyck, who developed it. 
 
To apply the Koyck transformation, lag equation (11.3.3) one period, 
multiply by φ, and subtract that result from lag equation (11.3.3). We 
obtain  
 

 
 
Solving for yt we obtain the Koyck form of the geometric lag,  
 
yt = α(1 − φ) + φyt-1 + βxt + (et − φet-1) 
= β1 + β2yt-1 + β3xt + vt     (11.4.2) 
 
where β1 = α(1 − φ), β2 = φ, β3 = β and the random error vt = (et − φet-1). 
 
Instrumental Variables Estimation of the Koyck Model 
The last line of equation (11.4.2) looks like a multiple regression model, 
with two 
special characteristics. The first is that one of the explanatory variables is 
the lagged dependent variable, yt-1. The second is that the error term vt 
depends on et and on et-1. Consequently, yt-1 and the error term vt must 
be correlated, since equation (11.3.3) shows that yt-1 depends directly on 
et-1.It is known that, such a correlation between an explanatory variable 
and the error term causes the least squares estimator of the parameters is 
biased and inconsistent. Consequently, in Equation (11.4.2) we should not 
use the least squares estimator to obtain estimates of β1, β2, and β3.  
 
We can estimate the parameters in Equation (11.4.2) consistently using 
the 
instrumental variables estimator.  The “problem” variable in Equation 
(11.4.2) is yt-1, since it is the one correlated with the error term vt.  An 
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appropriate instrument for yt-1 is xt-1, which is correlated with yt-1 (from 
Equation (11.4.2)) and which is uncorrelated with the error term vt (since 
it is exogenous).  Instrumental variables estimation can be carried out 
using two-stage least squares. Replace yt-1 in Equation (11.4.2) by 

 
where the coefficients a0 and a1 are obtained by a simple least squares 
regression of yt-1 on xt-1, to obtain  

 
Least squares estimation of Equation (11.4.3) is equivalent to instrumental 
variables estimation. The variable xt-1 is an instrument for yt-1, and xt is 
an instrument for itself.  Using the instrumental variables estimates of δ1, 
δ2, and δ3, we can derive estimates of α, β, and φ in the geometric lag 
model 
. 
Testing for Autocorrelation in Models with Lagged Dependent Variables 
In the context of the lagged dependent variable model (11.4.2), obtained 
by the Koyck transformation, we know that the error term is correlated 
with the lagged dependent variable on the right-hand side of the model, 
and thus that the usual least squares estimator fails.  Suppose, however, 
that we have obtained a model like (11.4.2) through other reasoning, and 
that we do not know whether the error term is correlated with the lagged 
dependent variable or not. If it is not, then we can use least squares 
estimation. If it is, we should not use least squares estimation. 
 
The key question is whether the error term, vt in Equation (15.4.2), is 
serially correlated or not, since if it is, then it is also correlated with yt-1. 
The Durbin-Watson test is not applicable in this case, because in a model 
with an explanatory variable that is a lagged dependent variable it is 
biased towards finding no autocorrelation. A test that is valid in large 
samples is the LM test for  
Estimate Equation (11.4.2) by least squares and compute the least squares 
residuals, eˆt . Then estimate the artificial regression 

 
 
 Test the significance of the coefficient on eˆt 1 − using the usual t-test. If 
the coefficient is significant, then reject the null hypothesis of no 
autocorrelation. This alternative test is also useful  in other general 
circumstances and can be extended to include least squares residuals with 
more than one lag 
There are some obvious problems with the two distributed lags models we 
have 
discussed. The finite lag model requires us to choose the lag length and 
then deal with collinearity in the resulting model. The polynomial 
distributed lag (PDL) addresses the collinearity by requiring the lag weights 
to fall on a smooth curve. While the PDL is flexible, it is still a very strong 
assumption to make about the structure of lag weights.  The infinite lag 
model removes the problem of specifying the lag length, but requires us to 
impose structure on the lag weights to get around the problem that there 
are an infinite number of parameters.  The geometric lag is one such 
structure, but it imposes the condition that successive 
lag weights decline geometrically. This model would not do in a situation 
in which the peak effect does not occur for several periods, such as when 
modeling monetary or fiscal policy. 
 
In this section we present an alternative model that may be useful when 
neither a polynomial distributed lag nor a geometric lag is suitable. 
 
The Autoregressive Distributed Lag Model 
The autoregressive-distributed lag (ARDL) is an infinite lag model that is 
both flexible and parsimonious. 
 
An example of an ARDL is as follows: 
 
yt = μ + β0xt + β1xt-1 + γ1yt-1 + et (11.5.1) 
 
In this model we include the explanatory variable xt, and one or more of 
its lags, with one or more lagged values of the dependent variable. The 
model in (11.5.1) is denoted as ARDL(1, 1) as it contains one lagged value 
of x and one lagged value of y. A model containing p lags of x and q lags of 
y is denoted ARDL(p, q). 
If the usual error assumptions on the error term e hold, then the 
parameters of 
Equation (15.5.1) can be estimated by least squares. Despite its simple 
appearance the ARDL(1,1) model represents an infinite lag. To see this we 
repeatedly substitute for the lagged dependent variable on the right-hand 
side 
of Equation (15.5.1). The lagged value yt-1 is given by 
 
yt-1 = μ + β0xt-1 + β1xt-2 + γ1yt-2 + et-1    (11.5.2) 
 
Substitute Equation (11.5.2) into Equation (11.5.1) and rearrange, 
 

 
 
Substitute the lagged value yt-2 = μ + β0xt-2 + β1xt-3 + γ1yt-3 + et-2 into 
Equation (11.5.3) to obtain 

 
 
Continue this process, and assuming that |γ1| < 1, we obtain in the limit 

 
where  

 
 
Equation (11.5.5) is an infinite distributed lag model, 

 
with lag weights 
 

 
 
Estimating the ARDL(1, 1) model yields an infinite lag model with weights 
given by Equation (11.5.7).  Similarly, the ARDL(2, 2) model, given by  
 
yt = μ + β0xt + β1xt-1 + β2xt-2 + γ1yt-1 + γ2yt-2 + et       (11.5.8) 
 
yields the infinite lag Equation (11.5.6) with weights 

 
 
It can be shown that the infinite lag arising from the ARDL(p, q) model is 
flexible 
enough to approximate any shape infinite lag distribution with sufficiently 
large values of p and q. 
 
An Illustration of the ARDL Model 
To illustrate the estimation of an infinite ARDL, let us use the capital 
expenditure data in Table 11.1. Figure 11.5 shows the first eight lag 
weights from three alternative ARDL models. 
 

 
We see that unlike a geometric lag, the lag weights implied by the ARDL 
models 
capture the delay in the peak lag effect. As the order of the ARDL(p, q) 
increases, the lag weights exhibit a more flexible shape, and the peak 
effect is further delayed.  The ARDL(3, 3) model yields lag weights not 
unlike the polynomial distributed lag of order two, shown in Figure 11.3; 
one difference is that the maximum weight is now at lag 3 instead of lag 4, 
which is more in line with the unrestricted lag weights. 
 
Autoregressive Distributed Lag (ADL) Model 
The regressors may include lagged values of the dependent variable and 
current and lagged values of one or more explanatory variables. This 
model allows us to determine what the effects are of a change in a policy 
variable. 
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1. A simple model: 
The ADL(1,1) model 
 
yt = m + α1yt−1 + β0xt + β1xt−1 + ut, 
 
where yt and xt are stationary variables, and ut is a white noise.  
 
The White-noise process: A sequence {ut} is a white-noise process if each 
value 
in the sequence has a mean of zero, a constant variance, and is serially 
uncorrelated. 

 
 
2. Estimation: 
If the values of xt are treated as given, as being uncorrelated with ut. OLS 
would be consistent. However, if xt is simultaneously determined with yt 
and E(xtut) = 0, OLS would be inconsistent. As long as it can be assumed 
that the error term ut is a white noise process, or more generally-is 
stationary and independent of xt, xt−1, · · · and yt, yt−1, ·  · ·, the ADL 
models can be estimated consistently by ordinary least squares. 
 
3. Interpretation of the dynamic effect: 
We can invert the model as the lag polynomial in y as 
 

 
Current value of y depends on the current and all previous values of x and 
u.  

 
This is referred as the impact multiplier. The effect after one period :  

 
The effect after two periods : 

 
 
The long-run multiplier (long-run effect) is 

 
 
4. Reparameterization: 
Substitute yt and xt with yt−1 +Δyt and xt−1 +Δxt. 
 
Δyt = m + β0Δxt − (1 − α1)yt−1 + (β0 + β1)xt−1 + ut, 
 

 
This is called the error correction model (ECM). 
 
The current change in y is the sum of two components. The first is 
proportional 
to the current change in x. The second is a partial correction for the extent 
to which yt−1 deviated from the equilibrium value corresponding to xt−1 
(the equilibrium error). 
 
5. Generalizations: 
The ADL(p, q) model: 

 
With 

 
 
The general ADL(p, q1, q2, · · · , qk) model: 

 
If A(L) = 1, the model does not contain any lags of yt. It is called the 
distributed 
lag model. 
 
Dynamic Econometric Models: 
 
A. Autoregressive Model: 
 

 

 
B. Distributed-lag Model: 
 

 
β Where β0 is known as the short run multiplier, or impact multiplier, 
because it gives the change in the mean value of Y following a unit change 
of X in the same time period. If the change of X is maintained at the same 
level thereafter, then, (β0 +β1) gives the change in the mean value of Y in 
the next period, (β0 +β1 +β2) in the following period, and so on. These 
partial sums are called interim, or intermediate, multiplier. Finally, after k 
periods, that is 

 
 
 therefore ∑ βi is called the long run multiplier or total multiplier, or 
distributed-lag multiplier. If define the standardized βi* = βi /∑βi,then it 
gives the proportion of the long run, or total, impact felt by a certain 
period of time. In order for the distributed lag model to make sense, the 

lag coefficients must tend to zero as   . This is not to say that β2 is 
smaller than β1; it only means that the impact of Xt-k on Y must eventually 
become small as k gets large. For example: a consumption function 
regression is written as 
 
Y = α + 0.4Xt + 0.3 Xt-1 + 0.2 Xt-2 + 0.1Xt-3…+ et 
 
Then the effect of a unit change of X at time t on Y and its subsequent time 
periods can be shown as the follow diagram: 
 

 
The multiplier “round” of the Investment injection $160 (k=1/(1-mpc) 

 
 
Other Examples: Money creation process, inflation process due to money 
supply, productivity growth due to expenditure or investment. 

 
 
In general: Suppose the distributed-lag model is 
 

 
The basic idea: The long run responses of Y to a change in X are different 
from the immediate and short-run responses. And suppose the expect 
value in different periods is A. Then E(Xt) = E(Xt-1) = E(Xt-2) = A 
 

 
 
This gives the constant long run corresponding to X = A, and E(Y) will 
remain at this level unit when X changes again. Suppose look for one 
period ahead (t+1), and Xt+1 = A+1  
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For all periods after t+3, E(Y) remains unchanged at the level given by 
E(Yt+3), given no further change in X. Thus,  

 
 
Reasons for Lags: 
Psychological reason: due to habit or inertia nature, people will not react 
fully to 
changing factors, e.g. Income, price level, money supply etc. Information 
reason: because imperfect information makes people hesitate on their full 
response to changing factors.  Institutional reason: people cannot react to 
change because of contractual obligation. 
 
Ad Hoc Estimation of Distributed-Lag Models 
Estimation method: 
First regress Yt on Xt, then regress Yt on Xt and Xt-1, then regress Yt on Xt, 
Xt-1 and Xt-2, and so on. 
 
Y = α + β0Xt 
Y = α + β0Xt + β1Xt-1 
Y = α + β0Xt + β1 Xt-1 + β2 Xt-2 
Y = α + β0Xt + β1 Xt-1 + β2 Xt-2 + β3 Xt-3 
Y = α + β0Xt + β1 Xt-1 + β2 Xt-2 + β3 Xt-3 + … 
 
This sequential procedure stops when the regression coefficients of the 
lagged variables start becoming statistically insignificant and / or the 
coefficient of at least one of the variables change signs, which deviate 
from our expectation. 

1. Significant t-statistics of each coefficient 
2. The sign of βi does not change 
3. Highest R2 and R 2 
4. Min. values of BIC and/or AIC 

 
Drawbacks: 

1. No a priori guide as to what is the maximum length of the lag. 
2. If many lags are included, then fewer degree of freedom left, 

and it makes statistical inference somewhat shaky. 
3. Successive lags may suffer from multi-collinearity, which lead to 

imprecise estimation. (When Cov(Xt-i, Xt-j) is high). 
4. Need long enough data to construct the distributed-lag model. 

 
I. Koyck Approach to Distributed-Lag Models (Geometrical lag Model): 
 

 
 
 
(A priori restriction on βi by assumption that the βi s follow a systematic 
pattern.) 

 
 

 
 
By Koyck transformation (from a distributed-lag model transformed into 
an 
autoregressive model): 

 
 
The Yt-1 is a short run dynamic term and is built into the autoregressive 
model. The important of this autoregressive model gives the long-run 
multiplier that implied by the distributed lags model. The long-run 
multiplier can be obtained from the autoregressive model by calculating  

 
 
II. Rationalization of the Koyck Model: Adaptive Expectation Model  
 

 
 
III. Rationalization of the Koyck Model: Partial Adjustment Model 

 
IV. Combination of Adaptive Expectation and Partial adjustment 
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Where var(α2) = Variance of coefficient of the lagged dependent 
variable,Yt-1 
 
If h >1.96, reject Ho.  There is positive first order autocorrelation 
If h <-1.96, reject Ho.  There is negative first order autocorrelation 
If –1.96 <h <1.96, do not reject Ho.  There is no first order autocorrelation 
 
In general, Lagrange Multiplier test is preferred to the h-test because it 
comparatively suits for large as well as small sample size. 
 
The steps of Lagrange Multiplier Test: 
 

 
LM has a chi-square distribution with degrees of freedom equal to the 
number of restrictions in the null hypothesis (in this case is one). If LM is 
greater the critical chi-square value, then we reject the null hypothesis and 
conclude that there is indeed autocorrelation exist in the original 
autoregressive equation. 
 
V. Almon Approach to Distributed-Lag Models: - (Polynomial Distributed-
Lag model) 

 
Suppose the following model have only two-lagged terms of Xt, such as 

 
 
Almon assumes that βi can be approximated by a suitable-degree 
polynomial in i which is the length of lags. For example, if there is a second 
degree of polynomial of βi: 

 
After transforming the variables, the distributed-lag model becomes: 
 

 
 
After transforming the Z0t, Z1t, Z2t, run the regression on Yt against on all 
Zit to find the estimated coefficient values of 0 aˆ , 1 aˆ , 3 aˆ , then 
deduces the estimated values of i β ˆ's for the original postulated model. 
 

 
 
In general, if there are k lagged terms of X and the degree of the 
polynomial is 2, then  
 

 
 

 
In general, if there are k lagged terms of X and the degree of the 
polynomial is 4, then 
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11 
Causality in Economics: Granger Test 
The distributed lags model can be applied to test the direction of causality 
in economic relationship. Such test is useful when we know the two 
economic variables are related but we don’t know which variable causes 
the other to move. The Granger causality test assumes that the 
information relevant to the prediction of the respective variables, e.g. 
Y(GNP) and X(Money), is contained solely in the time series data on these 
variables. 
 

 
Four different situations: 
 

 
 
Steps for Granger Causality Test: 
 

 
 
The limitations of Granger causality: 

1. The number of lags includes in the unrestricted relationship can 
affect the level of significance of F. For example, with small 
samples, the choice of one lag of m versus longer lags (e.g., 
using m of 4 versus m of 8) affects the F-test. 

2. In general, there is no good way to determine the lag length 
used for independent variables. 

3. Econometricians have been able to show the Granger test can 
yield conflicting results.  

4. Granger causality test cannot always proof of causality, it is 
confirmation of the direction of influence. It does not address 
the issues of causal closure. That is, there may be specification 
errors in the relationship. 

 
Example on three-variable causality test: 

 
Some possible trivariate causality relationships: 

 

 
 
Empirical study: 
In order to test the international interest rate transmissions, we use the 
three market 1-month interest rates (i.e., US’s Fed Rate (FFR), London’s 
Euro-Dollar Rate (ERL), and Singapore’s Asian-Dollar Rate (ARS)) to identify 
the transmission direction. The data are obtained from DataStream from 
1980.01 to 2000.08 
 
The Results of Granger Causality test: 

 
Note: “*” means the statistics are larger than critical values, thus the H0 is 
rejected. 
 
From the 2 to 3-lags result, we observe the transmission relationships are 
as following: 

 
From the 4-lags result, we observe the transmission relationships of the 
three markets are as following: 

 
 
The Granger(1969) approach to the question of “whether X causes Y” is 
applied to see how much of the current Y can be explained by the past 
values of Y and then to see whether adding lagged values of X can improve 
the explanation. 
“Y is said to be Granger-caused by X” if X helps in the prediction of Y, or 
equivalently if the coefficients of the lagged Xs are statistically significant, 
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however, it is important to note that the statement “X Granger causes Y” 
does not imply that Y is the effect or the results of X. 
 
 
MANUAL STATA UNTUK ESTIMASI DATA PANEL DINAMIS (ARELLANO-
BOND) 
 
Linear dynamic panel-data models include p lags of the dependent variable 
as covariates and contain unobserved panel-level effects, fixed or random. 
By construction, the unobserved panel-level effects are correlated with the 
lagged dependent variables, making standard estimators inconsistent. 
Arellano and Bond (1991) derived a consistent generalized method of 
moments (GMM) estimator for the parameters of this model; xtabond 
implements this estimator. 
This estimator is designed for datasets with many panels and few periods, 
and it requires that there be no autocorrelation in the idiosyncratic errors. 
For a related estimator that uses additional moment conditions, but still 
requires no autocorrelation in the idiosyncratic errors, see [XT] xtdpdsys. 
For estimators that allow for some autocorrelation in the idiosyncratic 
errors, at the cost of a more complicated syntax, see [XT] xtdpd.  
 
Anderson and Hsiao (1981, 1982) propose using further lags of the level or 
the difference of the dependent variable to instrument the lagged 
dependent variables that are included in a dynamic panel-data model after 
the panel-level effects have been removed by first-differencing. A version 
of this estimator can be obtained from xtivreg (see [XT] xtivreg). Arellano 
and Bond (1991) build upon 
this idea by noting that, in general, there are many more instruments 
available. Building on Holtz-Eakin, Newey, and Rosen (1988) and using the 
GMM framework developed by Hansen (1982), they identify how many 
lags of the dependent variable, the predetermined variables, and the 
endogenous variables are valid instruments and how to combine these 
lagged levels with first differences of the strictly exogenous variables into a 
potentially large instrument matrix.  
 
Using this instrument matrix, Arellano and Bond (1991) derive the 
corresponding one-step and two-step GMM estimators, as well as the 
robust VCE estimator for the one-step model. They also found that the 
robust two-step VCE was seriously biased. Windmeijer (2005) worked out 
a bias-corrected (WC) robust estimator for VCEs of two-step GMM 
estimators, which is implemented in xtabond. The test of autocorrelation 
of order m and the Sargan test of overidentifying restrictions derived by 
Arellano and Bond (1991) can be obtained with estat abond and estat 
sargan, respectively; see [XT] xtabond postestimation. 
 
Example 1: One-step estimator 
Arellano and Bond (1991) apply their new estimators and test statistics to 
a model of dynamic labor demand that had previously been considered by 
Layard and Nickell (1986) using data from an unbalanced panel of firms 
from the United Kingdom. All variables are indexed over the firm i and 
time t. In this dataset, nit is the log of employment in firm i at time t, wit is 
the natural log of the real product wage, kit is the natural log of the gross 
capital stock, and ysit is the natural log of industry output. The model also 
includes time dummies yr1980, yr1981, yr1982, yr1983, and yr1984. In 
table 4 of Arellano and Bond (1991), the authors present the results they 
obtained from several specifications. 
 
In column a1 of table 4, Arellano and Bond report the coefficients and 
their standard errors from the robust one-step estimators of a dynamic 
model of labor demand in which nit is the dependent variable and its first 
two lags are included as regressors. To clarify some important issues, we 
will begin with the homoskedastic one-step version of this model and then 
consider the robust case. Here is the command using xtabond and the 
subsequent output for the homoskedastic case: 
 

 
 
The coefficients are identical to those reported in column a1 of table 4, as 
they should be. Of course, the standard errors are different because we 
are considering the homoskedastic case. Although the moment conditions 
use first-differenced errors, xtabond estimates the coefficients of the level 
model and reports them accordingly. 
 
The footer in the output reports the instruments used. The first line 
indicates that xtabond used lags from 2 on back to create the GMM-type 
instruments described in Arellano and Bond (1991) and Holtz-Eakin, 
Newey, and Rosen (1988); also see Methods and formulas in [XT] xtdpd. 
The second and third lines indicate that the first difference of all the 
exogenous variables were used as standard instruments. GMM-type 
instruments use the lags of a variable to contribute multiple columns to 
the instrument matrix, whereas each standard instrument contributes one 
column to the instrument matrix. 
 
The notation L(2/.).n indicates that GMM-type instruments were created 
using lag 2 of n from on back. (L(2/4).n would indicate that GMM-type 
instruments were created using only lags 2, 3, and 4 of n.) After xtabond, 
estat sargan reports the Sargan test of overidentifying restrictions. 
 
 
 

 
 
Only for a homoskedastic error term does the Sargan test have an 
asymptotic chi-squared distribution. In fact, Arellano and Bond (1991) 
show that the one-step Sargan test overrejects in the presence of 
heteroskedasticity. Because its asymptotic distribution is not known under 
the assumptions of the vce(robust) model, xtabond does not compute it 
when vce(robust) is specified. The Sargan test, reported by Arellano and 
Bond (1991, table 4, column a1), comes from the one-step homoskedastic 
estimator and is the same as the one reported here. The output above 
presents strong evidence against the null hypothesis that the 
overidentifying restrictions are valid. Rejecting this null hypothesis implies 
that we need to reconsider our model or our instruments, unless we 
attribute the rejection to heteroskedasticity in the data-generating 
process. Although performing the Sargan test after the two-step estimator 
is an alternative, Arellano and Bond (1991) found a tendency for this test 
to underreject in the presence of heteroskedasticity. (See [XT] xtdpd for an 
example indicating that this rejection may be due to misspecification.) 
 
By default, xtabond calculates the Arellano–Bond test for first- and 
second-order autocorrelation in the first-differenced errors. (Use artests() 
to compute tests for higher orders.) There are versions of this test for both 
the homoskedastic and the robust cases, although their values are 
different. Use estat abond to report the test results. 
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When the idiosyncratic errors are independently and identically 
distributed (i.i.d.), the firstdifferenced errors are first-order serially 
correlated. So, as expected, the output above presents strong evidence 
against the null hypothesis of zero autocorrelation in the first-differenced 
errors at order 1. Serial correlation in the first-differenced errors at an 
order higher than 1 implies that the moment conditions used by xtabond 
are not valid; see [XT] xtdpd for an example of an alternative estimation 
method. The output above presents no significant evidence of serial 
correlation in the first-differenced errors at order 2. 
 
Example 2: A one-step estimator with robust VCE 
Consider the output from the one-step robust estimator of the same 
model: 

 
 
The coefficients are the same, but now the standard errors match that 
reported in Arellano and Bond (1991, table 4, column a1). Most of the 
robust standard errors are higher than those that assume a homoskedastic 
error term.The Sargan statistic cannot be calculated after requesting a 
robust VCE, but robust tests for serial correlation are available. 
 
 

 
The value of the test for second-order autocorrelation matches those 
reported in Arellano and Bond (1991, table 4, column a1) and presents no 
evidence of model misspecification. 
 
 
 

 
 
 
INTRODUCTION TO TIME SERIES 
 
1. Time Series Data 
Most data in macroeconomics and finance come in the form of time series. 
A time series is a set of observations 
 
y1, y2, ..., yt, ..., yT , (1) 
 
where the index t represents time such that the observations have a 
natural temporal ordering. In most time series models in economics, and 
throughout this course, the variable is observed with fixed intervals, such 
that the distances between successive time points are constant. As an 
example you could think of the gross domestic product (GDP) compiled at 
a quarterly frequency, or a money market interest rate recorded at a daily 
frequency.  
 
The main assumption underlying time series analysis is that the 
observation at time t, yt, is a realization of a random variable, yt. Note that 
the standard notation does not distinguish between the random variable 
and a realization. Taken as a whole, the observed time series in (1) is a 
realization of a sequence of random variables, yt, t = 1, 2, ..., T , often 
referred to as a stochastic process. 
 
Here we notice an important difference between cross-section data and 
time series data. Recall, that in the cross section case we think of a data 
set, xi, i = 1, 2, ..., N, as being sampled as N independent draws from a 
large population; and if N is sufficiently large we can characterize the 
distribution, e.g. by estimating the mean and variance. In the time series 
context, on the other hand, we are faced with T random variables, yt, t = 1, 
..., T , and only one realization from each. In general, therefore, we have 
no hope of characterizing the distributions corresponding to each of the 
random variables, unless we impose additional restrictions. Graph (A) in 
Figure 1 illustrates the idea of a general stochastic process, where the 
distributions differ from time to time. It is obvious that based on a single 
realized time series we cannot say much about the underlying stochastic 
process. 
 
A realization of a stochastic process is just a sample path of T real 
numbers; and 
if history took a different course we would have observed a different 
sample path. If we could rerun history a number of times, M say, we would 
have M realized samplepaths corresponding to different states of nature. 
Letting a superscript (m) denote the realizations, m = 1, 2, ..., M, we have 
M observed time series 
 

 
For each point in time, t, we would then have a cross-section of M random 
draws, y(1) t , ..., y(m) t , ..., y(M) t , from the same distribution. This cross-
section is not drawn from a fixed population, but is drawn from a 
hypothetical population of possible outcomes. This hypothetical 
population corresponds to a particular distribution in graph (A). Often we 
are interested in the unconditional mean, E[yt], which we would estimate 
with the sample average 

 
 
The cross-sectional mean in (3) is sometimes referred to as the ensemble 
mean and it is the mean of a particular distribution in Figure 1. This is 
fundamentally different from the time average of a particular realized 
sample path, e.g. 

 
 
Notice, that when we analyze a single realization, we normally ignore the 
superscript and use the notation yt = y(1) t . Of course, it is not possible in 
economics to generate more realizations of history. But if the distribution 
of the random variable yt remains unchanged over time, then we can think 
of the T observations, y1, ..., yT , as drawn from the same distribution; and 
we can make inference on the underlying distribution of yt based on 
observations from different points in time.  

 
XII. PROSES TIME-SERIES ( AR, MA , 
ARMA, DAN ARIMA ) 
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The property that the distribution of yt is the same for all t is referred to as 
stationarity; and we will return to this issue several times during the 
course. Under stationarity the mean is constant, E[yt] = μ for all t, and 
given an additional regularity condition the time average, y, is a consistent 
estimator of E[yt].1 The idea of a stationary stochastic process is illustrated 
in graph (B) in Figure 1. Notice that the realized time series are identical in 
graph  (A) and (B), and for a small number of observations it is often 
difficult to distinguish stationary from non-stationary time series. 
 
Time Dependence 
A characteristic feature of many economic time series is a clear 
dependence over time, and there are often non-zero correlations between 
observations at time t and t − k, for some lag k One way to characterize a 
stationary time series is by the autocorrelation function (ACF), defined as 
the correlation between yt and yt−k, i.e. 

 
The sample autocorrelations can be estimated by e.g. 

 
The additional condition says that the observations yt and yt+k becomes 
approximately independent if we choose k large enough. This ensures that 
each new observation contains some new information on E[yt], and the 
estimator y is consistent as T → ∞. A process with this property is called 
ergodic. 
 
where y is the full-sample mean defined in (4) 
 
The first estimator, eρk, is the most efficient as it uses all the available 
observations in the denominator. For convenience it is sometimes 
preferred to discard the first k observations in the denominator and use 
the estimator bρk, which is just the OLS estimator in the regression model 
 
yt = a + ρkyt−k + residual. 
 
Positive autocorrelation is visible in a graph of a given time series as a 
tendency of a large observation, yt, to be followed by another large 
observations, yt+1, and vice versa. Negative autocorrelation is visible as a 
tendency of a large observation to be followed by a small observation. 
 
Empirical Example 
As an example of an actual time series, consider a quarterly time series for 
the natural log of the Danish GDP, 
 
yt = log(GDPt), t = 1971 : 2, ..., 2003 : 2, 
 
in graph (A) in Figure 2. The time series has a clear positive linear trend, 
and by visual inspection it seems unlikely that the observations yt could 
have been drawn from the same distribution for all t; and the underlying 
stochastic process is most certainly nonstationary. Graph (B) in Figure 2 
shows the estimated autocorrelations, bρk, for the log of GDP. The ACF is 
declining very slowly, indicating a strong positive dependence between 
observations close to each other. Next consider deviations of the log of 
Danish GDP from a linear trend. This is obtained as the residual, y∗t , from 
a linear regression 
 
yt = α0 + α1t + y∗t . 
 
The detrended series, y∗t = yt − bα0 − bα1t, is given in graph (C). It is still 
doubtful whether the observations could correspond to the same 
underlying distribution, but to be sure we would have to apply a formal 
test for stationarity. We will return to the issue of stationarity tests later in 
the course. For the detrended series there is still a clear time dependence, 
and a high value of y∗t is likely to be followed by a high value of y∗t+1. This 
is the idea of positive autocorrelation, and the ACF in graph (D) illustrates 
a positive correlation between y∗t and y∗t+k for values of k up to 12. 
Finally, consider the first difference of yt, i.e. 

 

 

where the last approximation is good if is close to zero. The 
first difference of the log of a variable can therefore be interpreted as the 
relative growth rate; and changes in yt are interpretable as percentage 
changes (divided by 100). Graph (E) shows the  growth in GDP from 
quarter to quarter. 
 

 
For this time series it is not unlikely that the observations could have been 
drawn from the same distribution, i.e. that the underlying stochastic 
process is stationary. The time dependence is also much less pronounced, 
and the estimated autocorrelations are close to zero for all k, cf. the ACF in 
graph (F). 
The different properties of the time series yt, y∗t and Δyt demonstrate 
that although a given time series is non-stationary, some transformations 
of the series may be stationary. If the detrended series y∗t is stationary 
while the original series is non-stationary the series yt is called trend 
stationary. If, on the other hand, the first difference, Δyt, is stationary  
while yt is non-stationary, we refer to yt as being integrated of first order, 
I(1), or difference stationary. 
 
The example also serves to illustrate that due to the fixed ordering of the 
observations, graphical methods are often very useful in dealing with time 
series. A natural starting point for all time-series based empirical analysis is 
to look at time series graphs.  
 
Linear Regression with Time Series Data 
Since the observations in a time series have a temporal ordering, past 
events can be treated as given, or predetermined, in the analysis of 
current events. It is therefore natural to consider the properties of yt given 
the past, e.g. the conditional expectation  
 
E [yt | y1, y2, ..., yt−1].  
 
To formalize the time dependence consider the simple case of a first order 
dependence 
 
E [yt | y1, y2, ..., yt−1] = αyt−1, (5) 
 
where the expectation of yt conditional on the past is a function of yt−1 
alone. The relation in (5) can be seen as a regression setup and we can 
consider the linear regression  
 
yt = αyt−1 + εt, (6) 
where εt is an identically and independently distributed (IID) error term. It 
follows by construction that the error term in (6) should satisfy the 
condition 
 
E [εt | y1, y2, ..., yt−1] = 0, (7)  
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which is a formal definition of predeterminedness of the explanatory 
variable in model (6). The model (6) is referred to as a first order 
autoregressive, or AR(1), model, and we will analyze this model in more 
details later in the course. For the time being we will just consider (6) as a 
linear regression model to discuss how the dynamic structure of the time 
series modifies the properties of ordinary least squares (OLS) estimation. 
 
Consistency 
As discussed in Wooldridge (2003, p. 168—169) the assumption in (7) is 
sufficient for consistency of OLS, and it follows that OLS applied to the 
dynamic model (6) is consistent. To see this consider the usual 
manipulations of the OLS estimator 
 

 
The sums run from t = 2, ..., T because we have to condition on the first 
observation, y1, the so-called initial value. We want to look at the behavior 
of the last term as T → ∞, i.e. as the number of observations (in the time 
series dimension) increases. This is different from the cross-sectional case, 
where the asymptotic results were derived for increasing number of 
individuals, N . 
 
First we assume that the denominator has a finite limit for T → ∞, i.e. 

 
 
for 0 < q < ∞. This requirement says that the limit of the second moment 
should be positive and finite. In our example E [yt] = 0 and the expression 
in (9) is the limit of the variance of yt as T → ∞. For a stationary process, 
i.e. where the distribution is the same for all t, the requirement in (9) is 
satisfied. 
 
For the numerator, it follows from the law of large numbers that 

 
where the last equality follows from (7)2. Combining the results, we obtain 

 
which shows the consistency of OLS. 
 
Small Sample Bias 
Now we consider the finite sample properties of OLS in the dynamic 
model. It turns out, that we cannot show unbiasedness of OLS in (6). 
Remember from Econometrics 1 that in order to show unbiasedness we 
made the assumption of strict exogeneity, i.e. 
 
E [εt | y1, y2, ..., yT] = 0, (10) 
 
which implies a zero correlation between εt and past, current and future 
values of yt. This assumption cannot be made for dynamic models. We 
have that εt is uncorrelated with lagged values of the explanatory 
variables, yt−1, yt−2, ..., y1, but since yt is function of εt it is clear that εt 
cannot be uncorrelated with current and future values of the explanatory 
variables, i.e. yt, yt+1, ..., yT . It can be shown that the OLS estimator of the 
autoregressive coefficient in (6) is biased 
towards zero. The derivation of the bias is technically demanding and 
instead we use a Monte Carlo simulation to illustrate the idea. 
 
As a data generating process (DGP) we use the specific AR(1) model        
and generate M = 5000 time series for the sample length T. The value α = 
0.9 of the 
autoregressive parameter corresponds to a positive autocorrelation in the 
same magnitude as for the detrended log of Danish GDP in graph (C) in 
Figure 2. 
 
yt = αyt−1 + εt, α = 0.9, εt ∼ N(0, 1), t = 1, 2, ..., T, (11) 
 
As you can see, the assumption needed for consistency is that of no 
contemporaneous correlation, E[εtyt−1] = 0. The assumption in (7) is a 
little stronger than that and implies that E[εt · f (yt−1)] = 0 for all functions 
f(·). More discussion on the differences between the assumptions can be 
found in Hayashi (2000). 
 
The Monte Carlo simulation is a formalization of the idea in (2), and we 
use the 
generating process in (11) to construct M realizations of the stochastic 
process. For each generated time series, 

1 ,  
, we apply OLS to the regression model (6) (which is identical to the DGP) 
and get the OLS estimate bαm, i.e.  

 
 
 
 
To illustrate the bias we calculate the average estimate 

 
and also the bias, BIAS(bα) = MEAN(bα) − α. The uncertainty of bα can be 
measured by the standard deviation of bαm across the M replications. This 
is denoted the Monte Carlo standard deviation, 

 
Notice, that MEAN(bα) is itself an estimator, and the uncertainty related to 
the estimator can be measured by the Monte Carlo standard error, 
defined as 

 
Be aware of the important difference between the MCSD(bα), which is a 
measure of the uncertainty of bα, and the MCSE, which is a measure of the 
uncertainty of the estimator MEAN(bα) in the simulation. The latter 
converges to zero for an increasing number of replications, M → ∞.  
 
The results from PcNaive are reported in graph (A) of Figure 3 for sample 
lengths 
T ∈ {10, 15, ..., 100}. The mean is estimated as in (12), and the dotted lines 
are 
 
MEAN(bα) ± 2 · MCSD(bα). 
 

 
 
 
These lines are interpretable as the average 95% confidence band in each 
replication and not the 95% confidence band f or the estimated 
MEAN(bα). The mean of the estimated parameter is lower than the true 
value for all sample lengths. For a very small sample length of T = 10 the 
OLS estimator has a mean of MEAN(bα) = 0.7935. The MCSD(bα) = 0.2172 
which implies that the Monte Carlo standard error of this estimate is MCSE 
= 5000−1/2 · 0.2172 = 0.0031. A t−test for the hypothesis that the estimate 
is unbiased, i.e. 
 
H0 : MEAN(bα) = 0.9, 
 
can be constructed as 
 

 
 
which is clearly significant in the asymptotic N(0, 1) distribution. We 
conclude that the bias is significantly different from zero. For larger 
samples the average converges to the true value, cf. the consistency of 
OLS in the dynamic model. 
To illustrate how the bias depends on the true autoregressive parameter, 
we redo the exercise with other positive values α ∈ {0, 0.3, 0.5, 0.7, 0.9}. 
The obtained results for the bias are depicted in graph (B). If the true DGP 
is static, α = 0, the estimate is unbiased. If α > 0 the estimator is downward 
biased, with a bias that increases with α. 
 
Regression Models and Residual Autocorrelation 
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Until now we have considered time series models for a univariate time 
series, yt. In this section we extend the framework to include regression 
models for time series data, e.g. 
 

 
where xt is K × 1 vector of explanatory variables and β is a K × 1 vector of 
coefficients. Alternatively, we can stack the T equations in (13) using the 
matrix notation 
 
Y = Xβ + ε, (14) 
 
where Y = (y1, y2, .., yT )0 is a T × 1 vector, X = (x1, x2, ..., xT )0 is the T × K 
stacked matrix of explanatory variables, and ε = (ε1, ε2, ..., εT )0 is a T × 1 
vector of error terms. Using the matrix formulation in (14), the OLS 
estimator bβ of β is given by 

 
and the variance of bβ can be found as 
 

 
 
Remember that a standard assumption used for deriving the variance of 
the OLS estimators is 

 
which implies that (15) reduces to the well-known expression 

 
In models for cross-sectional data, an important issue is 
heteroscedasticity. That was discussed in Econometrics 1. 
Heteroscedasticity is the case where  is a diagonal matrix but 
where the diagonal elements are not identical, i.e. 

 
Recall, that even in the case of heteroscedasticity, OLS is unbiased under 
the assumption in (10) and consistent under the assumption in (7). The 
OLS formula for the variance (16) is no longer correct, however, and 
inference in the OLS model should be based on the heteroscedasticity 
consistent standard errors constructed from an an estimate of (15). Also 
recall, that a more efficient estimator is given by generalized least squares 
(GLS) estimator that weights the observations according to the magnitude 
of the variances . 
 
Autocorrelation of the Error Term 
In time series models heteroscedasticity could still be an issue, but the 
problem is likely to be smaller. Instead we are often concerned with 
another type of misspecification denoted autocorrelation (of the error 
term). That is the case where consecutive error terms are correlated, e.g. 

This implies that some off-diagonal elements in 
are different from zero. The consequences of autocorrelation 

have similarities with the consequences of heteroscedasticity. 
 
Firstly, OLS is still consistent under the assumption in (7). This implies that 
if the 
explanatory variables, xt, are contemporaneously uncorrelated with the 
error term in the model (13), OLS is consistent even if the errors are 
autocorrelated. It is important to realize, however, that assumption (7) is 
not valid for a model with a lagged dependent variable and autocorrelated 
errors. To see this, consider an AR(1) model like (6), and assume that the 
error term is first order autocorrelated, i.e. that εt follows a first order 
autoregressive model 
 

 
 
where vt is IID with a constant variance. Consistency requires that E 
[εtyt−1] = 0. But this is clearly not satisfied since both yt−1 and εt depends 
on εt−1. As a result, OLS is not consistent in a model with a lagged 
dependent variable and autocorrelated errors. Secondly, even if OLS is 
consistent, the OLS formula for the variance of the estimators (16) is no 
longer valid. In the spirit ofWhite’s heteroscedasticity robust standard 
errors, it is possible to find a consistent estimate of the matrix X0ΩX in (15) 
under autocorrelation, and that can be used to construct the so-called 
heteroscedasticity-and-autocorrelationconsistent (HAC) standard errors. 
This is discussed very briefly in Verbeek (2004, section 
4.10.2). A simpler discussion of the univariate case is given in Stock and 
Watson (2003, p. 504-507). 
 
Finally, the OLS estimator is no longer BLUE, and we can construct more 
efficient 
estimators. As an example consider the regression model (13) under first 
order autocorrelation in the error term, i.e. (17). If ρ is known the 
regression model can be transformed to 

 
where the error term vt is serially uncorrelated. This is an analog to the 
idea of the GLS transformation applied in the case of heteroscedasticity. 
Note, however, that the transformation cannot be applied to the first 
observation, and OLS applied directly to the transformed model (18) is 
only an approximation to the GLS estimator, see the discussion in Verbeek 
(2004, p. 99-100). In practice, the parameter ρ is unknown but can be 
consistently estimated by running the regression (17) on the estimated 
residuals from (13). It should be stressed, that the GLS transformation to 
remove autocorrelation is rarely used in modern econometrics, see the 
discussion below. 
 
Testing for Autocorrelation 
In all time series models, tests for no autocorrelation should be routinely 
applied. In modern econometrics, the most commonly used test for the 
null hypothesis of no autocorrelation is a so-called lagrange multiplier (LM) 
test, based on an auxiliary regression. As an example we consider the test 
for no first order autocorrelation in the regression model (13). This is done 
by running the auxiliary regression model  
 
bεt = x0tδ + γbεt−1 + ξt, 
 
where bεt is the estimated residual from (13) and ξt is an error term. The 
null hypothesis of no autocorrelation corresponds to γ = 0, and can be 
tested by computing T · R2, where R2 is the coefficient of determination in 
the auxiliary regression. Note, that the residual bεt is orthogonal to the 
explanatory variables xt, and any explanatory power in the auxiliary 
regression must be due to the included lagged residual, bεt−1. Under the 
null hypothesis the statistic is asymptotically distributed as 
 

 
Alternatively, an F −form of the test can be used as in PcGive. Note, that 
the auxiliary regression needs one additional initial observation. It is 
customary to insert zeros in the beginning of the series of residuals, i.e. 
bε1 = 0, and estimate 
the auxiliary regression for the same sample that was used for the original 
estimation model. While the test in (19) is valid asymptotically, i.e. for T → 
∞, an alternative test exists, which is in principal derived for finite 
samples; the so-called Durbin Watson (DW) test, see Verbeek (2004, 
section 4.7.2). This test is a part of the standard OLS output from most 
computer programs. The main problem with the DW test is that it is based 
on the assumption of strict exogeneity, i.e. assumption (10), which makes 
it invalid in most time series settings. And as autocorrelation is only a 
concern in time series models, the test is not particularly useful. 
 
Autocorrelation and Dynamic Models 
It is important to realize, that the error term in a regression model will 
automatically pick up the composite effect of everything not accounted for 
by the explanatory variables. Autocorrelation in the residuals can 
therefore indicate that the model is misspecified. Types of 
misspecifications that can produce residual autocorrelation include 
 
(1) The model excludes an important and serially correlated variable. 
(2) The true model is dynamic, but the lagged dependent variable is not 
included as a regressor. 
(3) The functional form is misspecified, which produces a systematic 
behavior in the residuals. 
(4) The model is subject to a structural break, e.g. a level shift. 
 
A test for autocorrelation is therefore often interpreted as a broader test 
for misspecification of the regression model. The right thing to do if you 
find signs of residual autocorrelation is therefore not to make the GLS 
transformation but instead to reconsider and potentially change the 
model. 
 
One starting point is to combine (13) and (17) to obtain the dynamic 
model 

 
The structure implies a number of restrictions on the parameters, the so-
called common factor restrictions. These restrictions are implicitly 
imposed in the GLS estimation. In an empirical application, however, a 
finding of residual autocorrelation need not imply that the structure in 
(13) and (17) is correct, and the common factor restrictions are not 
necessarily valid. Instead of performing the GLS estimation, we can 
alternatively estimate the general dynamic model 
 
yt = α0yt−1 + x0tα1 + x0t−1α2 + ηt, (20) 
 
where ηt is a new error term. Based on this model we can test the validity 
of the common factor restrictions. The model in (20) is denoted an 
autoregressive distributed lag (ADL) model, and we will return to the 
analysis of ADL models later in the course. 
 
Empirical example 
As an empirical example, consider a simple Phillips curve explaining the 
Danish inflation rate, INF, with the registered unemployment rate, UNR. 
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The data are depicted in graph (A) of Figure 4 for the period 1971 : 2 − 
2003 : 2. Running a simple regression yields 
 

 
with standard errors in parentheses. The actual values of inflation and the 
fitted values from the regression are depicted in graph (B). It is obvious 
from the graph that the unemployment rate is not able to explain all the 
features of inflation for the considered sample period. The residuals from 
this regression are depicted in graph (C). The residuals appear to be very 
systematic, indicating a positive autocorrelation. This is particularly true 
for the most recent years. Calculating the HAC standard errors yields 
0.0041757 and 0.048617 respectively, which is much larger than the non-
robust standard errors. Denoting the residuals εt, we can make a LM test 
for no residual autocorrelation by running the regression 
 

 
In this auxiliary regression, R2 = 0.275074 and the LM statistic is given by T 
· R2 = 
129 · 0.275074 = 35.485, which is clearly rejected in a χ2(1) distribution. 
We conclude that the residuals are positively autocorrelated. 
Next consider the ADL model  

 
 
 
 
 
 
 
 

 
 
The common factor restriction would imply that the product of the 
coefficients to INFt−1 and UNRt should be identical to the coefficient to 
UNRt−1 with opposite sign. A Wald test for this hypothesis yields a test 
statistic of 3.494, corresponding to a p−value of 0.0640 in a F(1,124) 
distribution. In therefore seems to be a borderline case, whether the 
common factor restrictions are valid for the present case.  
 
The estimated residuals from the ADL regression are illustrated in graph 
(C). Before 1995 the residuals appear non-systematic, but for the later 
years the residuals are systematically negative. This suggests, that the 
structure of the price determination or the labour marked has changed in 
recent years. An LM test for first order autocorrelation in the ADL 
regression yields a statistic of 14.125, which is still significant in a χ2(1) 
distribution.This might suggest that the dynamics in the ADL model is not 
general enough and we could try to include more lags. Since the problems 
are related to the most recent period alone, however, a better solution 
would probably be to look for additional variables, that could explain the 
low inflation in the late 1990s in spite of a low unemployment rate. This 
last point illustrates that a rejected test for no autocorrelation is often an 
indication of general misspecification of the regression model and may 
suggest possible remedies 
 
MODELS FOR TIME SERIES 
 
Time series data 
A time series is a set of statistics, usually collected at regular intervals. 
Time series data occur naturally in many application areas. 
 
• economics - e.g., monthly data for unemployment, hospital admissions, 
etc. 
• finance - e.g., daily exchange rate, a share price, etc. 

• environmental - e.g., daily rainfall, air quality readings. 
• medicine - e.g., ECG brain wave activity every 2−8 secs. 
 
The methods of time series analysis pre-date those for general stochastic 
processes and Markov Chains. The aims of time series analysis are to 
describe and summarise time series data, fit low-dimensional models, and 
make forecasts. We write our real-valued series of observations as . . . 
,X−2,X−1,X0,X1,X2, . . ., a doubly infinite sequence of real-valued random 
variables indexed by Z. 
 
Trend, seasonality, cycles and residuals 
One simple method of describing a series is that of classical 
decomposition. The 
notion is that the series can be decomposed into four elements: 
 

1. Trend (Tt) — long term movements in the mean; 
2. Seasonal effects (It) — cyclical fluctuations related to the 

calendar; 
3. Cycles (Ct) — other cyclical fluctuations (such as a business 

cycles); 
4. Residuals (Et) — other random or systematic fluctuations. 

 
The idea is to create separate models for these four elements and then 
combine 
them, either additively 
 
Xt = Tt + It + Ct + Et 
 
or multiplicatively 
 
Xt = Tt · It · Ct · Et . 
 
Stationary processes 
1. A sequence {Xt, t ∈ Z} is strongly stationary or strictly stationary if 

 
for all sets of time points t1, . . . , tk and integer h. 
 
2. A sequence is weakly stationary, or second order stationary if 
 
(a) E(Xt) = μ, and 
(b) cov(Xt,Xt+k) = γk, 
where μ is constant and γk is independent of t. 
 
3. The sequence {γk, k ∈ Z} is called the autocovariance function. 
 
4. We also define 
 
ρk = γk/γ0 = corr(Xt,Xt+k) 
 
and call {ρk, k ∈ Z} the autocorrelation function (ACF). 
 
Remarks. 

1. A strictly stationary process is weakly stationary. 
2. If the process is Gaussian, that is (Xt1, . . . ,Xtk) is multivariate 

normal, for all t1, . . . , tk, then weak stationarity implies strong 
stationarity. 

3. γ0 = var(Xt) > 0, assuming Xt is genuinely random. 
4. By symmetry, γk = γ−k, for all k. 

 
Autoregressive processes 
The autoregressive process of order p is denoted AR(p), and defined by 

 
where φ1, . . . , φr are fixed constants and {ǫt} is a sequence of 
independent (or uncor- related) random variables with mean 0 and 
variance σ2. The AR(1) process is defined by 
 
Xt = φ1Xt−1 + ǫt . (1.2) 
 
To find its autocovariance function we make successive substitutions, to 
get 
 
Xt = ǫt + φ1(ǫt−1 + φ1(ǫt−2 + · · · )) = ǫt + φ1ǫt−1 + φ21 ǫt−2 + · · ·  
 
The fact that {Xt} is second order stationary follows from the observation 
that 
E(Xt) = 0 and that the autocovariance function can be calculated as 
follows: 

 
 
There is an easier way to obtain these results. Multiply equation (1.2) by 
Xt−k 
and take the expected value, to give 
 
E(XtXt−k) = E(φ1Xt−1Xt−k) + E(ǫtXt−k) . 
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Thus γk = φ1γk−1, k = 1, 2, . . . 
 
Similarly, squaring (1.2) and taking the expected value gives 

 
 
More generally, the AR(p) process is defined as 
 
Xt = φ1Xt−1 + φ2Xt−2 + · · · + φpXt−p + ǫt . (1.3) 
 
Again, the autocorrelation function can be found by multiplying (1.3) by 
Xt−k, taking the expected value and dividing by γ0, thus producing the 
Yule-Walker equations  
 
ρk = φ1ρk−1 + φ2ρk−2 + · · · + φpρk−p, k = 1, 2, . . . 
 
These are linear recurrence relations, with general solution of the form 

 
 
where ω1, . . . , ωp are the roots of 
 

 
 
and C1, . . . ,Cp are determined by ρ0 = 1 and the equations for k = 1, . . . , 
p − 1. It is natural to require γk → 0 as k → ∞, in which case the roots must 
lie inside the unit circle, that is, |ωi| < 1. Thus there is a restriction on the 
values of φ1, . . . , φp that can be chosen. 
 
Moving average processes 
The moving average process of order q is denoted MA(q) and defined by 

 
where θ1, . . . , θq are fixed constants, θ0 = 1, and {ǫt} is a sequence of 
independent (or uncorrelated) random variables with mean 0 and variance 
σ2. It is clear from the definition that this is second order stationary and 
that  

 
 
We remark that two moving average processes can have the same 
autocorrelation function. For example, 

 
both have ρ1 = θ/(1 + θ2), ρk = 0, |k| > 1. However, the first gives 
 

 
 
This is only valid for |θ| < 1, a so-called invertible process. No two 
invertible 
processes have the same autocorrelation function. 
 
 White noise 
The sequence {ǫt}, consisting of independent (or uncorrelated) random 
variables with mean 0 and variance σ2 is called white noise (for reasons 
that will become clear later.) It is a second order stationary series with γ0 = 
σ2 and γk = 0, k 6= 0. 
 
The turning point test 
We may wish to test whether a series can be considered to be white noise, 
or whether a more complicated model is required. In later chapters we 
shall consider various ways to do this, for example, we might estimate the 
autocovariance function, say {ˆγk}, and observe whether or not ˆγk is near 
zero for all k > 0. However, a very simple diagnostic is the turning point 
test, which examines a series {Xt} to test whether it is purely random. The 
idea is that if {Xt} is purely random then three successive values are 
equally likely to occur in any of the six possible orders. 
 

 
 
In four cases there is a turning point in the middle. Thus in a series of n 
points 
we might expect (2/3)(n − 2) turning points. In fact, it can be shown that 
for large n, the number of turning points should be distributed as about 
N(2n/3, 8n/45). We reject (at the 5% level) the hypothesis that the series is 
unsystematic if the number of turning points lies outside the range 

 
 

 
MODELS OF STATIONARY PROCESS 
 
Purely indeterministic processes 
Suppose {Xt} is a second order stationary process, with mean 0. Its 
autocovariance function is 
 
γk = E(XtXt+k) = cov(Xt,Xt+k), k ∈ Z. 
 
1. As {Xt} is stationary, γk does not depend on t. 
 
2. A process is said to be purely-indeterministic if the regression of Xt on 
Xt−q,Xt−q−1, . . . has explanatory power tending to 0 as q → ∞. That is, the 
residual variance tends to var(Xt).  
 
An important theorem due to Wold (1938) states that every purely- 
indeterministic second order stationary process {Xt} can be written in the 
form 
 
Xt = μ + θ0Zt + θ1Zt−1 + θ2Zt−2 + · · · 
where {Zt} is a sequence of uncorrelated random variables. 
 
3. A Gaussian process is one for which Xt1, . . . ,Xtn has a joint normal 
distri- 
bution for all t1, . . . , tn. No two distinct Gaussian processes have the same 
autocovariance function. 
 
ARMA processes 
The autoregressive moving average process, ARMA(p, q), is defined by 

 
where again {ǫt} is white noise. This process is stationary for appropriate 
φ, θ. 
 
Example 2.1 
Consider the state space model 
 
Xt = φXt−1 + ǫt , 
Yt = Xt + ηt . 
 
Suppose {Xt} is unobserved, {Yt} is observed and {ǫt} and {ηt} are 
independent 
white noise sequences. Note that {Xt} is AR(1). We can write 
 
ξt = Yt − φYt−1 
= (Xt + ηt) − φ(Xt−1 + ηt−1) 
= (Xt − φXt−1) + (ηt − φηt−1) 
= ǫt + ηt − φηt−1 
 
Now ξt is stationary and cov(ξt, ξt+k) = 0, k ≥ 2. As such, ξt can be modelled 
as a 
MA(1) process and {Yt} as ARMA(1, 1). 
 
 
 
 
 
ARIMA processes 
If the original process {Yt} is not stationary, we can look at the first order 
difference process 
 
Xt = ∇Yt = Yt − Yt−1 
 
or the second order differences 
 
Xt = ∇2Yt = ∇(∇Y )t = Yt − 2Yt−1 + Yt−2 
 
and so on. If we ever find that the differenced process is a stationary 
process we can look for a ARMA model of that. The process {Yt} is said to 
be an autoregressive integrated moving average process, ARIMA(p, d, q), if 
Xt = ∇dYt is an ARMA(p, q) process. AR, MA, ARMA and ARIMA processes 
can be used to model many time series. A key tool in identifying a model is 
an estimate of the autocovariance function. 
 
Estimation of the autocovariance function 
Suppose we have data (X1, . . . ,XT ) from a stationary time series. We can 
estimate  
 

 
 
The plot of rk against k is known as the correlogram. If it is known that μ is 
0 
there is no need to correct for the mean and γk can be estimated by  

 
Notice that in defining ˆγk we divide by  T rather than by (T − k). When T is 
large relative to k it does not much matter which divisor we use. However, 
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for mathematical simplicity and other reasons there are advantages in 
dividing by T. 
Suppose the stationary process {Xt} has autocovariance function {γk}. Then  

 
 
A sequence {γk} for which this holds for every T ≥ 1 and set of constants 
(a1, . . . , aT ) is called a nonnegative definite sequence. The following 
theorem states that {γk} is a valid autocovariance function if and only if it 
is nonnegative definite. 
 
Theorem 2.2 (Blochner) The following are equivalent. 
1. There exists a stationary sequence with autocovariance function {γk}.  
2. {γk} is nonnegative definite. 
3. The spectral density function, 
 

 
is positive if it exists. 
 
Dividing by T rather than by (T − k) in the definition of ˆγk 

1. ensures that {ˆγk} is nonnegative definite (and thus that it could 
be the autoco- variance function of a stationary process), and 

2. can reduce the L2-error of rk. 
 
Identifying a MA(q) process 
In a later lecture we consider the problem of identifying an ARMA or 
ARIMA model for a given time series. A key tool in doing this is the 
correlogram. The MA(q) process Xt has ρk = 0 for all k, |k| > q. So a 
diagnostic for MA(q) is that |rk| drops to near zero beyond some 
threshold. 
 
Identifying an AR(p) process 
The AR(p) process has ρk decaying exponentially. This can be difficult to 
recognise in the correlogram. Suppose we have a process Xt which we 
believe is AR(k) with  

 
with Et independent of X1, . . . ,Xt−1 
 
Given the data X1, . . . ,XT , the least squares estimates of (φ1,k, . . . , φk,k) 
are obtained by minimizing 

 
 
This is approximately equivalent to solving equations similar to the Yule-
Walker 
equations, 

 
These can be solved by the Levinson-Durbin recursion: 
 
 
 

 
 
We test whether the order k fit is an improvement over the order k−1 fit 
by looking to see if ˆφk,k is far from zero. The statistic ˆφk,k is called the 
kth sample partial autocorrelation coefficient (PACF). If the process Xt is 
genuinely AR(p) then the population PACF, φk,k, is exactly zero for all k > 
p. Thus a diagnostic for AR(p) is that the sample PACFs are close to zero for 
k > p. 
 
Distributions of the ACF and PACF 
Both the sample ACF and PACF are approximately normally distributed 
about 
their population values, and have standard deviation of about 1/√T, where 
T is the length of the series. A rule of thumb it that ρk is negligible (and 
similarly φk,k) if rk (similarly ˆφk,k) lies between ±2/√T. (2 is an 

approximation to 1.96. Recall that if Z1, . . . , Zn ∼ N(μ, 1), a test of size 
0.05 of the hypothesis H0 : μ = 0 against  H1 : μ 6= 0 rejects H0 if and only 
if ¯ Z lies outside ±1.96/√n). 
Care is needed in applying this rule of thumb. It is important to realize 
that the sample autocorrelations, r1, r2, . . ., (and sample partial 
autocorrelations, ˆφ1,1, ˆφ2,2, . . .) are not independently distributed. 
The probability that any one rk should lie outside ±2/√T depends on the 
values of the other rk. 
 
A ‘portmanteau’ test of white noise (due to Box & Pierce and Ljung & Box) 
can 
be based on the fact that approximately 

 
 
The sensitivity of the test to departure from white noise depends on the 
choice of m. If the true model is ARMA(p, q) then greatest power is 
obtained (rejection of the white noise hypothesis is most probable) when 
m is about p + q. 
 
 
Spectral methods 
 
The discrete Fourier transform 
If h(t) is defined for integers t, the discrete Fourier transform of h is  

 
 
The inverse transform is 

 
If h(t) is real-valued, and an even function such that h(t) = h(−t), then 

 
And 

 
 
The spectral density 
The Wiener-Khintchine theorem states that for any real-valued stationary 
process there exists a spectral distribution function, F(·), which is 
nondecreasing and right continuous on [0, π] such that F(0) = 0, F(π) = γ0 
and 

 
The integral is a Lebesgue-Stieltges integral and is defined even if F has 
disconti- 
nuities. Informally, F(ω2) − F(ω1) is the contribution to the variance of the 
series 
made by frequencies in the range (ω1, ω2). F(·) can have jump 
discontinuities, but always can be decomposed as  
 
F(ω) = F1(ω) + F2(ω) 
 
where F1(·) is a nondecreasing continuous function and F2(·) is a 
nondecreasing 
step function. This is a decomposition of the series into a purely 
indeterministic 
component and a deterministic component. Suppose the process is purely 
indeterministic, (which P happens if and only if k |γk| < ∞). In this case F(·) 
is a nondecreasing continuous function, and differentiable at all points 
(except possibly on a set of measure zero). Its derivative f(ω) = F′(ω) exists, 
and is called the spectral density function. Apart from a multiplication by 
1/π it is simply the discrete Fourier transform of the autocovariance 
function and is given by 
 

 
 
 
with inverse 

 
 
Note. Some authors define the spectral distribution function on [−π, π]; 
the use of negative frequencies makes the interpretation of the spectral 
distribution less intuitive and leads to a difference of a factor of 2 in the 
definition of the spectra density. Notice, however, that if f is defined as 
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above and extended to negative frequencies, f(−ω) = f(ω), then we can 
write 

 
 
Example 3.1 
(a) Suppose {Xt} is i.i.d., γ0 = var(Xt) = σ2 > 0 and γk = 0, k ≥ 1. Then f(ω) = 
σ2/π. The fact that the spectral density is flat means that all frequencies 
are equally present accounts for our calling this sequence white noise. 
 
(b) As an example of a process which is not purely indeterministic, 
consider Xt = 
cos(ω0t + U) where ω0 is a value in [0, π] and U ∼ U[−π, π]. The process 
has 
zero mean, since 

 
 
and autocovariance 

 
Hence Xt is second order stationary and we have 

 
 
Note that F is a nondecreasing step function. 
More generally, the spectral density 

 
 

 
 
Note that φ > 0 has power at low frequency, whereas φ < 0 has power at 
high 
frequency. 

 

Plots above are the spectral densities for AR(1) processes in which {ǫt} is 
Gaussian white noise, with σ2/π = 1. Samples for 200 data points are 
shown below. 

 
 
Analysing the effects of smoothing 
Let {as} be a sequence of real numbers. A linear filter of {Xt} is 

 
 
we show that the spectral density of {Yt} is given by 

 
 
where a(z) is the transfer function 

 
This result can be used to explore the effect of smoothing a series. 

 
 
Estimation of the spectrum 
 
The periodogram 
Suppose we have T = 2m + 1 observations of a time series, y1, . . . , yT . 
Define the Fourier frequencies, ωj = 2πj/T, j = 1, . . . ,m, and consider the 
regression model 

 
which can be written as a general linear model, Y = Xθ + ǫ, where  

 
The least squares estimates in this model are given by 
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Using these, we have 

 
and the regression sum of squares is 

 
 
Since we are fitting T unknown parameters to T data points, the model fits 
with no residual error, i.e., ˆ Y = Y . Hence 

 
This motivates definition of the periodogram as 

 

 
 

 
 
I(ω) is therefore a sample version of the spectral density f(ω). 
 
Distribution of spectral estimates 
If the process is stationary and the spectral density exists then I(ω) is an 
almost 
unbiased estimator of f(ω), but it is a rather poor estimator without some 
smoothing. Suppose {yt} is Gaussian white noise, i.e., y1, . . . , yT are iid 
N(0, σ2). Then for any Fourier frequency ω = 2πj/T, 
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Univariate Time Series Analysis; ARIMA Models 
 
 We consider a single time series, y1, y2, ..., yT . We want to construct 
simple models for yt as a function of the past: E[yt |history]. 
 
Univariate models are useful for: 
(1) Analyzing the dynamic properties of time series. 
What is the dynamic adjustment after a shock? 
Do shocks have transitory or permanent effects (presence of unit roots)? 
 
(2) Forecasting. 
A model for E[yt | xt] is only useful for forecasting yt+1 if we know (or can 
forecast) xt+1. 
 
(3) Univariate time series analysis is a way to introduce the tools necessary 
for analyzing more complicated models. 
 
 
 
Characterizing Time Dependence 
For a stationary time series the autocorrelation function (ACF) is 

 
 
An alternative measure is the partial autocorrelation function (PACF), 
which is the conditional correlation:. 
 
θk = Corr(yt, yt−k | yt−1, ..., yt−k+1). 
 
Note: ACF and PACF are bounded in [−1; 1], symmetric ρk = ρ−k and ρk = 
θ0 = 1. 
 

 
  
Example: Danish GDP 

 

 
 
The ARMA(p,q) Model 
First define a white noise process, Єt ∼ IID(0, σ2).  
 
The autoregressive AR(p) model is defined as 

 
 
Systematic part of yt is a linear function of p lagged values. We need p 
(observed) initial values: y−(p−1), y−(p−2), ..., y−1, y0. 
 
The moving average MA(q) model is defined as 

 
 
yt is a moving average of past shocks to the process. 
 
We need q initial values:  

 
 
They can be combined into the ARMA(p,q) model 

 
 
Dynamic Properties of an AR(1) Model 
Consider the AR(1) model 

 
 
Assume for a moment that the process is stationary. 
As we will see later, this requires |θ| < 1. 
 
First we want to find the expectation. 
Stationarity implies that E[Yt] = E[Yt−1] = μ. We find 

 
Note the following: 
(1) The effect of the constant term, δ, depends on the autoregressive 
parameter, θ.  
(2) μ is not defined if θ = 1. This is excluded for a stationary process.  
 
• Next we want to calculate the variance and the autocovariances. It is 
convenient to define the deviation from mean, yt = Yt − μ, so that  
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Examples of Stationary AR(1) Models 
 
 
 

 
 
 
 

 
 
Dynamic Properties of an AR(2) Model 
Consider the AR(2) model given by 

 
Again we find the mean under stationarity: 

 
We then define the process yt = Yt − μ for which it holds that  

 
 

 
These are the so-called Yule-Walker equations. • To find the variance we 
can substitute γ1 and γ2 into the equation for γ0. This is, however, a bit 
tedious. 
• We can find the autocorrelations, ρk = γk/γ0, as 
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Examples of AR(2) Models 

 
Dynamic Properties of a MA(1) Model 
 
 Consider the MA(1) model 

 
The mean is given by 

 
which is here identical to the constant term. 
• Define the deviation from mean: yt = Yt − μ. 
• Next we find the variance: 

 
 
The covariances, Cov[yt, yt−k] = E[ytyt−k], are given by 

 
 
The ACF is given by 

 
 
Examples of MA Models 

 

 
 
 
The Lag and Difference Operators 
Now we introduce an important tool called the lag-operator, L. It has the 
property that 
 
L · yt = yt−1, 
 
and, for example, 
 
L2yt = L(Lyt) = Lyt−1 = yt−2. 
 
Also define the first difference operator, Δ = 1 − L, such that  
 
Δyt = (1 − L) yt = yt − Lyt = yt − yt−1. 
 
The operators L and Δ are not functions, but can be used in calculations. 
 
Lag Polynomials 
• Consider as an example the AR(2) model 
 
yt = θ1yt−1 + θ2yt−2 + Єt. 
 
That can be written as 
 
yt − θ1yt−1 − θ2yt−2 = Єt 
yt − θ1Lyt − θ2L2yt = Єt 
(1 − θ1L − θ2L2)yt = Єt 
θ(L)yt = Єt, 
 
where 
 
θ(L) = 1 − θ1L − θ2L2 
 
is a polynomial in L, denoted a lag-polynomial.  Standard rules for 
calculating with polynomials also hold for polynomials in L. 
 
Characteristic Equations and Roots 
For a model 
 
yt − θ1yt−1 − θ2yt−2 = Єt 
θ(L)yt = Єt, 
 
we define the characteristic equation as 
 
θ(z) = 1 − θ1z − θ2z2 = 0. 
 
The solutions, z1 and z2, are denoted characteristic roots.  An AR(p) has p 
roots. Some of them may be complex values, h ± v · i, where i = √−1.  
Recall, that the roots can be used for factorizing the polynomial 
 
θ(z) = 1 − θ1z − θ2z2 = (1 − φ1z) (1 − φ2z) , 

 
 
Invertibility of Polynomials 
Define the inverse of a polynomial, θ−1(L) of θ(L), so that  
 
θ−1(L)θ(L) = 1. 
 
Consider the AR(1) case, θ(L) = 1 − θL, and look at the product  
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ARMA Models in AR and MA form 
Using lag polynomials we can rewrite the stationary ARMA(p,q) model as 

 
where θ(L) and α(L) are finite polynomials. 
 
If θ(L) is invertible, (∗) can be written as the infinite MA(∞) model 

 
This is called the MA representation. 

 
This is called the AR representation. 
 
Invertibility and Stationarity 
 A finite order MA process is stationary by construction. 
— It is a linear combination of stationary white noise terms. 
— Invertibility is sometimes convenient for estimation and prediction. 
 
An infinite MA process is stationary if the coefficients, αi, converge to zero. 
— We require that 

 
 
An AR process is stationary if θ(L) is invertible. 
— This is important for interpretation and inference. 
— In the case of a root at unity standard results no longer hold. 
 
We return to unit roots later.  Consider again the AR(2) model 

 
θ(z) = 1 − θ1z − θ2z2 = (1 − φ1L) (1 − φ2L) . 
The polynomial is invertible if the factors (1 − φiL) are invertible, i.e. if  
 
|φ1| < 1 and |φ2| < 1. 
 
In general a polynomial, θ(L), is invertible if the characteristic roots, z1, ..., 
zp, are larger than one in absolute value. In complex cases, this 
corresponds to the roots being outside the complex unit circle.(Modulus 
larger than one). 
 

 
Solution to the AR(1) Model 
 Consider the model 
 
Yt = δ + θYt−1 + Єt 
(1 + θL)Yt = δ + Єt. 
 
The solution is given as 

 
 
This is the MA-representation. The expectation is given by 

 
An alternative solution method is recursive subtitution: 

 
where we see the effect of the initial observation. 
 
 The expectation is 

 
 
ARMA Models and Common Roots 
Consider the stationary ARMA(p,q) model 

 
 
If φi = ξj for some i, j, they are denoted common roots or canceling roots.  
The ARMA(p,q) model is equivalent to a ARMA(p-1,q-1) model. 
 
 As an example, consider 

 
 
Unit Roots and ARIMA Models 
A root at one is denoted a unit root. We consider the consequences later, 
here we just remove them by first differences.  Consider an ARMA(p,q) 
model 
 
θ(L)yt = α(L)Єt. 
 
If there is a unit root in the AR polynomial, we can factorize into 

 

An ARMA(p,q) model for  is denoted an ARIMA(p,d,q) model for yt. 
 
Example: Danish Real House Prices 
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Estimating an AR(2) model for 1972:1-2004:2 yields 

The second root is basically unchanged. 
 
ARIMA(p,d,q) Model Selection 
• Find a transformation of the process that is stationary, e.g. ΔdYt. 
• Recall, that for the stationary AR(p) model 

— The ACF is infinite but convergent. 
— The PACF is zero for lags larger than p. 

 
• For the MA(q) model 

— The ACF is zero for lags larger than q. 
— The PACF is infinite but convergent. 

• The ACF and PACF contains information p and q. 
Can be used to select relevant models. 

 
• If alternative models are nested, they can be tested. 
• Model selection can be based on information criteria 

 
 
where k is the number of estimated parameters, e.g. k = p + q. 
 
Example: Consumption-Income Ratio 

 

 

 
 
 
Estimation of ARMA Models 
The natural estimator is maximum likelihood. With normal errors 

 
 
where Єt is the residual. 
 
For an AR(1) model we can write the residual as 

 
 
and OLS coincides with ML. 
 
Usual to condition on the initial values. Alternatively we can postulate a 
distribution for the first observation, e.g. 

 
 
where the mean and variance are chosen as implied by the model for the 
rest of the observations. We say that Y1 is chosen from the invariant 
distribution. 
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For the MA(1) model 
 
Yt = μ + Єt + αЄt−1, 
 
the residuals can be found recursively as a function of the parameters 
 
Є1 = Y1 − μ 
Є2 = Y2 − μ − αЄ1 
Є3 = Y3 − μ − αЄ2 
... 
Here, the initial value is Є0 = 0, but that could be relaxed if required by 
using the 
invariant distribution.  The likelihood function can be maximized wrt. α 
and μ. 
 
Forecasting 
Easy to forecast with ARMA models. Main drawback is that here is no 
economic insight.  We want to predict yT+k given all information up to 
time T , i.e. given the information set 

 
 
The optimal predictor is the conditional expectation 

 
 
Consider the ARMA(1,1) model 

 
 
To forecast we 
— Substitute the estimated parameters for the true. 
— Use estimated residuals up to time T . Hereafter, the best forecast is 
zero. 
 
 The optimal forecasts will be 

 

 
 
 
ARIMA and ARMAX models 
The pure ARIMA model is an atheoretic linear univariate time series model 
which expresses that series in terms of three sets of parameters: 

 
The first set of p parameters define the autoregressive polynomial in the 
lag operator L: 

 
 
The second set of q parameters define the moving average polynomial 
in the i.i.d: disturbance process: 

 
The third parameter, d above, expresses the integer order of differencing 
to be applied to the series before estimation to render it stationary. Thus, 
we speak of an ARIMA(p; d; q) model, with p + q parameters to be 
estimated. In order to be estimable, the d-differenced time series must be 
stationary, so that the AR polynomial in the lag operator may be inverted. 
Let y* be the differenced time series: 

 
 
where the stability condition requires that the characteristic roots of the 
A(L) polynomial lie strictly outside the unit circle. For an AR(1), that 
requires that j_j < 1. If the stability condition is satisfied, then an 
ARMA(p,q) model will have a MA(1) representation. 
 
We have presented the model to be a univariate autoregression with a 
moving-average disturbance process. However, it can also be cast in terms 
of an autoregression in the disturbances. For instance, the ARIMA(1,0,1) 
can be written as 

 
which is equivalent to the structural equation and ARMA(1,1) disturbance 
process: 

 
yt =  + _t 
_t = __t1 + _"t1 + "t 
 
This latter specification is more general, in that we can write the structural 
equation, replacing ϒ with Xβ, which defines a linear regression model with 
ARMA(p; q) errors. This framework is sometimes termed ARMA-X or 
ARMAX, and generalizes the model often applied to regression with AR(1) 
errors (e.g., prais in Stata). Estimation of ARIMA models is performed by 
maximum likelihood 
using the Kalman filter, as any model containing a moving average 
component requires nonlinear estimation techniques. Convergence can be 
problematic for models with a large q. The default VCE for ARIMA 
estimates is the outer product of gradients (OPG) estimator devised by 
Berndt, Hall, Hall and Hausman (BHHH), 
which has been shown to be more numerically stable for recursive 
computations such as the Kalman filter. 
 
Once a time series has been rendered stationary by differencing, the 
choice of p and q may be made by examining two time-domain constructs: 
the autocorrelation function (ACF) and the partial autcorrelation function 
(PACF). Use of these functions requires that the estimated model is both 
stationary and invertible: that is, that the model may be transformed by 
premultiplying by the inverse of the B(L) polynomial, rendering it as a 

 For that representation to exist, the characteristic roots of the 
B(L) polynomial must lie outside the unit circle. In a MA(1), this condition 
requires that lθl < 1. The principle of parsimony recommends that a model 
with fewer parameters is to be preferred, and information criteria such as 
the AIC and BIC penalize less parsimonious specifications. 
 
Following estimation of an ARIMA(p,d,q) model, you should check to see 
that residuals are serially uncorrelated, via their own ACF and PACF and 
the Ljung–Box–Pierce Q statistic (wntestq). It may also be useful to fit the 
model over a subset of the available data and examine how well it 
performs on the full data set. As the object of ARIMA modeling is often 
forecasting, you may want to apply a forecast accuracy criterion to 
compare the quality of forecasts of competing models. Diebold and 
Mariano (JBES, 1995) developed a test for that purpose, relaxing some of 
the assumptions of the earlier Granger–Newbold (JRSS-B, 1976) test. That 
routine is available from SSC as dmariano. It allows you to compare two ex 
post forecasts in terms of mean squared error, mean absolute error, and 
mean absolute prediction error. 
 
Stata’s capabilities to estimate ARIMA or ‘Box–Jenkins’ models are 
implemented by the arima command. These modeling tools include both 
the traditional ARIMA(p; d; q) framework as well as multiplicative seasonal 
ARIMA components for a univariate time series model. The arima 
command also implements ARMAX models: that is, regression equations 
with ARMA errors. In both the ARIMA and ARMAX contexts, the arima 
command implements dynamic forecasts, where successive forecasts are 
based on their own predecessors, rather  than being one-step-ahead 
(static) forecasts. 
 
To illustrate, we fit an ARIMA(p,d,q) model to the US consumer price index 
(CPI): 
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In this example, we use the arima(p, d, q) option to specify the model. The 
ar( ) and ma( ) options may also be used separately, in which case a 
numlist of lags to be included is specified. Differencing is then applied to 
the dependent variable using the D. operator. For example:  

 
 
Several prediction options are available after estimating an arima model. 
The default option, xb, predicts the actual dependent variable: so if D.cpi is 
the dependent variable, predictions are made for that variable. In contrast, 
the y option generates predictions of the original variable, in this case cpi. 
The mse option calculates the mean squared error of predictions, while 
yresiduals are computed in terms of the original variable. 
 
We recall the estimates from the first model fitted, and calculate 
predictions for the actual dependent variable, ΔCPI:  
 

 

 
 
We can see that the predictions are becoming increasingly volatile in 
recent years. We may also compute predicted values and residuals for the 
level of CPI: 

 
 

 
 
We now illustrate the estimation of an ARMAX model of Δcpi as a function 
of Δoilprice with ARMA(1; 1) errors. The estimation sample  runs through 
2008q4. 
 

 
 
We compute static (one-period-ahead) ex ante forecasts and dynamic 
(multi-period-ahead) ex ante forecasts for 2009q1–2010q3. In specifying 
the dynamic forecast, the dynamic( ) option indicates the period in which 
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references to y should first evaluate to the prediction of  the model rather 
than historical values. In all prior periods, references to y are to the actual 
data. 
 

 

 
 
ARFIMA models 
In estimating an ARIMA model, the researcher chooses the integer order 
of differencing d to ensure that the resulting series (1-L)dyt is a stationary 
process. As unit root tests often lack the power to distinguish between a 
truly nonstationary (I(1)) series and a stationary series embodying a 
structural break or shift, time series are often first-differenced if they do 
not receive a clean bill of health from unit root testing. Many time series 
exhibit too much long-range dependence to be classified as I(0) but are not 
I(1). The ARFIMA model is designed to represent these series. 
 
This problem is exacerbated by reliance on Dickey–Fuller style tests, 
including the improved Elliott–Rothenberg–Stock (Econometrica, 1996, 
dfgls) test, which have I(1) as the null hypothesis and I(0) as the 
alternative. For that reason, it is a good idea to also employ a test with the 
alternative null hypothesis of stationarity (I(0)) such as the Kwiatkowski–
Phillips–Schmidt–Shin (J. Econometrics, 1992, kpss) test to see if its verdict 
agrees with that of the Dickey–Fuller style test. The KPSS test, with a null 
hypothesis  of I(0), is also useful in the context of the ARFIMA model we 
now consider. This model allows for the series to be fractionally 
integrated, generalizing the ARIMA model’s 
integer order of integration to allow the d parameter to take on fractional 
values, -0:5 < d < 0:5. 
 
The concept of fractional integration is often referred to as defining a time 
series with long-range dependence, or long memory. Any pure ARIMA 
stationary time series can be considered a short memory series. An AR(p) 
model has infinite memory, as all past values of "t are embedded in yt , but 
the effect of past values of the disturbance process follows a geometric 
lag, damping off to near-zero values quickly. A MA(q) model has a memory 
of exactly q periods, so that the effect of the moving average component 
quickly dies off. 
 
The model of an autoregressive fractionally integrated moving average 
process of a timeseries of order (p; d; q), denoted by ARFIMA (p; d; q), 
with mean _, may be written using operator notation as 

 

 
 

with  denoting the gamma (generalized factorial) function. T he 
parameter d is allowed to assume any real value. 
 
The arbitrary restriction of d to integer values gives rise to the standard 
autoregressive integrated moving average (ARIMA) model. The stochastic 
process yt is both stationary and invertible if all roots of φL) and _(L) lie 
outside the unit circle and jdj < 0:5. The process is nonstationary for d> 
0:5, as it possesses infinite variance; see Granger and Joyeux (JTSA, 1980). 
 

The process exhibits short memory for d = 0, corresponding to stationary 
and invertible ARMA modeling. For d 2 [0:5; 1) the process is mean 
reverting, even though it is not covariance stationary, as there is no long-
run impact of an innovation on future values of the process. If a series 
exhibits long memory, it is neither stationary (I(0)) nor is it a unit root (I(1)) 
process; it is an I(d) process, with d a real number. A series exhibiting long 
memory, or persistence, has an autocorrelation function that damps 
hyperbolically, more slowly than the geometric damping exhibited by 
“short memory” (ARMA) processes. Thus, it may be predictable at long 
horizons. An excellent survey of long memory models—which originated in 
hydrology, and have been widely applied in economics and finance–is 
given by Baillie (J. Econometrics, 1996). 
 
There are two approaches to the estimation of an ARFIMA (p; d; q) model: 
exact maximum likelihood estimation, as proposed by Sowell (1992), and 
semiparametric approaches. Sowell’s approach requires specification of 
the p and q values, and estimation of the full ARFIMA model conditional 
on those choices. This involves the challenge of choosing an appropriate 
ARMA specification. We first describe semiparametric methods, in which 
we assume that the “short memory” or ARMA components of the 
timeseries are relatively unimportant, so that the long memory parameter 
d may be estimated without fully specifying the data generating process. 
 
The Lo Modified Rescaled Range estimator2 
The Stata routine lomodrs performs Lo’s (Econometrica, 1991) modified 
rescaled range (R/S, “range over standard deviation”) test for long range 
dependence of a time series. The classical R/S statistic, devised by Hurst 
(1951) and Mandelbrot (AESM, 1972), is the range of the partial sums of 
deviations of a timeseries from its mean, rescaled by its standard 
deviation. For a sample of n values (x1; x2.... xn) 

 
where sn is the maximum likelihood estimator of the standard deviation of 
x: 
 
The first bracketed term is the maximum of the partial sums of the first k 
deviations of xj from the full-sample mean, which is nonnegative. The 
second bracketed term is the corresponding minimum, which is 
nonpositive. The difference of these two quantities is thus nonnegative, so 
that Qn > 0: Empirical studies have demonstrated that the R/S statistic has 
the ability to detect long-range dependence in the data. 
 
Like many other estimators of long-range dependence, though, the R/S 
statistic has been shown to be excessively sensitive to “short-range 
dependence,” or short memory, features of the data. Lo (1991) shows that 
a sizable AR(1) component in the data generating process will seriously 
bias the R/S statistic. He modifies the R/S statistic to account for the effect 
of short-range dependence by 
applying a “Newey–West” correction (using a Bartlett window) to derive a 
consistent estimate of the long-range variance of the timeseries.  
 
For maxlag> 0; the denominator of the statistic is computed as the 
Newey–West estimate of the long run variance of the series. If maxlag is 
set to zero, the test performed is the classical Hurst–Mandelbrot rescaled-
range statistic. Critical values for the test are taken from Lo, 1991, Table II. 
Inference from the modified R/S test for long range dependence is 
complementary to that derived from that of other tests for long memory, 
or fractional integration in a timeseries, such as kpss, gphudak, modlpr and 
roblpr. 
 
The Geweke–Porter-Hudak log periodogram regression (LPR) estimator 
The Stata command gphudak (Baum and Wiggins, Stata Tech. Bull., 2000) 
performs the Geweke and Porter-Hudak (JTSA, 1983) semiparametric log 
periodogram regression, often described as the “GPH test,” for long 
memory (fractional integration) in a timeseries. The GPH method uses 
nonparametric methods—a spectral regression estimator—to evaluate d 
without explicit specification of the “short memory” (ARMA) parameters 
of the series. The series is usually differenced so that the resulting d 
estimate will fall in the [-0.5, 0.5] 
interval. 
 
Geweke and Porter-Hudak (1983) proposed a semiparametric procedure 
to obtain an estimate of the memory parameter d of a fractionally 
integrated process Xt in a model of the form 

 
where Єt is stationary with zero mean and continuous spectral density 

  
 
The estimate ^d is obtained from the application of ordinary least squares 
to 
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Various authors have proposed methods for the choice of m, the number 
of Fourier frequencies included in the regression. The regression slope 
estimate is an estimate of the slope of the series’ power spectrum in the 
vicinity of the zero frequency; if too few ordinates are included, the slope 
is calculated from a small sample. If too many are included, medium and 
high-frequency components of the spectrum will contaminate the 

estimate. A choice of   or power = 0.5 is often employed. 
 
To evaluate the robustness of the GPH estimate, a range of power values 
(from 0.40–0.75) is commonly calculated as well. Two estimates of the d 
coefficient’s standard error are commonly employed: the regression 
standard error, giving rise to a standard t-test, and an asymptotic standard 

error, based upon the theoretical variance of the log periodogram of  
6 . The statistic based upon that standard error has a standard normal 
distribution under the null. 
 
The Phillips Modified GPH log periodogram regression estimator  
The Stata routine modlpr (Baum and Wiggins, Stata Tech. Bull., 2000) 
computes a modified form of the GPH estimate of the long memory 
parameter, d, of a timeseries, proposed by Phillips (Cowles, 1999a, 1999b). 
Phillips (1999a) points out that the prior literature on this semiparametric 
approach does not address the case of d = 1; or a unit root, in (6), despite 
the broad interest in determining whether a series exhibits unit-root 
behavior or long memory behavior, and his 
work showing that the ^d estimate of (7) is inconsistent when d > 1; with 
^d exhibiting asymptotic bias toward unity.  
 
This weakness of the GPH estimator is solved by Phillips’ Modified Log 
Periodogram Regression estimator, in which the dependent variable is 
modified to reflect the distribution of d under the null hypothesis that d = 
1. The estimator gives rise to a test statistic for d = 1 which is a standard 
normal variate under the null. Phillips suggests that deterministic trends 
should be removed from the series before application of the estimator. 
Accordingly, the routine will 
automatically remove a linear trend from the series. This may be 
suppressed with the notrend option. The comments above regarding 
power apply equally to modlpr. 
 
Phillips’ (1999b) modification of the GPH estimator is based on an exact 
representation of the dft in the unit root case. The modification 

 
 
and the modified dft as 

 

 
Phillips proves that, with appropriate assumptions on the distribution of Єt 
; the distribution of ~d follows 

 
 
so that ~d has the same limiting distribution at d = 1 as does the GPH 
estimator in the stationary case so that ~d is consistent for values of d 
around unity. A semiparametric test statistic for a unit root against a 
fractional alternative is then based upon the statistic (1999a, p.10): 

 
with critical values from the standard normal distribution. This test is 
consistent against both d < 1 and d > 1 fractional alternatives. 
 
Robinson’s Log Periodogram Regression estimator 
The Stata routine roblpr (Baum and Wiggins, Stata Tech. Bull., 2000) 
computes the Robinson (Ann. Stat.,1995) multivariate semiparametric 
estimate of the long memory (fractional integration) parameters, d(g), of a 

set of G timeseries, y(g), g = 1;G with G  1. When applied to a set of 
timeseries, the d(g) parameter for each 
series is estimated from a single log-periodogram regression which allows 
the intercept and slope to differ for each series. 
 
ARFIMA models Semiparametric estimators for I(d) series One of the 
innovations of Robinson’s estimator is that it is not restricted to using a 
small fraction of the ordinates of the empirical periodogram of the series: 
that is, the reasonable values of power need not exclude a sizable fraction 
of the original sample size. The estimator also allows for the removal of 
one or more initial ordinates, and for the averaging of the periodogram 
over adjacent frequencies. The rationales for using non-default values of 
either of these options are presented in Robinson (1995). 
 
Robinson (1995) proposes an alternative log-periodogram regression 
estimator which he claims provides “modestly superior asymptotic 
efficiency to _d (0)” (_d (0) being the Geweke and Porter-Hudak estimator) 
(1995, p.1052). Importantly, Robinson’s formulation of the log-
periodogram regression also allows for the formulation of a multivariate 
model, providing justification for tests that different time series share a 
common differencing parameter. Normality of the underlying time series is 
assumed, but Robinson claims that other conditions underlying his 
derivation are milder than those conjectured by GPH. 
 

 

 
Standard errors for dg and for a test of the restriction that two or more of 
the dg are equal may be derived from the estimated covariance matrix of 
the least squares coefficients. The standard errors for the estimated 
parameters are derived from a pooled estimate of the variance in the 
multivariate case, so that their interval estimates differ from those of their 
univariate counterparts. Modifications to this derivation when the 
frequency-averaging (j) or omission of initial frequencies (l) options are 
selected may be found in Robinson (1995). 
 
 
Maximum likelihood estimators of ARFIMA models 
The official Stata command arfima implements the full maximum 
likelihood estimation of the ARFIMA(p,d,q) model, as proposed by Sowell 
(J. Econometrics, 1992). The ARFIMA model has the d parameter to handle 
long-run dependence and ARMA parameters to handle short-run 
dependence. Sowell has argued that using different parameters for 
different types of dependence facilitates estimation and interpretation. 
 
The ARFIMA model specifies that 

 
After estimation, the short-run effects are obtained by setting d = 0, and 
describe the behavior of the fractionally differenced process (1 - L)dyt . The 
long-run effects use the estimated value of d, and describe the behavior of 
the fractionally integrated yt . Granger and Joyeux (1980) motivate 
ARFIMA models by noting that their implied spectral densities for d > 0 are 
finite except at frequency 0, whereas stationary ARMA models have finite 
spectral densities at 
all frequencies. The ARFIMA model is able to capture the long-range 
dependence, which cannot be expressed by stationary ARMA models. 
 
lomodrs and classical rescaled range estimators 
Data from Terence Mills’ Econometric Analysis of Financial Time Series on 
returns from the annual S&P 500 index of stock prices, 1871-1997, are 
analyzed 
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For the full sample, the null of stationarity may be rejected at 95% using 
either the Lo modified R/S statistic or the classic Hurst–Mandelbrot 
statistic. For the postwar data, the null may not be rejected at any level of 
significance. Long-range dependence, if present in this series, seems to be 
contributed by pre-World War II behavior of the stock price series. 
 
 
 
GPH, Phillips modlpr, Robinson roblpr 
Data from Terence Mills’ Econometric Analysis of Financial Time Series on 
UK FTA All Share stock returns (ftaret) and dividends (ftadiv) are analyzed. 
 

 

 

 
 
The GPH test, applied to the stock returns series, generates estimates of 
the long memory parameter that cannot reject the null at the ten percent 
level using the t-test. Phillips’ modified LPR, applied to this series, finds 
that d = 1 can be 
rejected for all powers tested, while d = 0 (stationarity) may be rejected at 
the ten percent level for powers 0.6, 0.7, and 0.75. Robinson’s estimate for 
the returns series alone is quite precise. Robinson’s multivariate test, 
applied to the price and dividends series, finds that each series has d > 0. 
The test that they share the same d cannot be rejected. Accordingly, the 
test is applied to all three series subject to the constraint that price and 
dividends series have a common d, yielding a more precise estimate of the 
difference in d parameters between those series and the stock returns 
series. 
 
Sowell MLE ARFIMA 
We model the log of the monthly level of CO above Mauna Loa, Hawaii, 
removing seasonal effects by using the twelfth seasonal difference (S12. in 
Stata parlance) of that series. We first consider an ARMA model with a first 
lag in the AR polynomial and the second lag in the MA polynomial. 
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All parameters are statistically significant, and indicate a high degree of 
dependence. This model is nested within the ARFIMA model: 

 
 
Here, too, all parameters are significant at the five percent level. The 
estimate of d, 0.404, is far from zero, indicating the presence of long-range 
dependence. We can compare the models’ ability to capture the dynamics 
of the series by computing their implied spectral densities over (0; π). For a 
stationary time series, the spectral density describes the relative 
importance of components at different frequencies. The integral of the 
spectral density over (_; _) is the variance of the time series. We can also 
compute the implied spectral density of the ARFIMA model, setting d to 
zero to compute the short-run estimates. The 
long-run estimates have infinite density at frequency zero.  
 
All parameters are statistically significant, and indicate a high degree of 
dependence. This model is nested within the ARFIMA model: 

 

 
 
 
The two models imply different spectral densities for frequencies close to 
zero when d > 0. The spectral density of the ARMA model remains finite, 
but is pulled upward by the model’s attempt to capture long-range 
dependence. The short-run ARFIMA parameters can capture both low-
frequency and high-frequency components in the spectral density. In 
contrast, the ARMA model confounds the long-run and short-run effects. 
The added flexibility of the ARFIMA model, with a separate parameter to 
capture long-run dependence, is evident in these 
estimates. Although we have not illustrated it here, arfima may also fit 
‘ARFIMA-X’ models with additional exogenous regressors. 
 
 
MANUAL TIME SERIES UNTUK STATA 
 
 
Data management tools and timeseries operators 
Because time-series estimators are, by definition, a function of the 
temporal ordering of the observations in the estimation sample, Stata’s 
time-series commands require the data to be sorted and indexed by time, 
using the tsset command, before they can be used. tsset is simply a way 
for you to tell Stata which variable in your dataset represents time; tsset 
then sorts and indexes the data appropriately for use with the time-series 
commands. Once your dataset has been tsset, you can use Stata’s time-
series operators in data manipulation or programming using that dataset 
and when specifying the syntax for most time-series commands. Stata has 
time-series operators for representing the lags, leads, differences, and 
seasonal differences of a variable. The time-series operators are 
documented in [TS] tsset. 
 
You can also define a business-day calendar so that Stata’s time-series 
operators respect the structure of missing observations in your data. The 
most common example is having Monday come after Friday in market 
data. [D] datetime business calendars provides a discussion and examples. 
 
tsset can also be used to declare that your dataset contains cross-sectional 
time-series data, often referred to as panel data. When you use tsset to 
declare your dataset to contain panel data, you specify a variable that 
identifies the panels and a variable that identifies the time periods. Once 
your dataset has been tsset as panel data, the time-series operators work 
appropriately for the data. tsfill, which is documented in [TS] tsfill, can be 
used after tsset to fill in missing times with missing observations. tsset will 
report any gaps in your data, and tsreport will provide more details about 
the gaps. tsappend adds observations to a time-series dataset by using the 
information set by tsset. This function can be particularly useful when you 
wish to predict out of sample after fitting a model with a time-series 
estimator. tsrevar is a programmer’s command that provides a way to use 
varlists that contain time-series operators with commands that do not 
otherwise support time-series operators. 
 
rolling performs rolling regressions, recursive regressions, and reverse 
recursive regressions. Any command that stores results in e() or r() can be 
used with rolling.  
 
Univariate time series 
 
Estimators 
The six univariate time-series estimators currently available in Stata are 
arfima, arima, arch, newey, prais, and ucm. newey and prais are really just 
extensions to ordinary linear regression. When you fit a linear regression 
on time-series data via ordinary least squares (OLS), if the disturbances are 
autocorrelated, the parameter estimates are usually consistent, but the 
estimated standard errors 
tend to be underestimated. Several estimators have been developed to 
deal with this problem. One strategy is to use OLS for estimating the 
regression parameters and use a different estimator for the variances, one 
that is consistent in the presence of autocorrelated disturbances, such as 
the Newey–West estimator implemented in newey. Another strategy is to 
model the dynamics of the disturbances. The estimators found in prais, 
arima, arch, arfima, and ucm are based on such a strategy.  
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prais implements two such estimators: the Prais–Winsten and the 
Cochrane–Orcutt generalized least-squares (GLS) estimators. These 
estimators are GLS estimators, but they are fairly restrictive in that they 
permit only first-order autocorrelation in the disturbances. Although they 
have certain pedagogical and historical value, they are somewhat 
obsolete. Faster computers with more memory commands have made it 
possible to implement full information maximum likelihood (FIML) 
estimators, such as Stata’s arima command. These estimators permit much 
greater flexibility when modeling the disturbances and are more efficient 
estimators.  
 

• arima provides the means to fit linear models with 
autoregressive moving-average (ARMA) disturbances, or in the 
absence of linear predictors, autoregressive integrated moving-
average (ARIMA) models. This means that, whether you think 
that your data are best represented as a distributed-lag model, 
a transfer-function model, or a stochastic difference equation, 
or you simply wish to apply a Box–Jenkins filter to your data, 
the model can be fit using arima. arch, a conditional maximum 
likelihood estimator, has similar modeling capabilities for the 
mean of the time series but can also model autoregressive 
conditional heteroskedasticity in the disturbances with a wide 
variety of specifications for the variance equation. 

 
• arfima estimates the parameters of autoregressive fractionally 

integrated moving-average (ARFIMA) models, which handle 
higher degrees of dependence than ARIMA models. ARFIMA 
models allow the autocorrelations to decay at the slower 
hyperbolic rate, whereas ARIMA models handle processes 
whose autocorrelations decay at an exponential rate. 

 
Unobserved-components models (UCMs) decompose a time series into 
trend, seasonal, cyclical, and idiosyncratic components and allow for 
exogenous variables. ucm estimates the parameters of UCMs by maximum 
likelihood. UCMs can also model the stationary cyclical component using 
the stochastic-cycle parameterization that has an intuitive frequency-
domain interpretation. 
 
Timeseries smoothers and filters 
In addition to the estimators mentioned above, Stata also provides time-
series filters and smoothers. The Baxter–King and Christiano–Fitzgerald 
band-pass filters and the Butterworth and Hodrick–Prescott high-pass 
filters are implemented in tsfilter; see [TS] tsfilter for an overview. Also 
included are a simple, uniformly weighted, moving-average filter with unit 
weights; a weighted moving-average filter in which you can specify the 
weights; single- and double-exponential smoothers; Holt–Winters seasonal 
and nonseasonal smoothers; and a nonlinear smoother. Most of these 
smoothers were originally developed as ad hoc procedures and are used 
for reducing the noise in a time series (smoothing) or forecasting. 
Although they have limited application for signal extraction, 
these smoothers have all been found to be optimal for some underlying 
modern time-series models; see [TS] tssmooth. 
 
Diagnostic tools 
Stata’s time-series commands also include several preestimation and 
postestimation diagnostic and interpretation commands. corrgram 
estimates the autocorrelation function and partial autocorrelation 
function of a univariate time series, as well as Q statistics. These functions 
and statistics are often used 
to determine the appropriate model specification before fitting ARIMA 
models. corrgram can also be used with wntestb and wntestq to examine 
the residuals after fitting a model for evidence of model misspecification. 
Stata’s time-series commands also include the commands pergram and 
cumsp, which provide the log-standardized periodogram and the 
cumulative-sample spectral distribution, 
respectively, for time-series analysts who prefer to estimate in the 
frequency domain rather than the time domain. 
 
psdensity computes the spectral density implied by the parameters 
estimated by arfima, arima, or ucm. The estimated spectral density shows 
the relative importance of components at different frequencies. estat 
acplot computes the autocorrelation and autocovariance functions implied 
by the parameters estimated by arima. These functions provide a measure 
of the dependence structure in the time domain. 
 
xcorr estimates the cross-correlogram for bivariate time series and can 
similarly be used for both preestimation and postestimation. For example, 
the cross-correlogram can be used before fitting a transfer-function model 
to produce initial estimates of the IRF. This estimate can then be used to 
determine the optimal lag length of the input series to include in the 
model specification. It can 
also be used as a postestimation tool after fitting a transfer function. The 
cross-correlogram between the residual from a transfer-function model 
and the prewhitened input series of the model can be examined for 
evidence of model misspecification. 
 
When you fit ARMA or ARIMA models, the dependent variable being 
modeled must be covariance stationary (ARMA models), or the order of 
integration must be known (ARIMA models). Stata has three commands 
that can test for the presence of a unit root in a time-series variable: 
dfuller performs the augmented Dickey–Fuller test, pperron performs the 
Phillips–Perron test, and dfgls performs 
a modified Dickey–Fuller test. arfima can also be used to investigate the 
order of integration. After estimation, you can use estat aroots to check 

the stationarity of an ARMA process. The remaining diagnostic tools for 
univariate time series are for use after fitting a linear model via OLS with 
Stata’s regress command. They are documented collectively in [R] regress 
postestimation time series. They include estat dwatson, estat durbinalt, 
estat bgodfrey, and estat archlm. estat dwatson computes the Durbin–
Watson d statistic to test for the presence of firstorder autocorrelation in 
the OLS residuals. estat durbinalt likewise tests for the presence of 
autocorrelation in the residuals. By comparison, however, Durbin’s 
alternative test is more general and easier to use than the Durbin–Watson 
test. With estat durbinalt, you can test for higher orders of 
autocorrelation, the assumption that the covariates in the model are 
strictly exogenous is relaxed, and there is no need to consult tables to 
compute rejection regions, as you must with the Durbin–Watson test. 
estat bgodfrey computes the Breusch–Godfrey test for autocorrelation in 
the residuals, and although the computations are different, the test in 
estat bgodfrey is asymptotically equivalent to the test in estat durbinalt. 
Finally, estat archlm performs Engle’s LM test for the presence of 
autoregressive conditional heteroskedasticity. 
 
Multivariate time series 
 
Estimators 
Stata provides commands for fitting the most widely applied multivariate 
time-series models. Var and svar fit vector autoregressive and structural 
vector autoregressive models to stationary data. Vec fits cointegrating 
vector error-correction models. dfactor fits dynamic-factor models. 
mgarch ccc, mgarch dcc, mgarch dvech, and mgarch vcc fit multivariate 
GARCH models. sspace fits state-space models. Many linear time-series 
models, including vector autoregressive moving-average (VARMA) models 
and structural time-series models, can be cast as state-space models and 
fit by sspace. 
 
Diagnostic tools 
Before fitting a multivariate time-series model, you must specify the 
number of lags of the dependent variable to include. varsoc produces 
statistics for determining the order of a VAR or VECM. Several 
postestimation commands perform the most common specification 
analysis on a previously fitted VAR or SVAR. You can use varlmar to check 
for serial correlation in the residuals, varnorm to test the null hypothesis 
that the disturbances come from a multivariate normal distribution, and 
varstable to see if the fitted VAR or SVAR is stable. Two common types of 
inference about VAR models are whether one variable Granger-causes 
another and whether a set of lags can be excluded 
from the model. vargranger reports Wald tests of Granger causation, and 
varwle reports Wald lag exclusion tests. 
 
Similarly, several postestimation commands perform the most common 
specification analysis on a previously fitted VECM. You can use veclmar to 
check for serial correlation in the residuals, vecnorm to test the null 
hypothesis that the disturbances come from a multivariate normal 
distribution, and vecstable to analyze the stability of the previously fitted 
VECM. VARs and VECMs are often fit to produce baseline forecasts. fcast 
produces dynamic forecasts from previously fitted VARs and VECMs. Many 
researchers fit VARs, SVARs, and VECMs because they want to analyze how 
unexpected shocks affect the dynamic paths of the variables. Stata has a 
suite of irf commands for estimating IRF functions and interpreting, 
presenting, and managing these estimates; see [TS] irf. 
 
Forecasting models 
Stata provides a set of commands for obtaining forecasts by solving 
models, collections of equations that jointly determine the outcomes of 
one or more variables. You use Stata estimation commands such as 
regress, reg3, var, and vec to fit stochastic equations and store the results 
using estimates store. Then you create a forecast model using forecast 
create and use commands, including 
forecast estimates and forecast identity, to build models consisting of 
estimation results, nonstochastic relationships (identities), and other 
model features. Models can be as simple as a single linear regression for 
which you want to obtain dynamic forecasts, or they can be complicated 
systems consisting of dozens of estimation results and identities 
representing a complete macroeconometric model. 
 
The forecast solve command allows you to obtain both stochastic and 
dynamic forecasts. Confidence intervals for forecasts can be obtained via 
stochastic simulation incorporating both parameter uncertainty and 
additive random shocks. By using forecast adjust, you can incorporate 
outside information and specify different paths for some of the model’s 
variables to obtain forecasts 
under alternative scenarios. 
 
See the manuals here : http://www.princeton.edu/~otorres/TS101.pdf 
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Introduction 
Many economic time series are trending.  Important to distinguish 
between two important cases: 
 

1. A stationary process with a deterministic trend: Shocks have 
transitory effects. 

2. A process with a stochastic trend or a unit root: Shocks have 
permanent effects. 

 
 Why are unit roots important? 
(1) Interesting to know if shocks have permanent or transitory effects. 
(2) It is important for forecasting to know if the process has an attractor. 
(3) Stationarity was required to get a LLN and a CLT to hold. 
 
For unit root processes, many asymptotic distributions change! 
Later we look at regressions involving unit root processes: spurious 
regression 
and cointegration. 
 
Trend Stationarity 
 Consider a stationary AR(1) model with a deterministic linear trend term: 
 
Yt = θYt−1 + δ + γt + t, t = 1, 2, ..., T, (∗) 
 
where |θ| < 1, and Y0 is an initial value. 
 
The solution for Yt (MA-representation) has the form 

 
 
Note that the mean, 

 
 
contains a linear trend, while the variance is constant: 

 
V [Yt] = V [t + θt−1 + θ2t−2 + ...] = σ2 + θ2σ2 + θ4σ2 + ... = 
 
The original process, Yt, is not stationary. The deviation from the mean, 
 
yt = Yt − E[Yt] = Yt − μ − μ1t 
 
is a stationary process. The process Yt is called trend-stationary.  The 
stochastic part of the process is stationary and shocks have transitory 
effects We say that the process is mean reverting. Also, we say that the 
process has an attractor, namely the mean, μ + μ1t.  We can analyze 
deviations from the mean, yt. 
From the Frisch-Waugh theorem this is the same as a regression including 
a trend. 
 
Shock to a Trend-Stationarity Process 
 

 
 
Unit Root Processes 
Consider the AR(1) model with a unit root, θ = 1 :  
 

 
where Y0 is the initial value. 
 
Note that z = 1 is a root in the autoregressive polynomial, θ(L) = (1 − L).  
θ(L) is not invertible and Yt is non-stationary.  The process ΔYt is 
stationary. We denote Yt a difference stationary process.  If ΔYt is 
stationary while Yt is not, Yt is called integrated of first order, I(1). A 
process is integrated of order d, I(d), if it contains d unit roots. 
 
The solution for Yt is given by 

 
 
with moments 

 
XIII. NON-STATIONARY TIME SERIES, 
UNIT ROOT TESTS,DAN ANALISA 
KOINTEGRASI (SPURRIOUS REGRESSION)  
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Remarks: 

1. The effect of the initial value, Y0, stays in the process. 
2. The innovations, εt, are accumulated to a random walk, This is 

denoted a stochastic trend. Note that shocks have permanent 
effects. 

3. The constant δ is accumulated to a linear trend in Yt. The 
process in (∗∗) is denoted a random walk with drift. 

4. The variance of Yt grows with t. 
5. The process has no attractor. 

 
Shock to a Unit Root Process 

 
 
Unit Root Tests 
A good way to think about unit root tests:  
 
We compare two relevant models: H0 and HA. 
(1) What are the properties of the two models? 
(2) Do they adequately describe the data? 
(3) Which one is the null hypothesis? 
 
Consider two alternative test: 
(1) Dickey-Fuller test: H0 is a unit root, HA is stationarity. 
(2) KPSS test: H0 is stationarity, HA is a unit root. 
 
Often difficult to distinguish in practice (Unit root tests have low power). 
Many economic time series are persistent, but is the root 0.95 or 1.0? 
 
The Dickey-Fuller (DF) Test 
• Idea: Set up an autoregressive model for yt and test if θ(1) = 0. 
 
Consider the AR(1) regression model 

 
 
The unit root null hypothesis against the stationary alternative 
corresponds to 
 
H0 : θ = 1 against HA : θ < 1. 
 
Alternatively, the model can be formulated as 

 
 
where π = θ − 1 = θ(1). The unit root hypothesis translates into 
 
H0 : π = 0 against HA : π < 0. 
 
The Dickey-Fuller (DF) test is simply the t− test for H0 : 

 
 
The asymptotic distribution of bτ is not normal! 
The distribution depends on the deterministic components. 
In the simple case, the 5% critical value (one-sided) is −1.95 and not −1.65. 
 
 
Remarks: 

1. The distribution only holds if the errors t are IID (check that!) 
If autocorrelation, allow more lags. 

2. In most cases, MA components are approximated by AR lags. 
The distribution for the test of θ(1) = 0 also holds in an ARMA 
model. 

 
Augmented Dickey-Fuller (ADF) test 
The DF test is extended to an AR(p) model. Consider an AR(3): 

 
 
 The hypothesis θ(1) = 0 again corresponds to 
H0 : π = 0 against HA : π < 0. 
The t−test for H0 is denoted the augmented Dickey-Fuller (ADF) test. 
 
To determine the number of lags, k, we can use the normal procedures. 
— General-to-specific testing: Start with kmax and delete insignificant lags. 
— Estimate possible models and use information criteria. 
— Make sure there is no autocorrelation. 
 
Verbeek suggests to calculate the DF test for all values of k. 

• This is a robustness check, but be careful! 
• Why would we look at tests based on inferior/misspecified 

models? 
 
An alternative to the ADF test is to correct the DF test for autocorrelation. 
Phillips-Perron non-parametric correction based on HAC standard errors. 
Quite complicated and likely to be inferior in small samples. 
 
Deterministic Terms in the DF Test 
The deterministic specification is important: 
— We want an adequate model for the data. 
— The deterministic specification changes the asymptotic distribution. 
 
 If the variable has a non-zero level, consider a regression model of the 
form 
 
ΔYt = πYt−1 + c1Δyt−1 + c2Δyt−2 + δ + t. 
 

The ADF test is the t−test,  
The critical value at a 5% level is −2.86. 
 
If the variable has a deterministic trend, consider a regression model of 
the form 

 
 
The DF Distributions 
 

 
 
 
 
 
 
Empirical Example: Danish Bond Rate 
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An AR(4) model gives 

 
 
Removing insignificant terms produce a model 

 
 
We can also test for a unit root in the first difference. Deleting insignificant 
terms we find a preferred model 

 
 
Here we safely reject the null hypothesis of a unit root (−7.49 << −2.89). 
 Based on the test we concluce that rt is non-stationary while Δrt is 
stationary. 
That is rt ∼I(1) 
 
A Note of Caution on Deterministic Terms 
 The way to think about the inclusion of deterministic terms is via the 
factor representation: 
 

 
which implies a common factor restriction. 
 
If θ = 1, then implicitly the constant should also be zero, i.e. 
 
δ = (1 − θ)μ = 0. 
 
The common factor is not imposed by the normal t−test. Consider  

 
 
The hypotheses 
 
H0 : θ = 1 against HA : θ < 1, 
 
imply 
 
HA : Yt = μ + stationary process 
H0 : Yt = Y0 + δt + stochastic trend. 
 
We compare a model with a linear trend against a model with a non-zero 
level! 
Potentially difficult to interpret.  A simple alternative is to consider the 
combined hypothesis 
 
H∗0 : π = δ = 0. 
 
The hypothesis H∗0 can be tested by running the two regressions 
 

 
 
and perform a likelihood ratio test 

 
 

 
 
where RSS0 and RSSA denote the residual sum of squares. The 5% critical 
value is 9.13. 
 
Same Point with a Trend 
 The same point could be made with a trend term 

 
Here, the common factor restriction implies that if π = 0 then γ = 0.  Since 
we do not impose the restriction under the null, the trend will accumulate. 
A quadratic trend is allowed under H0, but only a linear trend under HA.  A 
solution is to impose the combined hypothesis 
 
H∗0 : π = γ = 0. 
 
This is done by running the two regressions 

 
 
and perform a likelihood ratio test. The 5% critical value for this test is 
12.39. 
 
Special Events 
 Unit root tests assess whether shocks have transitory or permanent 
effects. 
The conclusions are sensitive to a few large shocks.  Consider a one-time 
change in the mean of the series, a so-called break. This is one large shock 
with a permanent effect. Even if the series is stationary, such that normal 
shocks have transitory effects, the presence of a break will make it look 
like the shocks have permanent effects. That may bias the conclusion 
towards a unit root.  Consider a few large outliers, i.e. a single strange 
observations. The series may look more mean reverting than it actually is. 
That may bias the results towards stationarity. 
 
A Reversed Test: KPSS 
Sometimes it is convenient to have stationarity as the null hypothesis.  
KPSS (Kwiatkowski, Phillips, Schmidt, and Shin) Test. • Assume there is no 
trend. The point of departure is a DGP of the form  
 
Yt = ξt + et, 
 
where et is stationary and ξt is a random walk, i.e. 
 

 

 
 
The test statistic is given by 

 

 
 
The regression in (∗) can be augmented with a linear trend. Critical values: 

 
 
Can be used for confirmatory analysis: 
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Spurious Regression and Simple Cointegration 
 

 
What does it really happen? 
 

 
 
 
Spurious Regression Problem (SPR): 
Regression of an integrated series on another unrelated integrated series 
produces t-ratios on the slope parameter which indicates a relationship 
much more often than they should at the nominal test level. This problem 
does not dissapear as the sample size is increased. The Spurious 
Regression Problem can appear with I(0) series too (see Granger, Hyung 
and Jeon (1998)). This is telling us that the problem is generated by using 
WRONG CRITICAL VALUES!!!! 
 
In a Spurious Regression the errors would be correlated and the standard 
t-statistic will be wrongly calculated because the variance of the errors is 
not consistently estimated. In the I(0) case the solution is: 
 

 
 
Maybe the same thing can be done to solve the SPR problem with I(1) 
variables. 
 
How do we detect a Spurious Regression (between I(1) series) ?  
Looking at the correlogram of the residuals and also by testing for a unit 
root on them. How do we convert a Spurious Regression into a valid 
regression? By taking differences. Does this solve the SPR problem? It 
solves the statistical problems but not the economic interpretation of the 
regression. Think that by taking differences we are loosing information and 
also that it is not the same information contained in a regression involving 
growth rates than in a regression involved the levels of the variables. 
 
Does it make sense a regression between two I(1) variables?  
Yes if the regression errors are I(0). Can this be possible? The same 
question asked David Hendry to Clive Granger time ago. Clive answered 
NO WAY!!!!! but he also said that he would think about. In the plane trip 
back home to San Diego, Clive thought about it and concluded that YES IT 
IS POSSIBLE. It is possible when both variables share the same source of 
the I(1)’ness (co-I(1)), when both variables move together in the long-run 
(co-move), ... when both variables are COINTEGRATED!!!! 
 
Some Cointegration Examples 
 
Example 1: Theory of Purchasing Power Parity (PPP) 
“Apart from transportation costs, good should sell for the same effective 
price in two countries” 
 

 
 
If the three variables are I(1) and zt is I(0) then the PPP theory is 
implying cointegrating between pt, st and p* 
t . 
Example 2: Present Value Models (PVM) 
 

 
 

 
 
If yt has a unit root and the PVM holds then Yt and yt will be cointegrated 
(see Campbell and Shiller (1987)  
 

 
 
Geometric Interpretation of Cointegration 
What is an ATTRACTOR? 
Consider the price (over time) of a commodity that is traded in two 
different locations i and j. 
 

 
 
The adjustment does not have to be instantaneous but eventually it jt p  
p Long-run equilibrium: this is a linear attractor. Shocks to the economy 
make us move out of the attractor. 
 
The concept of attractor is the concept of long-run equilibrium between 
two stochasic processes. We allow the two variables to diverge in the 
short-run; but in the long-run they have to converge to a common region 
denominated attractor region. In other words, if from now on there are 
not any shocks in the system, the two stochastic processes will converge 
together to a common attractor set. Question 1: Write in intuition terms 
two two economic examples where cointegration can be present. Explain 
why? Question 2: A drunk man leaving a bar follows a random walk. His 
dog also follows a random walk on its own. Then they go into a park where 
dogs are not allowed to be untied. Therefore the drunk man puts a strap 
on his dog and both enter into the park Will their paths be cointegrated? 
Why? 
 
Definition of Cointegration 
From an economic point of view we are interested on answering 
(1) Can we test for the existence of this attractor? 
(2) If it exists, how can be introduced into our econometric modelling? 
 
Some rules on linear combinations of I(0) and I(1) processes 
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Why Two Series Are Cointegrated? 
Consider the following construction 
 

 
The following linear combination 

 
so Xt ,Yt have a "common I(1) factor". 
Result 1. 
If two I(1) series have a common I(1) factor and idiosincratic I(0) 
components, then they are cointegrated. 
 
It can be proved that Result 1 is an IF and ONLY IF result. 
 
A Simple Test for Cointegration 
This test is due to Engle and Granger (1987).  Estimate the following 
regression model in levels .  

 
 
Perform an ADF test on the residuals: 
 

 
This means that the residuals have a unit root and therefore yt and xt are 
not cointegrated.  If the residuals are I(0) then yt and xt are cointegrated 
 
Error Correction Model 
 
Vector Error Correction Model(VECM) 
 
For a bivariate VAR, where are I(1) and cointegrated, 
 

 
 
Result 2. 
If are cointegrated, then exists an ECM representation. Cointegration is a 
necessary condition for ECM and viceversa (Granger Representation 
Theorem). 
 
Geometric intuition of the Error Correction Model 
 
Intuition on ECM 

 
 
Wherever the system goes at time t+1 , depends on the magnitude and 
sign of the disequilibrium error of the previous period t, at least. 
 
 Short-run dynamics: movements in the short run, modeled in the ECM, 
that guide the economy towards the  Long-run equilibrium  Y = AX 
 
Cointegration and Econometric Modelling 

1. Check the integration of  use the Dickey-Fuller tests  
2. Testing for cointegration between . Find the cointegrating relation. OLS 
regression (minimize the variance of residuals). 
 

 
 
Warning: we will be tempted to use the Dickey-Fuller tests but the test is 
based in residuals . We need a different set of critical values, as in Engle-
Granger (89) or McKinnon (90). 

 
 

 

 
Cointegration with more than two variables 
Example 1. 

 
 
Example 2. 

 
 
Example 3  
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Example 4. 

 
 
Cointegration: Testing and Estimation with more than two variables 
Two major advantages with respect to Engle-Granger procedure: 
(1) Testing for number of cointegrating vectors when N>2 
(2) Joint procedure: testing and maximum likelihood estimation of 
the vector error correction model and long run equilibrium relations. 
 
Framework 
Consider a VAR(p) 

 
 
We construct the vector error correction model transforming the VAR: 

 
 
Vector error correction model: 

 
 
A contains the cointegrating vectors 
B contains the coefficients of adjustments 
 
Example 5  
2 variables, 1 cointegrating vector 
 

 

H h 
 
Objective: 
Construct the likelihood function under the null and under the alternative, 
and construct a likelihood ratio-type test.  
 

 
 
Johansen’s algorithm to maximize the constrained likelihood is based on 
canonical correlation analysis. Likelihood ratio test has a non-standard 
distribution due to the  non-stationarity of the variables. 

 
 
 
 

 
 
 
Introduction 
In panel data, individuals (persons, _rms, cities, ... ) are observed at several 
points in time (days, years, before and after treatment, ...). This handout 
focuses on panels with relatively few time periods (small T) and many 
individuals (large N). This part will introduces the two basic models for the 
analysis of panel data, the fixed effects model and the random effects 
model, and presents consistent estimators for these two models. The 
handout does not cover so-called dynamic panel data models. Panel data 
are most useful when we suspect that the outcome variable depends on 
explanatory variables which are not observable but correlated with the 
observed explanatory variables. If such omitted variables are constant 
over time, panel data estimators allow to consistently estimate the effect 
of the observed explanatory variables. 
 
The Econometric Model 
Consider the multiple linear regression model for individual i = 1;.......N 
who is observed at several time periods t = 1;......; T 

 
 
where yit is the dependent variable, xit is a K-dimensional row vector of 
time-varying explanatory variables and zi is a M-dimensional row vector of 
time-invariant explanatory variables excluding the constant, ϒ is the 
intercept, _ is a K-dimensional column vector of parameters,  is a M-
dimensional column vector of parameters, ci is an individual-specific effect 
and uit is an idiosyncratic error term. 
 
We will assume throughout this part that each individual i is observed in all 
time periods t. This is a so-called balanced panel. The treatment of 
unbalanced panels is straightforward but tedious. The T observations for 
individual i can be summarized as 

 
and NT observations for all individuals and time periods as 

 
The data generation process (dgp) is described by: 
 
PL1: Linearity 

 
The model is linear in parameters α, β, ϒ effect ci and error uit. 
 
PL2: Independence 

 
 
The observations are independent across individuals but not necessarily 
across time. This is guaranteed by random sampling of individuals. 
 
PL3: Strict Exogeneity 

 
The idiosyncratic error term uit is assumed uncorrelated with the 
explanatory 
variables of all past, current and future time periods of the same 
individual. This is a strong assumption which e.g. rules out lagged 
dependent variables. PL3 also assumes that the idiosyncratic error is 
uncorrelated with the individual specifc effect. 
 
PL4: Error Variance 
 

 

 
XIV. PEMILIHAN MODEL DATA PANEL 
(POOLED LEAST SQUARES, FIXED 
EFFECT,DAN RANDOM EFFECT) 

 



 Masterbook of Business and Industry (MBI) 

  

Muhammad Firman   (University of Indonesia -  Accounting )                      77 

 

a) V [uijXi; zi; ci] = _2u 
 
The remaining assumptions are divided into two sets of assumptions: the 
random effects model and the fixed effects model. 
 
The Random Effects Model 
In the random effect model, the individual-specific effect is a random 
variable that is uncorrelated with the explanatory variables. 

 
RE1 assumes that the individual-specific effect is a random variable that 
is uncorrelated with the explanatory variables of all past, current and 
future time periods of the same individual. 
 

 
 
RE2a assumes constant variance of the individual specific effect. 
Panel Data: Fixed and Random Effect4 
 
RE3: Identifiability 

 
 
RE3 assumes that the regressors including a constant are not perfectly 
collinear, that all regressors (but the constant) have non-zero variance 
and not too many extreme values. . The random effectmodel can be 
written as 

 
 
where vit = ci+uit. Assuming PL2, PL4 and RE1 in the special versions PL4a 
and RE2a leads to 

 
 
The Fixed EffectModel 
In the fixed effectmodel, the individual-specific effect is a random variable 
that is allowed to be correlated with the explanatory variables. 
FE1: Related effects 
- 
FE1 explicitly states the absence of the unrelatedness assumption in RE1. 
 
FE2: Effect Variance 
FE2 explicitly states the absence of the assumption in RE2. 
 
FE3: Identifiability 

 
 
FE3 assumes that the time-varying explanatory variables are not perfectly 
collinear, that they have non-zero within-variance (i.e. variation over time 
for a given individual) and not too many extreme values. Hence, xit cannot 
include a constant or any time-invariant variables. Note that only the 
parameters β but neither α nor  ϒ are identifable in the fixed effect model. 
 
Estimation with Pooled OLS 
The pooled OLS estimator ignores the panel structure of the data and 
simply estimates α,β,ϒ  as 

 
where W = [LNT X Z] and LNT is a NT x 1 vector of ones. 
 
Random effect model : The pooled OLS estimator of α,β,ϒ  is unbiased  

under PL1, PL2, PL3, RE1, and RE3 in small samples. Additionally assuming 
PL4 and normally distributed idiosyncratic and individual specific errors, it 
is normally distributed in small samples. It is consistent and approximately 
normally distributed under PL1, PL2, PL3, PL4, RE1, and RE3a in samples 

with a large number of individuals  However, the pooled OLS 
estimator is not e_cient. More importantly, the usual standard errors of 
the pooled OLS estimator are incorrect and tests (t-, F-, z-, Wald-) based on 
them are not valid. Correct standard errors can be estimated with the so-
called cluster-robust covariance estimator treating each individual as a 
cluster (see the handout on \Clustering in the Linear Model"). 
 
Fixed effect model : The pooled OLS estimators of α,β,ϒ  are biased and 
inconsistent, because the variable ci is omitted and potentially correlated 
with the other regressors. 
 
Random Effect Estimation 
The random effectestimator is the feasible generalized least squares (GLS) 
estimator 

 
where W = [LNT X Z] and LNT is a NT x 1 vector of ones. 
 
The error covariance matrix Ωv is assumed block-diagonal with 
equicorrelated 
diagonal elements Ωvi as in section 2.1 which depend on the two unknown 

parameters  c only. There are many different ways to estimate 
these two parameters. For example, 

 
 
Random effect model : We cannot establish small sample properties for 
the RE estimator. The RE estimator is consistent and asymptotically 
normally distributed under PL1 - PL4, RE1, RE2 and RE3b when the number 

of individuals  even if T is fixed. It can therefore be approximated 
in samples with many individual observations N as 

 
 

 
 
 
Allowing for arbitrary conditional variances and for serial correlation in Ωvi 
(PL4c and RE2b), the asymptotic variance can be consistently estimated 
with the so-called cluster-robust covariance estimator treating each 
individual as a cluster (see the handout on \Clustering in the Linear 
Model"). In both cases, the usual tests (z-, Wald-) for large samples can be 
performed. In practice, we can rarely be sure about equicorrelated errors 
and better always use cluster-robust standard errors for the RE estimator. 
 
Fixed effect model : Under the assumptions of the fixed effect model (FE1, 
i.e. RE1 violated), the random effectestimators of α,β,ϒ  are biased and 
inconsistent, because the variable ci is omitted and potentially correlated 
with the other regressors. 
 
Fixed Effect  Estimation 

Subtracting time averages  from the initial model 

 

Where  
 
Yields the within model. 

 
Note that the individual-specific effect ci, the intercept α and the time-
invariant 
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regressors zi cancel. The FIxed effect estimator or within estimator of the 
slope coeFFcient β estimates the within model by OLS 

 
Note that the parameters α and ϒ are not estimated by the within 
estimator. Random effectmodel and FIxed effectmodel : The FIxed effect 
estimator of β is unbiased under PL1, PL2, PL3, and FE3 in small samples. 
Additionally assuming PL4 and normally distributed idiosyncratic errors, it 
is normally distributed in small samples. Assuming homoscedastic errors 

with no serial correlation (PL4a), the variance  can be 
unbiasedly estimated as 

 

 
 
 
Allowing for heteroscedasticity and serial correlation of unknown form 

(PL4c), the asymptotic variance  can be consistently estimated 
with the so-called cluster-robust covariance estimator treating each 
individual as a cluster. In both cases, the usual tests (z-, Wald-) for large 
samples can be performed. In practice, the idiosyncratic errors are often 
serially correlated (violating PL4a) when T > 2. Bertrand, Duo and 
Mullainathan (2004) show that the usual standard errors of the fixed 
effectestimator are drastically understated in the presence of serial 
correlation. It is therefore advisable to always use cluster-robust standard 
errors for the fixed effectestimator. 
 
Least Squares Dummy Variables Estimator (LSDV) 
The least squares dummy variables (LSDV) estimator is pooled OLS 
including a set of N -1 dummy variables which identify the individuals and 
hence an additional N- 1 parameters. Note that one of the individual 
dummies is dropped because we include a constant. Time-invariant 
explanatory variables, zi, are dropped because they are perfectly collinear 
with the individual dummy variables. The LSDV estimator of β  is 
numerically identical with the FE estimator 
and therefore consistent under the same assumptions. The LSDV 
estimators of the additional parameters for the individual-specific dummy 
variables, however, are inconsistent as the number of parameters goes to 

infinity as . This so-called incidental parameters problem 
generally biases all parameters in non-linear fixed effect models like the 
probit model. 
Panel Data: Fixed and Random Effect10 
 
First Difference Estimator 
Subtracting the lagged value yi,t-1 from the initial model 

 
yields the first-difference model 

 
where  

 
 
Note that the individual-specific effect ci, the intercept α and the time-
invariant 
regressors zi cancel. The first-di_erence estimator (FD) of the slope 
coefficient β estimates the first-difference model by OLS. 

 
Note that the parameters α and ϒ are not estimated by the FD estimator. 
In the special case T = 2, the FD estimator is numerically identical to the FE 
estimator. 
Random effectmodel and fixed effectmodel : The FD estimator is a 
consistent estimator of _ under the same assumptions as the FE estimator. 
It is less efficient than the FE estimator if uit is not serially correlated 
(PL4a). 
 
Time Fixed Effect 

We often also suspect that there are time-specific effects δt which affect 
all individuals in the same way 

 
We can estimate this extended model by including a dummy variable for 
each time period. Assuming a _xed number of time periods T and the 
number of individuals N ! 1, both the RE estimator and the FE estimator 
are consistent using time dummy variables under above conditions. 
 
Random Effect vs. Fixed Effect Estimation 
The random effect model can be consistently estimated by both the RE 
estimator or the FE estimator. We would prefer the RE estimator if we can 
be sure that the individual-specific effect really is an unrelated effect 
(RE1). This is usually tested by a (Durbin-Wu-)Hausmann test. However, 
the Hausman test is only valid under homoscedasticity and cannot include 
time fixed effect. The unrelatedness assumption (RE1) is better tested by 
running an auxiliary regression (Wooldridge 2010, p. 332, eq. 10.88, 
Mundlak, 1978): 
 

 
where xi = 1=T ∑t xit are the time averages of all time-varying regressors. 
Include time fixed δt if they are included in the RE and FE estimation. A 
joint Wald-test on H0 : λ = 0 tests RE1. Use cluster-robust standard errors 
to allow for heteroscedasticity and serial correlation. 
 
Note: Assumption RE1 is an extremely strong assumption and the FE 
estimator is almost always much more convincing than the RE estimator. 
Not rejecting RE1 does not mean accepting it. Interest in the effect of a 
time-invariant variable is no su_cient reason to use the RE estimator. 
Panel Data: Fixed and Random Effect12 
 
 
Data structures 
We distinguish the following data structures 
 
Time series data: 

• (xt ; t = 1......... T), univariate series, e.g. a price series: Its path 
over time is modeled. The path may also depend on third 
variables.  

 
• Multivariate, e.g. several price series: Their individual as well as 

their common  
dynamics is modeled. Third variables may be included. 
 
Cross sectional data  
observed at a single point of time for several individuals, countries, assets, 
etc., 
xi , i = 1......;N. The interest lies in modeling the distinction of single 
individuals, the heterogeneity across individuals. 
 
Data structures: Pooling 
Pooling data refers to two or more independent data sets of the same 
type. 
 
Pooled time series: 
We observe e.g. return series of several sectors, which are assumed to be 
independent of each other, together with explanatory variables. The 
number 
of sectors, N, is usually small. Observations are viewed as repeated 
measures at each point of time. So parameters can be estimated with 
higher precision due to an increased sample size. 
 
Pooled cross sections: 
Mostly these type of data arise in surveys, where people are asked about 
e.g. 
their attitudes to political parties. This survey is repeated, T times, before 
elections every week. T is usually small. So we have several cross sections, 
but the persons asked are chosen randomly. Hardly any person of one 
cross section is member of another one. The cross sections are 
independent.  Only overall questions can be answered, like the attitudes 
within males or women, but no individual (even anonymous) paths can be 
identified. 
 
Data structures: Panel data 
A panel data set (also longitudinal data) has both a cross-sectional and a 
time 
series dimension, where all cross section units are observed during the 
whole time period. 
 
xit ; i = 1...... ;N, t = 1....... T. T is usually small. 
 
We can distinguish between balanced and unbalanced panels. 
 
Example for a balanced panel: 
The Mirkozensus in Austria is a household, hh, survey, with the same size 
of 
22.500 each quarter. Each hh has to record its consumption expenditures 
for 5 
quarters. So each quarter 4500 members enter/leave the Mikrozensus. 
This is a 
balanced panel. 
 
A special case of a balance panel is a fixed panel. Here we require that all 
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individuals are present in all periods. An unbalanced panel is one where 
individuals are observed a different number of times, e.g. because of 
missing values. We are concerned only with balanced panels. In general 
panel data models are more ’efficient’ than pooling cross-sections, since 
the observation of one individual for several periods reduces the variance 
compared to repeated random selections of individuals. 
 
Pooling time series: estimation 
We consider T relatively large, N small. 

 

In case of heteroscedastic errors,   individuals 
with large errors will dominate the fit. A correction is necessary. It is 
similar to a GLS and can be performed in 2 steps. First estimate under 
assumption of const variance for each indiv i and calculate the individual 

residual variances  
 

 
 
Secondly, normalize the data with si and estimate 

 
 

has (possibly) the required constant variance, is 
homoscedastic. 

Remark:  
Dummies may be used for different cross sectional intercepts. 
 
Panel data modeling 
Example 
Say, we observe the weekly returns of 1000 stocks in two consecutive 
weeks. 
The pooling model is appropriate, if the stocks are chosen randomly in 
each 
period. The panel model applies, if the same stocks are observed in both 
periods. We could ask the question, what are the characteristics of stocks 
with high/low returns in general. For panel models we could further 
analyze, whether a stock with high/low return in the first period also has a 
high/low return in the second. 
 
The standard static model with i = 1,.......N, t = 1,......, T is 

 
 

 
 

 
 
Two problems: endogeneity and autocorr in the errors 
Consistency/exogeneity: 
Assuming iid errors and applying OLS we get consistent estimates, if E(ϵit ) 
= 0 and E(xit ϵit ) = 0, if the xit are weakly exogenous.  
 
Autocorrelation in the errors: 
Since individual i is repeatedly observed (contrary to pooled data) 

 

with is very likely. Then,  
• standard errors are misleading (similar to autocorr residuals),  
• OLS is inefficient (cp. GLS). 

 
Common solution for individual unobserved heterogeneity 
Unobserved (const) individual factors, i.e. if not all zi variables are 
available, may 

Be captured by   . E.g. we decompose ϵit in 
 

 
 
uit has mean 0, is homoscedastic and not serially correlated. In this 
decomposition all individual characteristics - including all observed, 

, as 
well as all unobserved ones, which do not vary over time - are summarized 

in the  We distinguish fixed effects (FE), and random effects (RE) 
models. 

  
Fixed effects model, FE 
 
Fixed effects model, FE: i are individual intercepts (fixed for given N). 
 

 
No overall intercept is (usually) included in the model. Under FE, 
consistency does not require, that the individual intercepts (whose 
coefficients are the  
αi ’s) and xit are uncorrelated. Only E(xit uit ) = 0 must hold. There are N - 1 
additional parameters for capturing the individual heteroscedasticity. 
 
Random effects model, RE 
Random effects model, RE: 

 
 
The  αi ’s are rvs with the same variance. The value αi is specific for 
individual i is time invariant and homoscedastic across individuals. There is 

only one additional parameter  .Only  αi contributes to  

 
 
 
RE some discussion 
 

Consistency: As long as  i.e. xit are 
uncorrelated with  αi and uit , the explanatory vars are exogenous, the 
estimates are consistent. There are relevant cases where this exogeneity 
assumption is likely to be violated: E.g. when modeling investment 
decisions the firm specific heteroscedasticity  αi might correlate with (the 
explanatory variable of) the cost of capital of firm i. The resulting 
inconsistency can be avoided by considering a FE model instead. 
 
Estimation: The model can be estimated by (feasible) GLS which is in 
general more ’efficient’ than OLS. 
 
 
The static linear model 
– the fixed effects model 
 
THREE Estimators: 
– Least square dummy variable estimator, LSDV 
– Within estimator, FE 
– First difference estimator, FD 
 
[LSDV] Fixed effects model: LSDV estimator 
We can write the FE model using N dummy vars indicating the individuals. 
 

 
 
with dummies dj , where dj it = 1 if i = j, and 0 else. The parameters can be 
estimated by OLS. The implied estimator for   is called the LS dummy 
variable estimator, LSDV. Instead of exploding computer storage by 
increasing the number of dummy variables for large N the within estimator 
is used. 
 
[LSDV] Testing the significance of the group effects 
Apart from t-tests for single α i  (which are hardly used) we can test, 
whether the indivs have ’the same intercepts’ wrt ’some have different 
intercepts’ by an F-test.The pooled model (all intercepts are restricted to 
be the same), H0, is  

 
the fixed effects model (intercepts may be different, are unrestricted), HA, 

 
 
The F ratio for comparing the pooled with the FE model is 

 
[FE] Within transformation, within estimator 
The FE  estimator for β is obtained, if we use the deviations from the 
individual 

means as variables. The model in individual means is with 

and  
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where the intercepts vanish. Here the deviation of yit from yi is explained 
(not the difference between different individuals, yi and yj ). The estimator 
for  is called the within or FE estimator. Within refers to the variability 
(over time) among observations of individual i. 
 

 
This expression is identical to the well known formula (demeaned wrt 
individual i) data with T repeated observations. 
[FE] Finite samples properties of βFE 
 
Finite samples: 

• Unbiasedness: if all xit are independent of all ujs, strictly 
exogenous. 

• Normality: if in addition uit is normal. 
 
[FE] Asymptotic samples properties of ^ _FE 
Asymptotically: 

 
 
xit has not to depend on current, past or future values of the error term of 
individual i. This excludes 

• lagged dependent vars 
• any xit , which depends on the history of y 

Even large N do not mitigate these violations. 
 
Asymptotic normality: under consistency and weak conditions on u. 
 
[FE] Properties of the N intercepts, αi , and V( βFE) 

 
[FD] The first difference, FD, estimator for the FE model 
An alternative way to eliminate the individual effects αi is to take first 
differences 

 
Or 

 
 
Here also, all variables, which are only indiv specific - they do not change 
with t - 
drop out. Estimation with OLS gives the first-difference estimator 

 
 [FD] Properties of the FD estimator 
 Consistency for  

 
This is slightly less demanding than for the within estimator, which is 
based on 
strict exogeneity. FD allows e.g. correlation between xit and ui;t-2.  The FD 
estimator is slightly less efficient than the FE, as Δuit exhibits serial 
correlation, even if uit are uncorrelated. I FD looses one time dimension 
for each i. FE looses one degree of freedom for each i by using yi ; xi . 
 
The static linear model – estimation of the random effects model 
 
Estimation of the random effects model 

 
 

where (αi + uit ) is an error consisting of 2 components: 
• an individual specific component, which does not vary over 

time, _i . 
• a remainder, which is uncorrelated wrt i and t, uit . 
• αi and uit are mutually independent, and indep of all xjs. 

 

As simple OLS does not take this special error structure into account, so 
GLS is 
used. 
 
[RE] GLS estimation 
In the following we stack the errors of individual i, αi and uit . Ie, we put 
each of 
them into a column vector. (αi + uit ) reads then as 

 
αi is constant for individual i 
_T = (1;...... ; 1)′ is a (T _ 1) vector of only ones. 
Li = (ui1; ....... ; uiT )′ is a vector collecting all uit ’s for indiv i. 
IT is the T-dimensional identity matrix. 
 
Since the errors of different indiv’s are independent, the covar-matrix 
consists of N identical blocks in the diagonal. Block i is 

 
Remark: The inverse of a block-diag matrix is a block-diag matrix with the 
inverse blocks in the diag. So it is enough to consider indiv blocks. 
 
[RE] GLS estimation 
GLS corresponds to premultiplying the vectors (yi1; ...... ; yiT )′, etc. by Ω-

1/2. Where 

 

 
 
Remark: The GLS for the classical regression model is 

 

where is heteroscedastic.  
 
[RE] GLS estimator 
The GLS estimator can be written as 

 
 
Interpretation of within and between, ψ   = 1 
Within refers to the variation within one individual (over time), between 
measures the variation between the individuals. The within and between 
components 

 
are orthogonal. So 

 
The variance of y may be decomposed into the sum of variance within and 
the 
variance between. 

 
 
[RE] Properties of the GLS 
 GLS is unbiased, if the x’s are independent of all uit and _i . 
 The GLS will be more efficient than OLS in general under the RE 
assumptions. 
 Consistency for if E[(xit -xi )uit ] = 0 
and E[xiαi ] = 0 holds.  Under weak conditions (errors need not be normal) 
the feasible GLS is asymptotically normal. 
 
Comparison and testing of FE and RE 
 
Interpretation: FE and RE 
 Fixed effects: The distribution of yit is seen conditional on xit and 
individual 
dummies di . 

 
This is plausible if the individuals are not a random draw, like in samples of 



 Masterbook of Business and Industry (MBI) 

  

Muhammad Firman   (University of Indonesia -  Accounting )                      81 

 

large companies, countries, sectors. I Random effects: The distribution of 
yit is not conditional on single individual characteristics. Arbitrary indiv 
effects have a fixed variance. Conclusions wrt a population are drawn. 

 
If the di are expected to be correlated with the x’s, FE is preferred. RE 
increases 
only efficiency, if exogeneity is guaranteed. 
 
Interpretation: FE and RE (T fix) 
The FE estimator, βFE, is 

• consistent (N ! 1) and efficient under the FE model 
assumptions. 

• consistent, but not efficient, under the RE model assumptions, 
as the correlation structure of the errors is not taken into 
account (replaced only by different intercepts). As the error 
variance is not estimated consistently, the t-values are not 
correct. 

 
The RE estimator is 

• consistent (N ! 1) and efficient under the assumptions of the RE 
model. 

• not consistent under the FE assumptions, as the true 
explanatory vars (di ; xit ) are correlated with (αi + uit ) [with ψ  
 ̸= 0 and _xi ̸= _x biased for fix T]. 

 
 
Hausman test 
Hausman tests the H0 that xit and _i are uncorrelated. We compare 
therefore two estimators 

• one, that is consistent under both hypotheses, and 
• one, that is consistent (and efficient) only under the null. 

 
A significant difference between both indicates that H0 is unlikely to hold. 
H0 is the RE model 

 
 
HA is the FE model 

 
βRE is consistent (and efficient), under H0, not under HA. 
βFE is consistent, under H0 and HA. 
 
Test FE against RE: Hausman test 
We consider the difference of both estimators. If it is large, we reject the 
null. 

 
Since βRE is efficient under H0, it holds 

 
 
The Hausman statistic under H0 is 

 

If in finite samples  is not positive definite, testing is 
performed only for a subset of β. 
 
Comparison via goodness-of-fit, R2 wrt β 
We are often interested in a distinction between the within R2 and the 
between R2. The within R2 for any arbitrary estimator is given by 
 

 
Goodness-of-fit, R2 
 The usual R2 is valid for comparison of the pooled model estimated by 
OLS 
and the FE model. The comparison of the FE and RE via R2 is not valid as in 
the FE the αi ’s are considered as explanatory variables, while in the RE 
model they belong to the unexplained error.  Comparison via R2 should be 
done only within the same class of models and estimators. 
 
Testing for autocorrelation 
A generalization of the Durbin-Watson statistic for autocorr of order 1 can 
be 
Formulated 

 
The critical values depend on T;N and K. For T Є [6; 10] and K Є [3; 9] the 
following approximate lower and upper bounds can be used. 

 
 
Testing for heteroscedasticity 
A generalization of the Breusch-Pagan test is applicable. u is tested 
whether it depends on a set of J third variables z. 

 
where for the function h(:), h(0) = 1 and h(:) > 0 holds. 
 
The null hypothesis is  ϒ = 0. 
The N(T - 1) multiple of R2u of the auxiliary regression 

 
is distributed under the H0 asymptotically _2(J) with J degrees of freedom. 

 
 
Dynamic panel data models 
The dynamic model with one lagged dependent without exogenous 
variables, 
ϒ < 1, is 

 
 
Endogeneity problem 
Here, yi;t-1 depends positively on αi : 
This is simple to see, when inspecting the model for period (t - 1) 

 
 
There is an endogeneity problem. OLS or GLS will be inconsistent for 

and T fixed, both for FE and RE. (Easy to see for RE.) The finite 
sample bias can be substantial for small T. E.g. if  = 0:5, T = 10, and 

 
 

 
 
However, as in the univariate model, if in addition T ! 1, we obtain a 
consistent 
estimator. But T is i.g. small for panel data. 
 
The first difference estimator (FD) 
Using the 1st difference estimator (FD), which eliminates the αi ’s 

 
 

is no help, since yi;t1 and ui;t1 are correlated even when . We 
stay with the FD model, as the exogeneity requirements are less 
restrictive, and use an IV estimator. For that purpose we look also at Δyi;t-
1 

 
 
[FD] IV estimation, Anderson-Hsiao 
Instrumental variable estimators, IV, have been proposed by Anderson-
Hsiao, as 

they are consistent with and finite T. 
Choice of the instruments for (yi;t-1 - yi;t-2): 

• Instrument yi;t-2 as proxy is correlated with (yi;t-1 -yi;t-2), but 
not with ui;t-1 or ui;t , and so Δui;t . 

• Instrument (yi;t-2 -yi;t-3 as proxy for (yi;t-1 - yi;t2) sacrifies one 
more sample period. 

 
[FD] GMM estimation, Arellano-Bond 
The Arellano-Bond (also Arellano-Bover) method of moments estimator is 
consistent. The moment conditions use the properties of the instruments 

 
 
to be uncorrelated with the future errors uit and ui;t-1. We obtain an 
increasing 
number of moment conditions for t = 3; 4;.......; T. 

 
 
We define the (T - 2) x 1 vector 
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′ 
and a (T - 2) x (T - 2) matrix of instruments 

 
 
[FD] GMM estimation, Arellano-Bond, without x’s 

Ignoring exogenous variables, for  
 
The number of moment conditions are 1 + 2 + : : : + (T - 2). 

 
This number exceeds i.g. the number of unknown coefficients, so  is 
estimated by minimizing the quadratic expression 

 
with a weighting matrix WN. The optimal matrix WN yielding an asy 
efficient estimator is the inverse of the covariance matrix of the sample 
moments. 
 
[FD] GMM estimation, Arellano-Bond, without x’s 
 The WN matrix can be estimated directly from the data after a first 
consistent 
estimation step.  Under weak regularity conditions the GMM estimator is 

asy normal for for fixed T, T > 2 using our instruments.  It is also 

consistent for , though the number of moment 
conditions  

 
It is advisable to limit the number of moment conditions. 
 
[FD] GMM estimation, Arellano-Bond, with x’s 
The dynamic panel data model with exogenous variables is 

 
 
As also exogenous x’s are included in the model additional moment 
conditions 
can be formulated: 
For strictly exogenous vars, E[xis uit ] = 0 for all s; t, 

E[xis Δuit ] = 0 
 

For predetermined (not strictly exogenous) vars, E[xisuit ] = 0 for s _ t 
E[xi;t-j Δuit ] = 0 j = 1;........; t - 1 

 
GMM estimation, Arellano-Bond, with x’s 
So there are a lot of possible moment restrictions both for differences as 
well as 
for levels, and so a variety of GMM estimators. GMM estimation may be 
combined with both FE and RE. Here also, the RE estimator is identical to 

the FE estimator with . 
 
Further topics 
We augment the FE model with dummy variables indicating both 
individuals 
and time periods. 

 
 
Common unit roots can be tested and modeled. 

 
 
which is transformed to 

 
 
and tested wrt H0 : πi = 0 for all i 
 

• Cointegration tests. 
• Limited dependent models, like binary choice, logit, probit 

models, etc. 
 
 
 
MANUAL STATA UNTUK DATA PANEL (BE,FE, FE ROBUST,RE,MLE, PA) 
 
xtreg and associated commands 
 
Example 1: Between-effects model 
Using nlswork.dta described in [XT] xt, we will model ln wage in terms of 
completed years of schooling (grade), current age and age squared, 
current years worked (experience) and experience squared, current years 
of tenure on the current job and tenure squared, whether black (race = 2),  

whether residing in an area not designated a standard metropolitan 
statistical area (SMSA), and whether residing in the South. 
 
. use http://www.stata-press.com/data/r13/nlswork 
(National Longitudinal Survey. Young Women 14-26 years of age in 1968) 
 
To obtain the between-effects estimates, we use xtreg, be. nlswork.dta 
has previously been xtset idcode year because that is what is true of the 
data, but for running xtreg, it would have been sufficient to have xtset 
idcode by itself. 

 
 
The between-effects regression is estimated on person-averages, so the “n 
= 4697” result is relevant. xtreg, be reports the “number of observations” 
and group-size information: describe in [XT] xt showed that we have 
28,534 “observations”person-years, really of data. If we take the 
subsample that has no missing values in ln wage, grade, ....... , south leaves 
us with 28,091 observations on person-years, reflecting 4,697 persons, 
each observed for an average of 6.0 years. For goodness of fit, the R2 
between is directly relevant; our R2 is 0.4900. If, however, we use these 
estimates to predict the within model, we have an R2 of 0.1591. If we use 
these estimates to fit the overall data, our R2 is 0.3695. 
 
The F statistic tests that the coefficients on the regressors grade, age, ...: , 
south are all jointly zero. Our model is significant. The root mean squared 
error of the fitted regression, which is an estimate of the standard 

deviation of  is 0.3036. For our coefficients, each year of 
schooling increases hourly wages by 6.1%; age increases wages up to age 
26.9 and thereafter decreases them (because the quadratic ax2 + bx + c 
turns over at x = -b=2a, which for our age and c.age#c.age coefficients is 
0.0323158=(2x0.0005997) = 26.9); total experience increases wages at an 
increasing rate (which is surprising and bothersome); tenure on the 
current job increases wages up to a tenure of 12.1 years and thereafter 
decreases them; wages of blacks are, these things held constant, 
(approximately) 5.6% below that of nonblacks (approximately because 
2.race is an indicator variable); residing in a non-SMSA (rural area) reduces 
wages by 18.6%; and residing in the South reduces wages by 9.9%. 
 
Example 2: Fixed-effects model 
To fit the same model with the fixed-effects estimator, we specify the fe 
option. 

http://www.stata-press.com/data/r13/nlswork
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The observation summary at the top is the same as for the between-
effects model, although this time it is the “Number of obs” that is relevant. 
Our three R2s are not too different from those reported previously; the R2 
within is slightly higher (0.1727 versus 0.1591), and the R2 between is a 
little lower (0.3505 versus 0.4900), as expected, because the between 
estimator maximizes R2 between and the within estimator R2 within. In 
terms of overall fit, these estimates are somewhat worse (0.2625 versus 

0.3695). xtreg, fe can estimate    although how you interpret 
these estimates depends on whether you are using xtreg to fit a fixed-
effects model or random-effects model. To clarify this fine point, in the 
fixed-effects model, Vt are formally fixed—they have no distribution. If you 

subscribe to this view, think of the reported  as merely an arithmetic 
way to describe the range of the estimated but fixed i. If, however, you are 
using the fixed-effects estimator of the random-effects model, 0.355622 is 

an estimate of  or would be if there were no omitted variables. 
 
Here both grade and 2.race were omitted from the model because they do 
not vary over time. Because grade and 2.race are time invariant, our 
estimate ui is an estimate of vi plus the effects of grade and 2.race, so our 
estimate of the standard deviation is based on the variation in vi, grade, 
and 2.race. On the other hand, had 2.race and grade been omitted merely 
because they were collinear with the other regressors in our model, ui 
would be an estimate of ui, and 0.355622 would be an estimate of Ϭv 
xtsum and xttab allow you to determine whether a variable is time 
invariant; see [XT] xtsum and [XT] xttab.) 
Regardless of the status of ui, our estimate of the standard deviation of it 
is valid (and, in fact, is the estimate that would be used by the random-
effects estimator to produce its results). 
 
Our estimate of the correlation of ui with xit suffers from the problem of 
what ui measures. We find correlation but cannot say whether this is 
correlation of i with xit or merely correlation of grade and 2.race with xit. 
In any case, the fixed-effects estimator is robust to such a correlation, and 
the other estimates it produces are unbiased. So, although this estimator 
produces no estimates of the effects of grade and 2.race, it does predict 
that age has a positive effect on wages up to age 24.9 years (compared 
with 26.9 years estimated by the between estimator); that total 
experience still increases wages at an increasing rate (which is still 
bothersome); that tenure increases wages up to 9.1 years (compared with 
12.1); that living in a non-SMSA reduces wages by 8.9% (compared with a 
more drastic 18.6%); and that living in the South reduces wages by 6.1% 
(as compared with 9.9%). 
 
Example 3: Fixed-effects models with robust standard errors 
If we suspect that there is heteroskedasticity or within-panel serial 
correlation in the idiosyncratic error term it, we could specify the 
vce(robust) option: 
 

 
 
Although the estimated coefficients are the same with and without the 
vce(robust) option, the robust estimator produced larger standard errors 
and a p-value for c.ttl exp#c.ttl exp above the conventional 10%. The F test 
of vi = 0 is suppressed because it is too difficult to compute the robust 
form of the statistic when there are more than a few panels. 
 
Technical note 
The robust standard errors reported above are identical to those obtained 
by clustering on the panel variable idcode. Clustering on the panel variable 
produces an estimator of the VCE that is robust to cross-sectional 
heteroskedasticity and within-panel (serial) correlation that is 
asymptotically equivalent to that proposed by Arellano (1987). Although 
the example above applies the fixed-effects estimator, the robust and 
cluster–robust VCE estimators are also available for the random-effects 
estimator. Wooldridge (2013) and Arellano (2003) discuss these robust 
and cluster–robust VCE estimators for the fixed-effects and random-
effects estimators.  
 
Example 4: Random-effects model 
Refitting our log-wage model with the random-effects estimator, we 
obtain 
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According to the R2s, this estimator performs worse within than the within 
fixed-effects estimator and worse between than the between estimator, 
as it must, and slightly better overall. We estimate that Ϭv is 0.2579 and 
Ϭe is 0.2907 and, by assertion, assume that the correlation of v and x is 
zero. All that is known about the random-effects estimator is its 
asymptotic properties, so rather than reporting an F statistic for overall 
significance, xtreg, re reports a 2. Taken jointly, our coefficients are 
significant. xtreg, re also reports a summary of the distribution of θi, an 
ingredient in the estimation of (4). θ is not a constant here because we 
observe women for unequal periods. We estimate that schooling has a 
rate of return of 6.5% (compared with 6.1% between and no estimate 
within); that the increase of wages with age turns around at 25.8 years 
(compared with 26.9 between and 24.9 within); that total experience yet 
again increases wages increasingly; that the effect of job tenure turns 
around at 9.8 years (compared with 12.1 between and 9.1 within); that 
being black reduces wages by 5.3% (compared with 5.6% between and no 
estimate within); that living in a non-SMSA reduces wages 13.1% 
(compared with 18.6% between and 8.9% within); and that living in the 
South reduces wages 8.7% (compared with 9.9% between and 6.1% 
within). 
 
Example 5: Random-effects model fit using ML 
We could also have fit this random-effects model with the maximum 
likelihood estimator: 

 
 
The estimates are nearly the same as those produced by xtreg, re—the 
GLS estimator. For instance, xtreg, re estimated the coefficient on grade to 
be 0.0646499, xtreg, mle estimated 0.0646093, and the ratio is 
0.0646499=0.0646093 = 1.001 to three decimal places. Similarly, the 
standard errors are nearly equal: 0.0017811=0.0017372 = 1.025. Below we 
compare all 11 coefficients: 

 
 
Example 6: Population-averaged model 
We could also have fit this model with the population-averaged estimator: 
 

 

 
 
 
 
 
 

 
 
These results differ from those produced by xtreg, re and xtreg, mle. 
Coefficients are larger and standard errors smaller. xtreg, pa is simply 
another way to run the xtgee command. That is, we would have obtained 
the same output had we typed 
 

 
See [XT] xtgee. In the language of xtgee, the random-effects model 
corresponds to an exchangeable correlation structure and identity link, 
and xtgee also allows other correlation structures. Let’s stay with the 
random-effects model, however. xtgee will also produce robust estimates 
of variance, and we refit this model that way by typing 

 
In the previous example, we presented a table comparing xtreg, re with 
xtreg, mle. Below we add the results from the estimates shown and the 
ones we did with xtgee, vce(robust): 

 
So, which are right? This is a real dataset, and we do not know. However, 
in example 2 in [XT] xtreg postestimation, we will present evidence that 
the assumptions underlying the xtreg, re and xtreg, mle results are not 
met. 
 
 
 
MANUAL STATA UNTUK DATA PANEL GLS 
 
Information on GLS can be found in Greene (2012), Maddala and Lahiri 
(2006), Davidson and MacKinnon (1993), and Judge et al. (1985). If you 
have many panels relative to periods, see [XT] xtreg and [XT] xtgee. xtgee, 
in particular, provides capabilities similar to those of xtgls but does not 
allow cross-sectional correlation. On the other hand, xtgee allows a richer 
description of the correlation within panels as long as the same 
correlations apply to all panels. xtgls provides two unique features:  
 
1. Cross-sectional correlation may be modeled (panels(correlated)). 
2. Within panels, the AR(1) correlation coefficient may be unique 
(corr(psar1)). 
 
xtgls allows models with heteroskedasticity and no cross-sectional 
correlation, but, strictly  speaking, xtgee does not. xtgee with the 
vce(robust) option relaxes the assumption of equal variances, at least as 
far as the standard error calculation is concerned.  
 
Also, xtgls, panels(iid) corr(independent) nmk is equivalent to regress.  
 
The nmk option uses n - k rather than n to normalize the variance 
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calculation. To fit a model with autocorrelated errors (corr(ar1) or 
corr(psar1)), the data must be equally spaced in time. To fit a model with 
cross-sectional correlation (panels(correlated)), panels must have the 
same number of observations (be balanced). The equation from which the 
models are developed is given by 
 
yit = xit + it 
 
where i = 1;....;m is the number of units (or panels) and t = 1; : : : ; Ti is the 
number of observations for panel i. This model can equally be written as 

 
 
The variance matrix of the disturbance terms can be written as 
 

 
For the  i;j matrices to be parameterized to model cross-sectional 
correlation, they must be square (balanced panels). In these models, we 
assume that the coefficient vector β  is the same for all panels and 
consider a variety of models by changing the assumptions on the structure 
of Ω. For the classic OLS regression model, we have 

 
 
This amounts to assuming that   has the structure given by 

 
 whether or not the panels are balanced (the 0 matrices may be 
rectangular). The classic OLS assumptions are the default panels(iid) and 
corr(independent) options for this command. 
 
Heteroskedasticity across panels 
In many cross-sectional datasets, the variance for each of the panels 
differs. It is common to have data on countries, states, or other units that 
have variation of scale. The heteroskedastic model is specified by including 
the panels(heteroskedastic) option, which assumes that 

 
 
Example 1 
Greene (2012, 1112) reprints data in a classic study of investment demand 
by Grunfeld and Griliches (1960). Below we allow the variances to differ 
for each of the five companies. 

Correlation across panels (crosssectional correlation) 
We may wish to assume that the error terms of panels are correlated, in 
addition to having different scale variances. The variance structure is 
specified by including the panels(correlated) option and is given by 

 
 
  
Because we must estimate cross-sectional correlation in this model, the 
panels must be balanced (and T  m for valid results). A time variable must 
also be specified so that xtgls knows how the observations within panels 
are ordered. xtset shows us that this is true. 
 
Example 2 
 

 
 
The estimated cross-sectional covariances are stored in e(Sigma). 

 
 
Example 3 
We can obtain the MLE results by specifying the igls option, which iterates 
the GLS estimation technique to convergence: 
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Here the log likelihood is reported in the header of the output. 
 
Autocorrelation within panels 
The individual identity matrices along the diagonal of   may be replaced 
with more general structures to allow for serial correlation. xtgls allows 
three options so that you may assume a structure with corr(independent) 
(no autocorrelation); corr(ar1) (serial correlation where the correlation 
parameter is common for all panels); or corr(psar1) (serial correlation 
where the correlation parameter is unique for each panel). The restriction 
of a common autocorrelation parameter is reasonable when the individual 
correlations are nearly equal and the time series are short. If the 
restriction of a common autocorrelation parameter is reasonable, this 
allows us to use more information in estimating the autocorrelation 
parameter to produce a more reasonable estimate of the regression 
coefficients. When you specify corr(ar1) or corr(psar1), the iterated GLS 
estimator does not converge to the MLE. 
 
 
 
 
 
 
 
 
 
 
Example 4 
If corr(ar1) is specified, each group is assumed to have errors that follow 
the same AR(1) process; that is, the autocorrelation parameter is the same 
for all groups. 
 

 
 
Example 5 
If corr(psar1) is specified, each group is assumed to have errors that follow 
a different AR(1) process. 

 
 
 
 
 
 
 
 
 
 
 


