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The traditional use of time series models was for forecasting  
If we know 
 
yt+1= a0+ a1yt+ et+1 
 
then 
 
Etyt+1= a0+ a1yt 
 
and since 
 
yt+2= a0+ a1yt+1+ et+2 
Etyt+2= a0+ a1Etyt+1 
= a0+ a1(a0+ a1yt) 
= a0+ a1a0+ (a1)2yt 
 
Capturing Dynamic Relationships 
With the advent of modern dynamic economic models, the newer uses of 
time series models involve 
–Capturing dynamic economic relationships 
–Hypothesis testing 
 
Developing ―stylized fact 
In a sense, this reverses the so-called scientific method in that modeling 
goes from developing models that follow from the data. 
 
The Random Walk Hypothesis 
 
yt+1= yt+ et+1 
 
or 
 
Δyt+1= et+1 
 
where yt= the price of a share of stock on day t, and et+1= a random 
disturbance term that has an expected value of zero. Now consider the 
more general stochastic difference equation 
 
Δyt+1= a0+ a1yt+ et+1 
 
The random walk hypothesis requires the testable restriction: 
 
a0= a1= 0. 
 
The Unbiased Forward Rate (UFR) hypothesis 
Given the UFR hypothesis, the forward/spot exchange rate relationship is:  
 
st+1= ft+ et+1 (1.6) 
 
where et+1has a mean value of zero from the perspective of time period t. 
Consider the regression 
 
st+1= a0+ a1ft+ et+1 
 
The hypothesis requires a0= 0, a1= 1, and that the regression residuals 
et+1have a mean value of zero from the perspective of time period t. The 
spot and forward markets are said to be in long-run equilibriumwhen 
et+1= 0. Whenever st+1turns out to differ from ft, some sort of 
adjustment must occur to restore the equilibrium in the subsequent 
period. Consider the adjustment process 
 
st+2= st+1–a[ st+1–ft] + est+2a > 0 (1.7) 
ft+1= ft+ b [ st+1–ft] + eft+1b> 0 (1.8) 
 
where est+2 and eeft+1both have an expected value of zero. 
 

 
 
 
 
 
 
 
Trend-Cycle Relationships 
We can think of a time series as being composed of: 
 
yt= trend + ―cycle + noise 
 
Trend: Permanent 
Cycle: predictable (albeit temporary) ,(Deviations from trend) 
Noise: unpredictable 
 
 

 
 
Series with decidedly upward trend 

 
 
GDP Volatility? 

 
    CHAPTER I  
    DIFFERENCE EQUATIONS 

 

EKONOMETRIKA TIME SERIES 
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Co-Movements 

 
 
Common Trends 

 
 
DIFFERENCE EQUATIONS AND THEIR SOLUTIONS 
 
Consider the function yt*= f(t*) 

 
We can then form the first differences: 

 
 
More generally, for the forcing process xta n-thorder linear process is 

 
 

What is a solution? 
A solutionto a difference equation expresses the value of ytas a function of 
the elements of the {xt} sequence and t(and possibly some given values of 
the {yt} sequence called initial conditions) 
 

 
The key property of a solution is that it satisfies the difference equation for 
all permissible values of tand {xt}. 
 
SOLUTION BY ITERATION 
Consider the first-order equation 
yt= a0+ a1yt–1+ et    (1.17) 
 
Given the value of y0, it follows that y1will be given b 
y1= a0+ a1y0+ e1 
 
In the same way, y2must be 
y2= a0+ a1y1+ e2 
= a0+ a1[a0+ a1y0 + e1] + e2 
= a0+ a0a1+ (a1)2y0+ a1e1+ e2 
 
Continuing the process in order to find y3, we obtain 
y3= a0+ a1y2+ e3 
= a0[1 + a1+ (a1)2] + (a1)3y0+ a12e1+ a1e2+ e3 
 
From 
y3 = a0[1 + a1 + (a1)2] + (a1)3 y0 + a1 
 
you can verify that for all t > 0, repeated iteration yields 

 
If | a1 | < 1, in the limit 

 
Backwards Iteration 
Iteration from ytback to y0yields exactly the formula given by (1.18). 
Since yt= a0+ a1yt–1+ et, it follows that 
 
yt= a0+ a1[a0+ a1yt–2+ et–1] + et 
= a0(1 + a1) + a1et–1+ et+ a12[a0+ a1yt–3+ et–2] 
 
If | a1| < 1, in the limit 
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AN ALTERNATIVE SOLUTION METHODOLOGY 
 
Does it converge? Characteristic Roots 
Since the intercept and the etsequencehave nothing to do with the issue 
of convergence, consider: 
 
yt= a1yt–1 
 
A solution is yt= A(a1)t 
 

Proof:  
 
•If la1l< 1, the ytconverges to zero as tapproaches infinity. Convergence is 
direct if 0 < a1< 1 and oscillatory if –1 < a1< 0. 
 
•If la1l> 1, the homogeneous solution is not convergent. If a1> 1, 
ytapproaches ∞ as tincreases. If a1< –1, the ytoscillates explosively. 
 
•If a1= 1, any arbitrary constant Asatisfies the homogeneous equation yt= 
yt–1. If a1= –1, the system is meta-stable: = 1 for even values of t and –1 
for odd values of t. 
 
Generalizing the Method 

 
There are n roots 
In the nth-order case 

 
For convergence, all of the roots must be less than unity in absolute value 
(or 
inside the unit circle if complex). In an nth-order equation, a necessary 
condition for all characteristic roots to lie inside the unit circle is 

 
Since the values of the ai can be positive or negative, a sufficient condition 
for all 
characteristic roots to lie inside the unit circle is 

 
At least one characteristic roo equals unity if 

 
Any sequence that contains one or more characteristic roots that equal 
unity is 
called a unit root process. For a third-order equation, the stability 
conditions can be written as 

 
 
Given that the first three inequalities are satisfied, one of the last 
conditions is 
redundant.  
 
The Solution Methodology 

• STEP 1: form the homogeneous equation and find all 
nhomogeneous solutions; 

• STEP 2: find a particular solution; 
• STEP 3: obtain the general solution as the sum of the particular 

solution and a linear combination of all homogeneous 
solutions; 

• STEP 4: eliminate the arbitrary constant(s) by imposing the 
initial condition(s) on the general solution. 

 
THE COBWEB MODEL 
Setting supply equal to demand: 

 

 
 
SOLVING HOMOGENEOUSDIFFERENCE EQUATIONS 
Consider the second-order equation 

 

If you divide (1.46) by , the problem is to find the values of αthat 
satisfy 

 
There are two characteristic roots. Hence the homogeneous solution is 

 
 
THE THREE CASES 
CASE 1 
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If a12+ 4a2> 0, dis a real number and there will be two distinct real 
characteristic roots. CASE 2If + 4a2= 0, it follows that d= 0 and a1= a2= 
a1/2. A homogeneous solution is a1/2. However, when d= 0, there is a 
second homogeneous solution given by t(a1/2)t.CASE 3If a12+ 4a2< 0, it 
follows that dis negative so that the characteristic roots are imaginary. 
 

 
 

 

 
WORKSHEET 1.1: SECOND-ORDER EQUATIONS 
 

 
 
THE METHOD OF UNDETERMINED COEFFICIENTS 
 
The Method of Undetermined Coefficients 
Consider the simple first-order equation: yt= a0+ a1yt–1+ et 
 
Posit the challenge solution: 

 
The Method of Undetermined Coefficients II 
Consider: 
 
yt= a0+ a1yt–1+ a2yt–2+ et   (1.68) 
 
Since we have a second-order equation, we use the challenge solution 
yt= b0+ b1t+ b2t2+a0et+ a1et–1+ a2et–2+ 
 
where b0, b1, b2, and the aiare the undetermined coefficients. 
Substituting the challenge solution into (1.68) yields 
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Notice that for any value of , the coefficients solve the second-
order  

difference equation  
 
LAG OPERATORS 
 
The lag operator L is defined to be: 
 

 
Thus, Li preceding ytsimply means to lag yt by i periods. The lag of a 
constant is a constant: Lc= c. The distributive law holds for lag operators. 
We can set: 
 

 

 

 
 
where: A(L) and B(L) are polynomials of orders pand q, respectively. 
 
APPENDIX 1.1: IMAGINARY ROOTS AND DE MOIVRE‘S THEOREM  

 
 
 

 
 
 
STOCHASTIC DIFFERENCE EQUATION MODELS 
 
Example of a time-series model 

 
1. Although the money supply is a continuous variable, (2.2) is a discrete 
difference equation. Since the forcing process { et } is stochastic, the 

money supply is stochastic; we can call (2.2) a linear stochastic difference 
equation. 
 
2. If we knew the distribution of { et }, we could calculate the distribution 
for each element in the {mt} sequence. Since (2.2) shows how the 
realizations of the {mt} sequence are linked across time, we would be able 
to calculate the various joint probabilities. Notice that the distribution of 
the money supply sequence is completely determined by the parameters 
of the difference equation (2.2) and the distribution of the { et } sequence. 
 
3. Having observed the first t observations in the {mt} sequence, we can 
make forecasts of mt+1, mt+2, …. 
 
White Noise 

 
 
A sequence formed in this manner is called a moving average of order q 
and is denoted by MA(q) 
 
2. ARMA MODELS 
In the ARMA(p, q) model 
 

 
 
where et series are serially uncorrelated ―shocks 
 
The particular solution is: 

 
 
Note that all roots must lie outside of the unit circle. If this is the case, we 
have the MA Representation  

 
 
STATIONARITY 

 
 
 
Covariance Stationary Series 
•Mean is time-invariant 
•Variance is constant 
•All covariances are constant 

–all autocorrelations are constant 
 
•Example of a series that are not covariance stationary 
–yt= a+ b time 
–yt= yt-1 + et (Random Walk) 
 

 
CHAPTER II  
STATIONARY TIME-SERIES MODELS 
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Formal Definition 
A stochastic process having a finite mean and variance is covariance 
stationaryif for all tand t -s, 
 
 

 
 
STATIONARITY RESTRICTIONSFOR AN ARMA(p, q) MODEL 
 
Stationarity Restrictions for the Autoregressive Coefficients 
 
Stationarity of an AR(1) Process 
 

 
 
Restrictions for the AR Coefficients 

 
We know that the sequence {ci} will eventually solve the difference 
equation 

 
 
If the characteristic roots of (2.21) are all inside the unit circle, the {ci} 
sequence 
will be convergent. The stability conditions can be stated succinctly: 
 
1. The homogeneous solution must be zero. Either the sequence must 
have started infinitely far in the past or the process must always be in 
equilibrium (so that the arbitrary constant is zero). 
2. The characteristic root a1 must be less than unity in absolute value. 
 
A Pure MA Process 
 
 
1. Take the expected value of xt 

 
Hence, all elements in the {xt} sequence have the same finite mean (m = 
0). 
 
2. Form var(xt) as 

 
As long as S( bi)2 is finite, it follows that var(xt) is finite. 

 
Thus, var(xt) = var(xt s) for all t and t−s. 
 
Are all autocovariances finite and time independent? 
 

 

Restricting the sum b s + b 1b s+1 + b 2b s+2 + to be finite means that E(xt  
xt−s) is finite. 
 
5. THE AUTOCORRELATION FUNCTION 
 
The Autocorrelation Function of an MA(1) Process 
Consider yt= et+ bet–1. Again, multiply ytby each yt-s and take 
expectations 
 
 

 

 
 
 
The ACF of an ARMA(1, 1) Process: 
 

 
 
ACF of an AR(2) Process 
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So that 
 

 
 
6. THE PARTIAL AUTOCORRELATION FUNCTION 
 
PACF of an AR Process 

 
 
The successive estimates of the aiare the partial autocorrelations  
 
PACF of a MA(1) 

 
 
or Using Lag Operators 
 

 
 
Summary: Autocorrelations and Partial Autocorrelations 
 

 
 
For stationary processes, the key points to note are the following: 
 
1. The ACF of an ARMA(p,q) process will begin to decay after lag q. After 
lag q, the coefficients of the ACF (i.e., the ri) will satisfy the difference 
equation (ρi= a1ρ i–1+ a2ρ i–2+ + apρ i-p). 
 
2. The PACF of an ARMA(p,q) process will begin to decay after lag p. After 
lag p, the coefficients of the PACF (i.e., the fss) will mimic the ACF 
coefficients from the model 

 

 
Testing the significance of ρ  
Under the null ρi= 0, the sample distribution of is: 
 
–approximately normal(but bounded at -1.0 and +1.0) when T is large 
–distributed as a students-twhen T is small. 
 
The standard formula for computing the appropriatetvalueto test 
significance of a correlation coefficient is: 

 
In reasonably large samples, the test for the null that ρi= 0 is simplified to 
T1/2. Alternatively, the standard deviation of the correlation coefficient is 
(1/T)0.5. 
 
Significance Levels 
A single autocorrelation 
–st.dev(ρ) = [ ( 1 –ρ2) / (T–2) ] ½ 
 
For small ρand large T, st.dev( ρ) is approx. (1/T)1/2 
–If the autocorrelation exceeds | 2/T1/2 | we can reject the null that r = 0. 
 
A group of k autocorrelations: 

 
Is a Chi-square with degrees of freedom = k 
 
 
SAMPLE AUTOCORRELATIONS OF STATIONARY SERIES 
 
Sample Autocorrelations 

 
 
If the sample value of Q exceeds the critical value of c2 with s derees of 
freedom, then at least one value of rk is statistically different from zero at 
the 
specified significance level. The Box–Pierce and Ljung–Box Q-statistics also 
serve as a check to see if the residuals from an estimated ARMA(p,q) 
model behave as a white-noise process. However, the degrees of freedom 
are reduced by the number of estimated parameters 
 
Model Selection 
•AIC = Tln(sum of squared residuals) + 2n 
•SBC = Tln(sum of squared residuals) + nln(T) 
 
wheren= number of parameters estimated (p+ q+ possible constant term) 
T= number of usable observations. 
 
ALTERNATIVE 
•AIC*= –2ln(L)/T+ 2n/T 
•SBC*= –2ln(L)/T+ nln(T)/T 
 
•where nand T are as defined above,and L =maximized value of the log of 
the likelihood function. 

•For a normal distribution,  
(sum of squared residuals) 
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Table 2.2: Estimates of an AR(1) Model 
 

 
 
 

 
 
Table 2.3: Estimates of an ARMA(1,1) Model 

 
 
ACF of Nonstationary Series 

 
 
BOX–JENKINS MODEL SELECTION 
 
Parsimony 
–Extra AR coefficients reduce degrees of freedom by 2 
–Similar processes can be approximated by very different models 
–Common Factor Problem 
 
yt= etand yt= 0.5 yt-1+ et-0.5et-1 
 
–Hence: All t-stats should exceed 2.0 
–Model should have a good fit as measured by AIC or BIC (SBC) 
 
Box-Jenkins II 
 
Stationarity and Invertibility 
–t-stats, ACF, Q-stats, … all assume that the process is stationary 
–Be suspicious of implied roots near the unit circle 
–Invertibility implies the model has a finite AR representation. 

No unit root in MA part of the model 
 
Diagnostic Checking 
–Plot residuals—look for outliers, periods of poor fit 
–Residuals should be serially uncorrrelated 
Examine ACF and PACF of residuals 
–Overfit the model 
–Divide sample into subperiods 
–F = (ssr –ssr1–ssr2)/(p+q+1) / (ssr1+ ssr2)/(T-2p-2q-2) 
 
Residuals Plot 

 
 
What can we learn by plotting the residuals? 
What if there is a systematic pattern in the residuals? 
 
Requirements for Box-Jenkins 
•Successful in practice, especially short term forecasts  
•Good forecasts generally require at least 50 observations,more with 
seasonality 
•Most useful for short-term forecasts 
•You need to ‗detrend‘ the data. 
 
Disadvantages 
–Need to rely on individual judgment, However, very different models can 
provide nearly identical forecasts 
 
PROPERTIES OF FORECASTS 
Forecasting with ARMA Models 
 
TheMA(1)Model 
yt=b0+b1et-1+et 
 
Updating 1 period: 
yt+1=b0+b1et+et+1 
 
Hence,theoptimal1-stepaheadforecastis: 
Etyt+1=b0+b1et 
 

 
 
Forecast errors 
 

 
 
Forecast error variance 

 
Confidence intervals 
 
The 95% confidence interval for the1-stepahead forecast is: 

 
 
The 95% confidence interval for the 2-step ahead forecast is: 

 
 
In the general case of an MA(q),the confidence intervals increase up to lag 
q. 
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The AR(1) Model: yt= a0+ a1yt-1+ εt. 
 
Updating1period,yt+1=a0+a1yt+εt+1,sothat 
 
Etyt+1=a0+a1yt  [*] 
 
The 2-step ahead forecast is: 

 

 
 
E 
 
Forecasterrors 
The1-step ahead forecast error is: 

 
 

 
  
The variance of the forecast error is an increasing function of j. As 
such,you can have more confidence in short-term forecasts than in long-
term forecasts. In the limit the forecast error variance convergers to 

 hence, the forecast error variance converges to the 
unconditional variance of the (Yt) sequence. 
 
Confidence intervals 

 
Forecast Evaluation 
Out-of-sample Forecasts: 
1. Hold back a portion of the observations from the estimation process 
and estimate the alternative models over the shortened span of data. 
 
2. Use these estimates to forecast the observations of the holdback 
period. 
 
3. Compare the properties of the forecast errors from the two models. 
 
Example: 
1. If {yt} contains a total of 150 observations, use the first 100 observations 
to estimate an AR(1) and an MA(1) and use each to forecast the value of 
y101. Construct the forecast error obtained from the AR(1) and from the 
MA(1). 
 
2. Reestimatean AR(1) and an MA(1) model using the first 101 
observations and construct two more forecast errors. 
 
3. Continue this process so as to obtain two series of one-step ahead 
forecast errors, each containing 50 observations. 
 
A regression based method to assess the forecasts is to use the 50 
forecasts from the AR(1) to estimate an equation of the form  
 
y100+t= a0+ a1f1t+ v1t 
 

If the forecasts are unbiased, an F-test should allow you to impose the 
restriction a0= 0 and a1= 1. Repeat the process with the forecasts from the 
MA(1). In particular, use the 50 forecasts from the MA(1) to estimate 
 
y100+t= b0+ b1f2t+ v2tt= 1, … , 50 
 
If the significance levels from the two F-tests are similar, you might select 
the model with the smallest residual variance; that is, select the AR(1) if 
var(v1t) < var(v2t). Instead of using a regression-based approach, many 
researchers would select the model with the smallest mean square 
prediction error (MSPE). If there are Hobservations in the holdback 
periods, the MSPE for the AR(1) can be calculated as 

 
 
The Diebold–Mariano Test 
Let the loss from a forecast error in period i be denoted by g(ei). In the 
typical case of mean-squared errors, the loss is et2.  We can write the 
differential loss in period i from using model 1 versus model 2 as di = g(e1i) 
– g(e2i). The mean loss can be obtained as 

 

 
A MODEL OF THE INTEREST RATE SPREAD 
 
] 

 



 Masterbook of Business and Industry (MBI) 

  

Muhammad Firman   (University of Indonesia -  Accounting )                      355 

 

 
 
 
 
 
SEASONALITY 
Seasonality in the Box-Jenkins framework 
 
Seasonal AR coefficients 
–yt= a1yt-1+a12yt-12+ a13yt-13 
–yt= a1yt-1+a12yt-12+ a1a12yt-13 
–(1 –a1L)(1 –a12L12)yt 
 
Seasonal MA Coefficients 
 
Seasonal differencing: 
–Dyt= yt–yt-1versus D12yt= yt–yt-12, NOTE: You do not difference 12 
times 
–In RATS you can use: dif(sdiffs=1) y / sdy 
 

 

 
 Three Models of Money Growth 
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PARAMETER INSTABILITY AND STRUCTURAL CHANGE 
 
Parameter Instability and the CUSUMs 
Brown, Durbin and Evans (1975) calculate whether the cumulated sum of 
the forecast errors is statistically different from zero. Define: 

 

 

 
 
 
COMBINING FORECASTS 

 
 
A Simple Example 
To keep the notation simple, let n= 2. 
Subtract ytfrom each side of (2.71) to obtain 

 

 
 
Now let e1t and e2t denote the series containing the one-step-ahead 
forecast errors from models 1 and 2 (i.e., eit= yt fit) and let ectbe the 
composite forecast error. As such, we can write  
 

 
The variance of the composite forecast error is 
 

 
Suppose that the forecast error variances are the same size and that 
cov(e1te2t) =0. If you take a simple average by setting w1= 0.5, (2.72) 
indicates that the variance of the composite forecast is 25% of the 
variances of either forecast: var(ect) = 0.25var(e1t) = 0.25var(e2t). 
 
Optimal Weights 

 
 
Alternative methods 
Consider the regression equation  
 

 
It is also possible to force a0= 0 and a1+ a2+ + an= 1. Under these 
conditions, the ai‘s would have the direct interpretation of optimal 
weights. Here, an estimated weight may be negative. Some researchers 
would reestimatethe regression without the forecast associated with the 
most negative coefficient. Granger and Ramanathanrecommend the 
inclusion of an intercept to account for any bias and to leave the ai‘s 
unconstrained. As surveyed in Clemen(1989), not all researchers agree 
with the Granger–Ramanathanrecommendation and a substantial amount 
of work has been conducted so as to obtain optimal weights. 
 
The SBC 
Let SBCi be the SBC from model i and let SBC* be the SBC from the 
best fitting model.  

 
Since exp(0) = 1, the model with the best fit has the weight 1/∑ai . Since 
Ai is decreasing in the value of SBCi, models with a poor fit with have 
smaller weights than models with large values of the SBC. 
 
Example of the Spread 
AR(7) 
AR(6) 
AR(2) 
AR 
 estimated seven different ARMA models of the interest rate spread. The 
data ends in April 2012 and if I use each of the seven models to make a 
one-step-aheadforecast for January 2013: 
 

 
Simple averaging of the individual forecasts results in a combined forecast 
of 0.743. Construct 50 1-step-ahead out-of-sample forecasts for each 
model so as to obtain 
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Next, use the spread (st) to estimate a regression in the form of (5). If you 
omit the intercept and constrain the weights to unity, you should obtain: 
 

 
 
 Although some researchers would include the negative weights in (6), 
most would eliminate those that are negative. If you successively 
reestimatethe model by eliminating the forecast with the most negative 
coefficient, you should obtain: 

 
 
The composite forecast using the regression method is: 

 
 
If you use the values of the SBC as weights, you should obtain: 
 

 
 
The composite forecast using SBC weights is 0.782. In actuality, the spread 
in 2013:1 turned out to be 0.74 (the actual data contains only two decimal 
places). Of the four methods, simple averaging and weighting by the 
forecast error variances did quite well. In this instance, the regression 
method and constructing the weights using the SBC provided the worst 
composite forecasts. 
 
APPENDIX 2.1: ML ESTIMATION OF A REGRESSION 
 

 
ML ESTIMATION OF AN MA(1) 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
ECONOMIC TIME SERIES: THE STYLIZED FACTS 
 

 
 
 

 
 
 

 
 

 
CHAPTER III  
MODELLING VOLATILIY 
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ARCH AND GARCH PROCESSES 
 
Other Methods 

 
One simple strategy is to model the conditional variance as an AR(q) 
process using squares of the estimated residuals  

 
In contrast to the moving average , here the weights need  not equal1/30 
(or 1/N). The forecasts are: 

 
 
Properties of the Simple ARCH Model 

 
 
ARCH Interactions with the Mean 
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Other Processes 

 
The benefits of the GARCH model should be clear; a high-order ARCH 
model may have a more parsimonious GARCH representation that is much 
easier to identify and estimate. This is particularly true since all 
coefficients must be positive. 
 
Testing For ARCH 
Step 1: Estimate the {yt} sequence using the "best fitting" ARMA model (or 
regression model) and obtain the squares of the fitted errors . Consider 
the regression equation: 

 
 
If there are no ARCH effects a1= a2= … = 0 
•All the coefficients should be statistically significant 
•No simple way to distinguish between various ARCH and GARCH models  
 
Testing for ARCH II 
Examine the ACF of the squared residuals: 
– Calculate and plot the sample autocorrelations of the squared residuals 
– Ljung–Box Q-statistics can be used to test for groups of significant 
coefficients. 

 

Q has an asymptotic  distribution with n degrees of freedom  
 
Engle's Model of U.K. Inflation 

 
 
THREE EXAMPLES OF GARCH MODELS 
 
A GARCH Model of Oil Prices 
Use OIL.XLS to create 

pt= 100.0*[log(spott) − log(spott−1)]. 
 
The following MA model works well: 

 
The McLeod–Li (1983) test for ARCH errors using four lags: 

 
The F-statistic for the null hypothesis that the coefficients a1through a4all 
equal zero is 26.42. With 4 numerator and 1372 denominator degrees of 
freedom, we reject the null hypothesis of no ARCH errors at any 
conventional significance level. 
The GARCH(1,1) Model 

 
Volatility Moderation 
Use the file RGDP.XLS to construct the growth rate of real U.S. GDP 
yt= log(RGDPt/RGDPt-1). 

 
A reasonable model is: 
 
Figure 3.8: Forecasts of the Spread 

 
 
 
A GARCH MODEL OF RISK 
 
Holt and Aradhyula (1990) 
The study examines the extent to which producers in the U.S. broiler (i.e., 
chicken) industry exhibit risk averse behavior. The supply function for the 
U.S. broiler industry take  the form: 
 

 
and the length of the time period is one quarter. 
 
Note the negative effect of the conditional variance of price on broiler 
supply. The timing of the production process is such that feed and other 
production costs must be incurred before output is sold in the market. 
Producers must forecast the price that will prevail two months hence. The 
greater pte, the greater the number of chicks that will be fed and brought 
to market. If price variability is very low, these forecasts can be held with 
confidence. Increased price variability decreases the accuracy of the 
forecasts and decreases broiler supply. Risk-averse producers will opt to 
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raise and market fewer broilers when the conditional volatility of price is 
high. 
 
The Price equation 

 
The paper assumes producers use these equations to form their price 
expectations. The supply equation: 

 
 
Section 6: THE ARCH-M MODEL 
Engle, Lilien, and Robins let 
 

 
 
whereyt= excess return from holding a long-term asset relative to a one-
period treasury bill and mtis a time-varying risk premium:  

 
 
The risk premium is: 

 
 
 

 
ADDITIONAL PROPERTIESOF GARCH PROCESS 
Forecasting with the GARCH(1, 1) 

 
 
Volatility Persistence 
Large values of both a1and b1act to increase the conditional volatility but 
they do so in different ways.  

 
 
Assessing the Fit 
Standardized residuals: 

 
where L likelihood function and n is the number of estimated parameters. 
 
Diagnostic Checks for Model Adequacy 
If there is any serial correlation in the standardized residuals--the {st} 
sequence--the model of the mean is not properly specified. To test for 
remaining GARCH effects, form the Ljung–Box Q-statistics of the squared 
standardized residuals. 
 
MAXIMUM LIKELIHOOD ESTIMATION 
 
Maximum Likelihood and a Regression 
Under the usual normality assumption, the log likelihood of observation t 
is: 

 
 
With T independent observations: 

 
 
We want to select b and 2 so as to maximize L 

 
 
The Likelihood Function with ARCH errors 
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There are no analytic solutions to the first-order conditions for a 
maximum. 
 
OTHER MODELS OF CONDITIONAL VARIANCE 
 
IGARCH 
The IGARCH Model: Nelson (1990) argued that constraining a1+ b1to equal 
unity can yield a very parsimonious representation of the distribution of an 
asset’s return. 

 
RiskMetrics 
Risk Metrics assumes that the continually compounded daily return of a 
portfolio follows a conditional normal distribution. 
 
The assumption is that: 

 
Note: (Sometimes rt-1is used). This is an IGARCH without an intercept. 
Suppose that a loss occurs when the price falls. If the probability is 5%, 
RiskMetricsuses 1.65ht+1to measure the risk of the portfolio. The Value at 
Risk (VaR) is: 
 
Why Do We Care About ARCH Effects? 
1. We care about the higher moments of the distribution. 
2. The estimates of the coefficients of the mean are not correctly 
estimated if there are ARCH errors. Consider 

 
 
3. We want to place conditional confidence intervals around our forecasts 
 
 
Example from Tsay 
 

 
 
Models with Explanatory Variables 
To model the effects of 9/11 on stock returns, create a dummy variable Dt 
equal to 0 before 9/11 and equal to 1 thereafter. Let 
 

 
 
TARCH and EGARCH 
Glosten, Jaganathan and Runkle(1994) showed how to allow the effects of 
good and bad news to have different effects on volatility. Consider the 
threshold-GARCH (TARCH) process 

 

 
 
The EGARCH Model 

 
 
 
Testing for Leverage Effects 
1. If there are no leverage effects, the squared errors should be 
uncorrelated with the level of the error terms 
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2. The Sign Bias test uses the regression equation of the form 

 
where dt–1 is to 1 if et-1 < 0 and is equal to zero if et-1 > 0. 
 
3. The more general test is 

 
 
dt–1st–1 and (1 – dt–1)st–1 indicate whether the effects of positive and 
negative shocks also depend on their size. You can use an F-statistic to test 
the null hypothesis a1 = a2 = a3 = 0. 
 
ESTIMATING THE NYSE U.S. 100 INDEX 
 

 
 

 
 
MULTIVARIATE GARCH 
If you have a data set with several variables, it often makes sense to 
estimate the conditional volatilities of the variables simultaneously. 
Multivariate GARCH models take advantage of the fact that the 
contemporaneous shocks to variables can be correlated with each other. 
Equation-by-equation estimation is not efficient Multivariate GARCH 
models allow for volatility spillovers in that volatility shocks to one variable 
might affect the volatility of other related variables  
 
Suppose there are just two variables, x1tand x2t. For now, we are not 
interested in the means of the series Consider the two error processes 

 
Assume var(v1t) = var(v2t) = 1, so that h11tand h22tare the conditional 
variances of e1tand e2t, respectively. We want to allow for the possibility 
that the shocks are correlated, denote h12t as the conditional covariance 

between the two shocks. Specifically, let  
 
The VECH Model 
A natural way to construct a multivariate GARCH(1, 1) is the vechmodel 

 

 
The conditional variances (h11tand h22t) and covariance depend on their 
own past, the conditional covariance between the two variables (h12t), 
the lagged squared errors, and the product of lagged errors (e1t-1e2t-1). 
Clearly, there is a rich interaction between the variables. After one period, 
a v1tshock affects h11t, h12t, and h22t. 
 
ESTIMATION 
Multivariate GARCH models can be very difficult to estimate. The number 
of parameters necessary can get quite large. In the 2-variable case above, 
there are 21 parameters. Once lagged values of {x1t} and {x2t} and/or 
explanatory variables are added to the mean equation, the estimation 
problem is complicated. As in the univariatecase, there is not an analytic 
solution to the maximization problem. As such, it is necessary to use 
numerical methods to find that parameter values that maximize the 
function L. Since conditional variances are necessarily positive, the 
restrictions for the multivariate case are far more complicated than for the 
univariatecase. 
 
The results of the maximization problem must be such that every one of 
the conditional variances is always positive and that the implied 
correlation coefficients, ρij= hij/(hiihjj)0.5, are between –1 and +1. 
 
The diagonal vech 
One set of restrictions that became popular in the early literature is the so-
called diagonal vechmodel. The idea is to diagonalizethe system such that 
hijtcontains only lags of itself and the cross products of eitejt. For example, 
the diagonalizedversion of (3.42) -(3.44) is 

 
 
Given the large number of restrictions, model is relatively easy to 
estimate. 
•Each conditional variance is equivalent to that of a univariateGARCH 
process and the conditional covariance is quite parsimonousas well. The 
problem is that setting 

  means that there are no interactions among 
the variances. A e1t-1shock, for example, affects h11tand h12t, but does 
not affect the conditional variance h2t. 
 
THE BEKK 
Engle and Kroner (1995) popularized what is now called the BEK (or BEKK) 
model that ensures that the conditional variances are positive. The idea is 
to force all of the parameters to enter the model via quadratic forms 
ensuring that all the variances are positive. Although there are several 
different variants of the model, consider the specification 

 
where for the 2-variable case 

 
 
If you perform the indicated matrix multiplications you will find 

 
THE BEK II 
In general, hijtwill depend on the squared residuals, cross-products of the 
residuals, and the conditional variances and covariancesof all variables in 
the system. The model allows for shocks to the variance of one of the 
variables to “spill-over” to the others. The problem is that the BEK 
formulation can be quite difficult to estimate. The model has a large 
number of parameters that are not globally identified. Changing the signs 
of all elements of A, Bor Cwill have effects on the value of thelikelihood 
function. As such, convergence can be quite difficult to achieve. 
 
The BEKK (and Vech) as a VAR 

 
Constant Conditional Correlations (CCC) 
•As the name suggests, the (CCC)model restricts the correlation 
coefficients to be constant. As such, for each i =/j, the CCC model assumes  
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In a sense, the CCC model is a compromise in that the variance terms need 
not be diagonalized, but the covariance terms are always proportional to 
(hiithjjt)0.5. For example, a CCC model could consist of (3.42), (3.44) and 

 
Hence, the covariance equation entails only one parameter instead of the 
7 parameters appearing in (3.43). 
 
EXAMPLE OF THE CCC MODEL 
Bollerslev(1990) examines the weekly values of the nominal exchange 
rates for five different countries--the German mark (DM), the French franc 
(FF), the Italian lira(IL), the Swiss franc (SF), and the British pound (BP)--
relative to the U.S. dollar. 

• A five-equation system would be too unwieldy to estimate in an 
unrestricted form. 

• For the model of the mean, the log of each exchange rate series 
was modeled as a random walk plus a drift 

 

 
 
where yitis the percentage change in the nominal exchange rate for 
country i,Ljung-Box tests indicated each series of residuals did not contain 
any serial correlation. Next, he tested the squared residuals for serial 
dependence. For example,for the British pound, theQ(20)-statistic has a 
value of 113.020; this is significant at any conventional level. Each series 
was estimated as a GARCH(1, 1) process.Thespecification has the form of 
(3.45) plus 
 

 
The model requires that only 30 parameters be estimated (five values of 
mi, the five equations for hiiteach have three parameters, and ten values 
of the ρij). 
•As in a seemingly unrelated regression framework, the system-wide 
estimation provided by the CCC model captures the contemporaneous 
correlation between the various error terms. 
 
RESULTS 
The estimated correlations for the period during which the European 
Monetary System (EMS) prevailed are 

 
It is interesting that correlations among continental European currencies 
were all far greater than those for the pound. Moreover, the correlations 
were much greater than those of the pre-EMSperiod. Clearly, EMS acted to 
keep the exchange rates of Germany, France, Italy and Switzerland tightly 
in line prior to the introduction of the Euro.  
 
The file labeled EXRATES(DAILY).XLS contains the 2342 daily values of the 
Euro, British pound, and Swiss franc over the Jan. 3, 2000 – Dec. 23, 2008 
period. Denote the U.S. dollar value of each of these nominal exchange 
rates as eit where i = EU, BP and SW. Construct the logarithmic change of 
each nominal exchange rate as yit = log(eit/eit-1). Although the residual 
autocorrelations are all very small in magnitude, a few are statistically 
significant. For example, the autocorrelations for the Euro are  

 
 
With T = 2342, the value of ρ4 is statistically significant and the value of 
the Ljung-Box Q(4) statistic is 12.37. Nevertheless, most researchers would 
not attempt to model this small value of the 4-th lag. Moreover, the SBC 
always selects models with no lagged changes in the mean equation. For 
the second step, you should check the squared residuals for the presence 
of GARCH errors. Since we are using daily data (with a five-day week), it 
seems reasonable to begin using a model of the formThe sample values of 
the F-statistics for the null hypothesis that a1= … = a5= 0 are 43.36, 89.74, 
and 20.96 for the Euro, BP and SW, respectively. Since all of these values 
are highly significant, it is possible to conclude that all three series exhibit 
GARCH errors. 

 
The sample values of the F-statistics for the null hypothesis that a1= … = 
a5= 0 are 43.36, 89.74, and 20.96 for the Euro, BP and SW, respectively. 
Since all of these values are highly significant, it is possible to conclude 
that all three series exhibit GARCH errors. If you estimate the three series 
as GARCH(1, 1) process using the CCC restriction, you should find the 
results reported in Table 3.1. Table 3.1:  
 

 
 
If we let the numbers 1, 2, and 3 represent the euro, pound, and franc, the 
correlations are ρ12 = 0.68, ρ13 = 0.87, and ρ23 = 0.60. As in Bollerslev‘s 
paper, the pound and the franc continue to have the lowest correlation 
coefficient. 
 
By way of contrast, it is instructive to estimate the model using the 
diagonal vech specification such that each variance and covariance is 
estimated separately. The estimation results are given in Table 3.2. 
 

 
 
Now, the correlation coefficients are time varying. For example, the 
correlation coefficient between the pound and the franc is given by 
h23t/(h22th33t)0.5. The time path of this correlation coefficient is shown as 
the solid line in Figure 3.16. Although the correlation does seem to 
fluctuate around 0.64 (the value found by the CCC method), there are 
substantial departures from this average value. Beginning in mid-2006, the 
correlation between the pound and the franc began a long and steady 
decline ending in March of 2008. The correlation increased with fears of a 
U.S. recession and then sharply fell with the onset on the U.S. financial 
crisis in the Fall of 2008. 
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Appendix: The Log Likelihood Function 

 

 
 
Now, suppose that the realizations of {et} are independent, so that the 
likelihood of the joint realizations of e1, e2, … eTis the product in the 
individual likelihoods. Hence, if all have the same variance, the likelihood 
of the joint realization is 

 
 
MULTIVARIATE GARCH MODELS 
For the 2-variable 

 
The form of the likelihood function is identical for models with k variables. 
In such circumstances, H is a symmetric k x k matrix, et is a k x 1 column 
vector, and the constant term (2 ) is raised to the power k. 
 
The vech Operator 
The vech operator transforms the upper (lower) triangle of a symmetric 
matrix into a column vector. Consider the symmetric covariance matrix 

 
If we now let C= [ c1, c2, c3], , A= the 3 x 3 matrix with elements aij, and B= 
the 3 x 3 matrix with elements bij, we can write  
 

 
 
it should be clear that this is precisely the system represented by (3.42) -
(3.44). The diagonal vechuses only the diagonal elements of Aand Band 
sets all values of aij= bij= 0 for i=/j. 
 
Constant Conditional Correlations 

 
Now, if h11t and h22t are both GARCH(1, 1) processes, there are seven 
parameters to estimate (the six values of ci, aii and b ii and ρ12). 
 
Dynamic Conditional Correlations 
STEP 1: Use Bollerslev‘sCCC model to obtain the GARCH estimates of the 
variances and the standardized residuals 
 
STEP 2: Use the standardized residuals to estimate the conditional 
covariances. 
–Create the correlations by smoothing the series of standardized residuals 
obtained from the first step. 
–Engle examines several smoothing methods. The simplest is the 
exponential smoother  

 
 
–Hence, each {qiit} series is an exponentially weighted moving average of 
the cross-products of the standardized residuals. 
–The dynamic conditional correlations are created from the  

 
 

 
 
 

 
 
The Random Walk Model 

 
CHAPTER IV  
MODELS WITH TREND 
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Random Walk Plus Drift 
yt = yt–1 + a0 + et 
Given the initial condition y0, the general solution for yt is 
 

 
The autocorrelation coefficient 

 
Hence, in using sample data, the autocorrelation function for a random 
walk process will show a slight tendency to decay. 
 

 

 
 
Table 4.1: Selected Autocorrelations From Nelson and Plosser 

 
 
Worksheet 4.1 
 

 
 

 
 
Woeksheet 4.2 
 
Consider the two random walk plus drift processes 
 

 
 
Here {yt} and {zt} series are unit-root processes with uncorrelated error 
terms so that the regression is spurious. Although it is the deterministic 
drift terms that cause the sustained increase in yt and the overall decline 
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in zt, it appears that the two series are inversely related to each other. The 
residuals from the 
regression yt = 6.38 - 0.10zt are nonstationary. 
 

 

 
 
3. UNIT ROOTS AND REGRESSION RESIDUALS 
 
yt= a0+ a1zt+ et 
Assumptions of the classical model: 
–both the {yt} and {zt} sequences be stationary 
–the errors have a zero mean and a finite variance. 
–In the presence of nonstationary variables, there might be what Granger 
and Newbold (1974) call a spurious regression 
A spurious regression has a high R2and t-statistics that appear to be 
significant, but the results are without any economic meaning. The 
regression output ―looks good‖ because the least-squares estimates are 
not consistent and the customary tests of statistical inference do not hold. 
 
 
Four cases 
CASE 1: Both {yt} and {zt} are stationary. 
–the classical regression model is appropriate. 
 
CASE 2: The {yt} and {zt} sequences are integrated of different orders. 
–Regression equations using such variables are meaningless 
 
CASE 3:The nonstationary {yt} and {zt} sequences are integrated of the 
same order and the residual sequence contains a stochastic trend. 
–This is the case in which the regression is spurious. 
–In this case, it is often recommended that the regression equation be 
estimated in first differences. 
 
CASE 4:The nonstationary {yt} and {zt} sequences are integrated of the 
same order and the residual sequence is stationary. 
–In this circumstance, {yt} and {zt} are cointegrated. 
 
The Dickey-Fuller tests 

 

 
Table 4.2: Summary of the Dickey-Fuller Tests 

 
 
 
 
 
 
 
 
 
Table 4.3: Nelson and Plosser's Tests For Unit Roots 

 
 
p is the chosen lag length. Entries in parentheses represent the t-test for 
the null hypothesis that a coefficient is equal to zero. Under the null of 
nonstationarity, it is necessary to use the Dickey-Fuller critical values. At 
the .05 significance level, the critical value for the t-statistic is -3.45. 
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Quarterly Real U.S. GDP 

 
 The t-statistic on the coefficient for lrgdpt–1is -1.49. Table A indicates 
that, with 244 usable observations, the 10% and 5% critical value of Tt are 
about -3.13 and 3.43, respectively. As such, we cannot reject the null 
hypothesis of a unit root. The sample value of f3for the null hypothesis a2= 
g= 0 is 2.97. As Table B indicates that the 10% critical value is 5.39, we 
cannot reject the joint hypothesis of a unit root and no deterministic time 
trend. The sample value of f2is 20.20. Since the sample value of f2(equal 
to 17.61) far exceeds the 5% critical value of 4.75, we do not want to 
exclude the drift term. We can conclude that the growth rate of the real 
GDP series acts as a random walk plus drift plus the irregular term 0.3663 
Δlrgdpt–1. 
 
Table 4.4: Real Exchange Rate Estimation 

 
 
EXTENSIONS OF THE DICKEY–FULLER TEST 
yt= a0+ a1yt–1+ a2yt–2+ a3yt–3+ ... + ap–2yt–p+2+ ap–1yt–p+1+ apyt–
p+et 
 
add and subtract apyt–p+1to obtain 
yt= a0+ a1yt–1+ a2yt–2+ ...+ ap–2yt–p+2+ (ap–1+ ap)yt–p+1–apDyt–p+1+ 
et 
 
Next, add and subtract (ap–1+ ap)yt–p+2to obtain: 
yt= a0+ a1yt–1+ a2yt–2+ a3yt–3+ ... –(ap–1+ ap)Δyt–p+2–apDyt–p+1+ et 
 
Continuing in this fashion, we obtain 

 
Rule 1: 
Consider a regression equation containing a mixture of I(1) and I(0) 
variables such that the residuals are white noise. If the model is such that 
the coefficient of interest can be written as a coefficient on zero-mean 
stationary variables, then asymptotically, the OLS estimator converges to a 
normal distribution. As such, a t-testis appropriate. 
 
Rule 1 indicates that you can conduct lag length tests using t-tests and/or 
F-tests on  
Δyt= gyt–1+ b2Dyt–1+ b3Dyt–2+ … + bpDyt–p+1+ et 
 
Selection of the Lag Length 
general-to-specific methodology 
–Start using a lag length of p*. If the t-statistic on lag p* is insignificant at 
some specified critical value, re-estimate the regression using a lag length 
of p*–1. Repeat the process until the last lag is significantly different from 
zero. 
–Once a tentative lag length has been determined, diagnostic checking 
should be conducted. 
 
•Model Selection Criteria (AIC ,SBC) 
•Residual-based LM tests 
 
The Test with MA Components 

 
So that D(L)yt= et 
–Even though D(L) will generally be an infinite-order polynomialwe can use 
the same technique as used above to form the infinite-order 
autoregressive model 
–However, unit root tests generally work poorly if the error process has a 
strongly negative MA component. 
 

Example of a Negative MA term 

 
 
The ρiapproach unity as the sample size tbecomes infinitely large.  For the 
sample sizes usually found in applied work, the autocorrelations can be 
small. 
Let β1be close to unity so that terms containing (1 –β1)2can be safely 
ignored. The ACF can be approximated by ρ1= ρ2= … = (1 –β1)0.5. For 
example, if β1= 0.95, all of the autocorrelations should be 0.22.  
 
Multiple Roots 
Consider 

 
 
Panel (a) yt = 0.5yt−1 + et + DL 

 
 
 
Panel (b) yt = yt−1 + et + DP 

 
Perron‘sTest 
Let the null be yt= a0+ yt–1+ m1DP+ m2DL+ et 
–where DP and DLare the pulse and level dummies 
 
Estimate the regression (the alternative): 

 
 

Let DT be a trend shift dummy such that  and zero 
otherwise. Now consider a regression of the residuals 

 
 
If the errors do not appear to be white noise, estimate the equation in the 
form of an augmented Dickey–Fuller test. The t-statistic for the null 
hypothesis a1= 1 can be compared to the critical values calculated by 
Perron(1989). For = 0.5, Perronreports the critical value of the t-statistic 
at the 5 percent significance level to be –3.96 for H2and –4.24 for H3. 
 
Table 4.6: Retesting Nelson and Plosser'sData For Structural Change 
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The appropriate t-statistics are in parenthesis. For , the null is 
that the coefficient is equal to zero. For a1, the null hypothesis is a1= 1. 
Note that all estimated values of a1are significantly different from unity at 
the 1% level. 
 
Power 
Formally, the powerof a test is equal to the probability of rejecting a false 
null hypothesis (i.e., one minus the probability of a type II error). The 
power for tau-mu is 
 

 
 
Nonlinear Unit Root Tests 
Enders-Granger Test 

 
 

• LSTAR and ESTAR Tests 
• Nonlinear Breaks—Endogenous Breaks 

 
Schmidt and Phillips (1992) LM Test 
The overly-wide confidence intervals for gmeans that you are less likely to 
reject the null hypothesis of a unit root even when the true value of gis not 
zero. A number of authors have devised clever methods to improve the 
estimates of the intercept and trend coefficients. 
 

 

 
 
The idea is to estimate the trend coefficient, a2, using the regression Dyt= 
a2+ et. As such, the presence of the stochastic trend eidoes not interfere 
with the estimation of a2. 
 
LM Test Continued 
Use this estimate to form the detrended series as 

 
 
Then use the detrendedseries to estimate 

 
Schmidt and Phillips (1992) show that it is preferable to estimate the 
parameters of the trend using a model without the persistent variable yt-
1. Elliott, Rothenberg and Stock (1996) show that it is possible to further 
enhance the power of the test by estimating the model using something 
close to first-differences. 
 
The Elliott, Rothenberg, and Stock Test 
Instead of creating the first difference of yt, Elliott, Rothenberg and 
Stock (ERS) preselect a constant close to unity, say a, and subtract 
Ayt-1 from yt to obtain: 
 

 
 

The important point is that the estimates a0 and a2 can be used to 
detrend 
the {yt} series 

 
Panel Unit Root Tests 

 
 
One way to obtain a more powerful test is to pool the estimates from a 
number separate series and then test the pooled value. The theory 
underlying the test is very simple: if you have nindependent and unbiased 
estimates of a parameter, the mean of the estimates is also unbiased. 
More importantly, so long as the estimates are independent, the central 
limit theory suggests that the sample mean will be normally distributed 
around the true mean. The difficult issue is to correct for cross equation 
correlation .Because the lag lengths can differ across equations, you 
should perform separate lag length tests for each equation. Moreover, you 
may choose to exclude the deterministic time trend. However, if the trend 
is included in one equation, it should be included in all 
 
Table 4.8: The Panel Unit Root Tests for Real Exchange Rates 

 
 
Limitations 
The null hypothesis for the IPS test is gi= g2= … = gn= 0. Rejection of the 
null hypothesis means that at least one of the gi’s differs from zero. At this 
point, there is substantial disagreement about the asymptotic theory 
underlying the test. Sample size can approach infinity by increasing nfor a 
given T, increasing Tfor a given n, or by simultaneously increasing nand T. 
For small Tand large n, the critical values are dependent on the 
magnitudes of the various bij. The test requires that that the error terms 
be serially uncorrelated and contemporaneously uncorrelated. You can 
determine the values of pito ensure that the autocorrelations of {eit} are 
zero. Nevertheless, the errors may be contemporaneously correlated in 
that . –The example above illustrates a common technique to 
correct for correlation across equations. As in the example, you can 
subtract a common time effect from each observation. However, there is 
no assurance that this correction will completely eliminate the correlation. 
Moreover, it is quite possible that is nonstationary. Subtracting a 
nonstationarycomponent from each sequence is clearly at odds with the 
notion that the variables are stationary. 
 
The Beveridge-Nelson Decomposition 
The trend is defined to be the conditional expectation of the limiting value 
of the forecast function. In lay terms, the trend is the ―long-term‖ 
forecast. This forecast will differ at each period tas additional realizations 
of {et} become available. At any period t, the stationary component of the 
series is the difference between ytand the trend mt. 
 
BN 2 
Estimate the {yt} series using the Box–Jenkins technique. 
–After differencing the data, an appropriately identified and estimated 
ARMA model will yield high-quality estimates of the coefficients. 
•Obtain the one-step-ahead forecast errors of Etyt+sfor large s. Repeating 
for each value of tyields the entire set of premanentcomponents 
•The irregular component is ytminus the value of the trend. 
 
The HP Filter 

 
1 
For a given value of λ the goal is to select the { mt )  sequence so as to 
minimize this sum of squares. In the minimization problem λ is an arbitrary 
constant reflecting the “cost” or penalty of incorporating fluctuations into 
the trend. 
In applications with quarterly data, including Hodrick and Prescott (1984) λ 
is 
usually set equal to 1,600. Large values of λ acts to “smooth out” the trend 
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An Intervention Model 
Consider the model used in Enders, Sandler, and Cauley (1990) to study 
the impact of metal detector technology on the number of skyjacking 
incidents: 
 
yt= a0+ a1yt–1 + c0zt+ et,Ia1I< 1 
 
where zt is the intervention (or dummy) variable that takes on the value of 
zero prior to 1973Q1 and unity beginning in 1973Q1 and etis a white-noise 
disturbance. In terms of the notation in Chapter 4, ztis the level shift 
dummy variable DL. 

 
 
Steps in an Intervention Model 
•STEP 1: Use the longest data span (i.e., either the pre-or the 
postinterventionobservations) to find a plausible set of ARIMA models. 
–You can use the Perron (1989) test for structural change discussed in 
Chapter 4. 
 
•STEP 2: Estimate the various models over the entire sample period, 
including the effect of the intervention. 
 
•STEP 3: Perform diagnostic checks of the estimated equations. 
 

 
 

 
 
 
Table 5.1: Metal Detectors and Skyjackings 

 
 
ADLs and Transfer Functions 
 
Transfer Functions 
 

 
 
where A(L), B(L), and C(L) are polynomials in the lag operator L. 
•In a typical transfer function analysis, the researcher will collect data on 
the endogenous variable {yt} and on the exogenous variable {zt}. The goal 
is to estimate the parameter a0and the parameters of the polynomials 
A(L), B(L), and C(L). Unlike an intervention model,{zt} is not constrained to 
have a particular deterministic time path. 

 
CHAPTER V 
MULTIEQUATION TIME-SERIES MODELS  

 



 Masterbook of Business and Industry (MBI) 

  

Muhammad Firman   (University of Indonesia -  Accounting )                      370 

 

•It is critical to note that transfer function analysis assumes that {zt} is an 
exogenous process that evolves independently of the {yt} sequence. 
 
The CCVF 
The cross-correlation between ytand zt–iis defined to be 

 

 
 
Interpreting the CCVF 

 
 
The theoretical CCVF (and CCF) has a shape with the following 
characteristics: 
•All gyz(i) will be zero until the first nonzero element of the polynomial 
C(L). 
•A spike in the CCVF indicates a nonzero element of C(L). Thus, a spike at 
lag dindicates that zt–ddirectly affects yt. 
•All spikes decay at the rate a1; convergence implies that the absolute 
value of a1is less than unity. If 0 < a1< 1, decay in the cross-covarianceswill 
be direct, whereas if –1 < a1< 0, the decay pattern will be oscillatory. 
•Only the nature of the decay process changes if we generalize equation 
(5.7) to include additional lags of yt–i. 
 

 
 
Estimating a ParsimonousADL 
•STEP 1:Estimate the ztsequenceand an AR process. 
 
•STEP 2: Identify plausible candidates for C(L) 
–Constrict the filtered {yt} sequence by applying the filter D(L) to each 
value of {yt}; that is, use the results of Step 1 to obtain D(L)yt yft. 
 
•STEP 3:Identify plausible candidates for the A(L) function. Regress yt(not 
yft) on the selected values of {zt} to obtain a model of the form 
yt= C(L)zt+ et 
 
•STEP 4:Combine the results of Steps 2 and 3 to estimate the full equation. 
At this stage, you will estimate A(L), and C(L) simultaneously. 
 
The Brooking Model 

 
where:  
CNF= personal consumption expenditures on food 
YD= disposable personal income 
PCNF= price deflator for personal consumption expenditures on food 
PC= price deflator for personal consumption expenditures 

N = civilian population 
NML = military population including armed forces overseas 
CNEF= personal consumption expenditures for nondurables other than 
food 
ALQDHH=end-of-quarter stock of liquid assets held by households 
and: standard errors are in parenthesis. 
 
Are such ad hocbehavioral assumptions consistent with economic theory? 
Sims (p.3, 1980) considers such multi-equation models and argues that:"... 
what 'economic theory' tells us about them is mainly that any variable that 
appears on the right-hand-side of one of these equations belongs in 
principle on the right-hand-side of all of them. To the extent that models 
end up with very different sets of variables on the right-hand-side of these 
equations, they do so not by invoking economic theory, but (in the case of 
demand equations) by invoking an intuitive econometrician's version of 
psychological and sociological theory, since constraining utility functions is 
what is involved here. Furthermore, unless these sets of equations are 
considered as a system in the process of specification, the behavioral 
implications 
 
"St. Louis model" estimated by Anderson and Jordan (1968). 
Using U.S. quarterly data from 1952 -1968, they estimated the following 
reduced-form GNP determination equation: 
 

 
Testing whether the sum of the monetary base coefficients (i.e. 1.54 + 1.56 
+ 1.44 + 1.29 = 5.83) differs from zero yields at-value of 7.25. Hence, they 
concluded that changes in the money base translate into changes in 
nominal GNP. On the other hand, the test that the sum of the fiscal 
coefficients (0.40 + 0.54 -0.03 -0.74 = 0.17) equals zero yields a t-value of 
0.54. According to Anderson and Jordan, the results support "lagged 
crowding out" in the sense that an increase in the budget deficit initially 
stimulates the economy. 
 
Reduced Form 
Sims (1980) also points out several problems with this type of analysis. 
Ensuring that there is no feedback between GNP and the money base or 
the budget deficit. However, the assumption of no feedback is 
unreasonable if the monetary or fiscal authorities deliberately attempt to 
alter nominal GNP. As in the thermostat example, if the monetary 
authority attempts to control the economy by changing the money base, 
we can not identify the "true" model. In the jargon of time-series 
econometrics, changes in GNP would "cause" changes in the money 
supply. One appropriate strategy would be to simultaneously estimate the 
GNP determination equation andthe money supply feedback rule. 
Comparing the two types of models, Sims (pp. 14-15, 1980) states: 
 
"Because existing large models contain too many incredible restrictions, 
empirical research aimed at testing competing macroeconomic theories 
too often proceeds in a single-or few-equation framework. For this reason 
alone, it appears worthwhile to investigate the possibility of building  large 
models in a style which does not tend to accumulate restrictions so 
haphazardly. ... It should be feasible to estimate large-scale 
macromodelsas unrestricted reduced forms, treating all variables as 
endogenous." 
 
Structural VARs 

 
 
A 1st-Order VAR in Standard Form 
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The VAR Structure 
Consider the following 2-variable 1-lag VAR in standard form: 
 
yt= a10+ a11yt-1+ a12zt-1+ e1t 
zt= a20+ a21yt-1+ a22zt-1+ e2t 
 
It is assumed that e1tand e2tare serially uncorrelated but the covariance 
Eet1e2tneed not be zero. If the variances and covariance are time-
invariant, we can write the variance/covariance matrix as: 
 

 
 
Forecasting 

• If your data run through period T, it is straightforward to obtain 
the one-step-ahead forecasts of your variables using the 
relationship 

• ETxT+1= A0+ A1xT. 
• A two-step-ahead forecast can be obtained recursively from 

 
 ETxT+2= A0+ A1ETxT+1= A0+ A1[A0+ A1xT]. 
 
Since unrestricted VARs are overparameterized, the forecasts 
may be unreliable. In order to obtain a parsimonious model, 
many forecasters would purge the insignificant coefficients 
from the VAR. 

• After reestimatingthe so-called near-VARmodel using SUR, it 
could be used for forecasting purposes. 

 

 
 
The aim of the study was to investigate the effects of terrorism (T) on the 
growth rates of Israeli real per capita GDP (DGDPt), investment (DIt), 
exports (DEXPt), and nondurable consumption (DNDCt). The authors use 
quarterly 
data running from 1980Q1 to 2003Q3 so that there are 95 total 
observations. 
 
Cost of terrorism 
To forecast the values of xT+2and beyond, it is necessary to know the 
magnitude of the terrorism variable over the forecast period. Toward this 
end, they supposed that all terrorism actually ended in 2003Q4 (so that all 
values of Tj= 0 for j> 2003Q4). Under this assumption, the annual growth 
rate of GDPwas estimated to be 2.5% through 2005Q3. Instead, when they 
set the values of Tjat the 2000Q4 to 2003Q4 period average, the growth 
rate of GDP was estimated to be zero. Thus, a steady level of terrorism 
would have cost the Israeli economy all of its real output gains. In 
actuality, the largest influence of terrorism was found to be on 
investment. The impact of terrorism on investment was twice as large as 
the impact on real GDP. 
 
Impulse Responses 
Consider a 2-variable model: 

 
 
The impulse response function is obtained using the moving average 
representation: 

 
 
Impulse Responses: An Example 

 

 
 
The Residuals vs the Pure Shocks 
 
e1t=(εyt-b12εzt)/(1-b12b21) 
e2t= (εzt-b21εyt)/(1-b12b21) 
 
If we set b12or b21equal to zero, we can identify the shocks 
 
Identification 
e1t= g11e1t+ g12e2t 
e2t= g21e1t+ g22e2t 
 
or: 
 
et= Get 
 
If we let var(e1t) = and var(e2t) = , it follows that: 
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The problem is to identify the unobserved values of e1tand e2tfrom the 
regression residuals e1tand e2t. 
 
Identification 2 
If we knew the four values g11, g12g13and g14we could obtain all of the 
structural shocks for the regression residuals. Of course, we do have some 
information about the values of the gij.Consider the variance/covariance 
matrix of the regression residuals: 

 
Sim‘sRecursive Ordering 
Sim‘srecursive ordering restricts on the primitive system such that the 
coefficient b21is equal to zero. Writing (5.17) and (5.18) with the 
constraint imposed yields 
 
yt= b10–b12zt+ g11yt–1 + g12zt–1 + eyt 
zt= b20+ g21yt–1 + g22zt–1 + ezt 
 
Similarly, we can rewrite the relationship between the pure shocks and the 
regression residuals given by (5.22) and (5.23) as 
 
e1t= eyt–b12ezt 
e2t= ezt 
 
Sims‘ Recursive Ordering 
e1t= eyt–b12ezt 
e2t= ezt 
 
Hence, it must be the case that: 
Eetet' = EGetet'G ' 
 
Since Eetet' = S and Eetet' = Se, it follows that: 

 
In general you must fix (n2 – n)/2 elements for exact identification 
 
Hypothesis Tests 
Let ∑uand ∑rbe the variance/covariance matrices of the unrestricted and 
restricted systems, respectively. Then, in large samples: 
 
(T-c)(log | Sr| -log | Su| ) 
 
can be compared to a χ2distribution with degrees of freedom equal to the 
number of restrictions. 
 
Model Selection Criteria 
Alternative test criteria are the multivariate generalizations of the AIC and 
SBC: 
 
AIC = Tlog | ∑|+ 2 N 
SBC = Tlog | ∑| + Nlog(T) 
 
Where | ∑| = determinant of the variance/covariance matrix of the 
residuals and N= total number of parameters estimated in all equations. 
 
Granger-Causality 
Granger causality: If {yt} does not improve the forecasting performance of 
{zt}, then {yt} does not Granger-cause {zt}. The practical way to determine 
Granger causality is to consider whether the lags of one variable enter into 
the equation for another variable. 
 
Block Exogeneity 
Block exogeneityrestricts all lags of wtin the ytand ztequations to be equal 
to zero. This cross-equation restriction is properly tested using the 
likelihood ratio test. Estimate the ytand ztequations using lagged values of 
{yt}, {zt}, and {wt} and calculate Su. Reestimate excluding the lagged values 
of {wt} and calculate Sr. Form the likelihood ratio statistic: 
 
(T-c)(log | ∑r | -log | ∑u  
 
This statistic has a chi-square distribution with degrees of freedom equal 
to 2p(since plagged values of {wt} are excluded from each equation). Here 
c= 3p+ 1 since the unrestricted ytandztequations contain plags of {yt}, {zt}, 
and {wt) plus a constant. 
 
To Difference or Not to Difference 
Recall a key finding of Sims, Stock, and Watson (1990): 

If the coefficient of interest can be written as a coefficient on a stationary 
variable, then a t-test is appropriate. 
 
•You can use t-tests or F-tests on the stationary variables. 
•You can perform a lag length test on any variable or any set of variables  
•Generally, you cannot use Granger causality tests concerning the effects 
of a nonstationaryvariable 
 
The issue of differencing is important. 
–If the VAR can be written entirely in first differences, hypothesis tests can 
be performed on any equation or any set of equations using t-tests or F-
tests. 
–It is possible to write the VAR in first differences if the variables are I(1) 
and are notcointegrated. If the variables in question are cointegrated, the 
VAR cannot be written in first differences 
 
If the I(1) variables are not cointegrated and you use levels: 
•Tests lose power because you estimate n2more parameters (one extra 
lag of each variable in each equation). 
•For a VAR in levels, tests for Granger causality conducted on the I(1) 
variables do not have a standard Fdistribution. If you use first differences, 
you can use the standard Fdistribution to test for Granger causality. 
•When the VAR has I(1) variables, the impulse responses at long forecast 
horizons are inconsistent estimates of the true responses. Since the 
impulse responses need not decay, any imprecision in the coefficient 
estimates will have a permanent effect on the impulse responses. If the 
VAR is estimated in first differences, the impulse responses decay to zero 
and so the estimated responses are consistent. 
 
Seemingly Unrelated Regressions 
Different lag lengths 
yt= a11(1)yt-1+ a11(2)yt-2+ a12zt-1+ e1t 
zt= a21yt-1+ a22zt-1+ e2t 
 
Non-Causality 
yt= a11yt-1+ e1t 
zt= a21yt-1+ a22zt-1+ e2t 
 
Effects of a third variable 
yt= a11yt-1+ a12zt-1+ e1t 
zt= a21yt-1+ a22zt-1+ a23wt+ e2t 
 
Responses of vs Respons to 

 
 
 
Sims Bernamke 

 
 
Sims’ structural VAR 
Sims (1986) used a six-variable VAR of quarterly data over the period 
1948Q1 to 1979Q3. The variables included in the study are real GNP (y), 
real business fixed investment (i), the GNP deflator (p), the money supply 
as measured by M1 (m), unemployment (u), and the treasury bill rate (r). 



 Masterbook of Business and Industry (MBI) 

  

Muhammad Firman   (University of Indonesia -  Accounting )                      373 

 

 
 
Note that it is Overidentified 
rt = 71.20mt+ ert(5.59) 
mt = 0.283yt+ 0.224pt–0.0081rt+ emt(5.60) 
yt = –0.00135rt+ 0.132it+ eyt(5.61) 
pt = –0.0010rt+ 0.045yt–0.00364it+ept(5.62) 
ut = –0.116rt–20.1yt–1.48it–8.98pt+ eut (5.63) 
it = eit(5.64) 
 
Sims views (5.59) and (5.60) as money supply and demand functions, 
respectively. In (5.59), the money supply rises as the interest rate 
increases. The demand for money in (5.60) is positively related to income 
and the price level and negatively related to the interest rate. Investment 
innovations in (5.64) are completely autonomous. Otherwise, Sims sees no 
reason to restrict the other equations in any particular fashion. For 
simplicity, he chooses a Choleski-type block structure for GNP, the price 
level, and the unemployment rate. The impulse response functions appear 
to be consistent with the notion that money supply shocks affect prices, 
income, and the interest rate. 
 
Blanchard-Quah 
Suppose we are interested in decomposing an I(1) sequence, say {yt}, into 
its temporary and permanent components. Let there be a second variable 
{zt} that is affected by the same two shocks. The BMA representation is: 

 
 
The Long-run resrtiction 
Assume that one of the shocks has a temporary effect on the {yt} 
sequence. 
–It is this dichotomy between temporary and permanent effects that 
allows for the complete identification of the structural innovations from an 
estimated VAR. 
•For example, Blanchard and Quah assume that an aggregate demand 
shock has no long-run effect on real GNP. In the long run, if real GNP is to 
be unaffected by the demand shock, it must be the case that the 
cumulated effect of ane1tshock on the Dytsequence must be equal to 
zero. Hence, the coefficients c11(k) must be such that 
 

 
 
The four restrictions 

 
 
Blanchard-Quah 
Changes in e1twill have no long-run effect on the {yt} sequence if: 

 
 
Forecast Error Variance Due to Demand-side Shocks 

 
 

 
 
Example of Cointegration and Money Demand 
In logarithms,an econometric  specification for such an equation can be 
written as: 

 
where:  
mt= demand for money 
pt= price level 
yt= real income 
rt= interest rate 
et= stationarydisturbance term 
bi= parameters to be estimated 
 
Other Examples 
•Consumption function theory. 
•Unbiased forward rate hypothesis. 
•Commodity market arbitrage and purchasing power parity. 
•The formal analysis begins by considering a set of economic variables in 
long-run equilibrium when 

 
 
Letting b and xt denote the vectors (b1, b2, …, bn) and (x1t, x2t, …, xnt)', 
the system is in long-run equilibrium when bxt= 0. The deviation from 
long-run equilibrium—called the equilibrium error—is et, so that 

 
Generalization 
Letting βand xt denote the vectors (β1, β2, ..., βn) and (x1t, x2t, ..., xnt), 
the system is in long-run equilibrium when βxt' = 0. The deviation from 
long-run equilibrium--called the equilibrium error--is et, so that: 

 
If the equilibrium is meaningful, it must be the case that the equilibrium 
error process is stationary. 

 
 
The scatter plot was drawn using the {y} and {z} sequences from Case 1 of 
Worksheet 6.1. Since both series decline over time, there appears to be a 
positive relationship between the two. The equilibrium regression line is 
shown. 
 

 
CHAPTER VI  
COINTEGRATION AND ERROR 
CORRECTION MODELS 
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Three important points 
1. Cointegrationrefers to a linearcombination of non-stationary variables. 
–If (β1, β2, ... , βn) is a cointegratingvector, then for any non-zero value of 
λ, (λβ1, λβ2, ... , λβn) is also a cointegratingvector. 
–Typically, one of the variables is used to normalizethe cointegratingvector 
by fixing its coefficient at unity. 
•To normalize the cointegratingvector with respect to x1t, simply select λ= 
1/β1. 
 
2. The equation must be balanced in that the order of integration of the 
two sides must be equal 
 
3. If xthas m components, there may be as many as m-1 linearly 
independent cointegratingvectors 
 
Example of Multiple Cointegrating Vectors 
Let the money supply rule be: 

 
where: {e1t} is a stationary error in the money supply feedback rule. 
Given the money demand function in (1.1), there are two 
cointegratingvectors for the money supply, price level, real income, and 
the interest rate. Let β be the (5 x 2) matrix: 

 
 

 

 
 
COINTEGRATION AND COMMON TRENDS 
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Granger Representation Theorem 
In an error-correction model, the short-term dynamics of the variables in 
the system are influenced by the deviation from equilibrium. 
 

 
This finding illustrates the Granger representation theoremstating that for 
any set of I(1) variables, error correction and cointegrationare equivalent 
representations. 
 
The Engle-Granger Methodology 
Step 1: Pretest the variables for their order of integration. 
Step 2: Estimate the long-run equilibrium relationship. 
If the results of Step 1 indicate that both {yt} and {zt} are I(1), the next step 
is to estimate the long-run equilibrium relationship in the form: 
 

 
 
Test a1= 0? 
 
Step 3: Estimate the error-correction model 
 
The Error Correction Model 

 
 
Speed of adjustment coefficients 
The speed of adjustmentcoefficients ayand azare of particular interest in 
that they have important implications for the dynamics of the system. 
Direct convergence necessitates that be negative and azbe positive. If we 
focus on (6.36) it is clear that for any given value of the deviation from 
long-run equilibrium, a large value of azis associated with a large value of 
Dzt. If one of these coefficients is (say ay) is zero,the{zt} sequence does all 
of the correction to eliminate any deviation from long-run equilibrium. 
Since {yt} does not do any of the error-correcting, {yt} is said to be weakly 
exogenous. 
 
Problems with the EG-Method 

 
 
Johansen Methodology 
Reconsider the n-variable first-order VAR given by (6.3): xt= A1xt-1+ εt. 
Subtract xt-1 from each side to obtain: 

 
 
The rank of (A1–I) equals the number of cointegratingvectors. 
If (A1–I) consists of all zeroes—so that rank(π) = 0—all of the {xit} 
sequences are unit root processes. If (A1–I) is of full rank—so that rank(π) 
= n—each of the {xit} sequences converges to a point. The process can be 
modified to include a drift and seasonal dummy variables. 
 
Consider  

 
Note: Adding a column of constants still means that rank(п*) cannot 
exceed n 
 
The number of distinct cointegrating vectors can be obtained by checking 
the significance of the characteristic roots of π. We know that the rank of a 
matrix is equal to the number of its characteristic roots that differ from 
zero. Suppose we obtained the matrix π and ordered the ncharacteristic 
roots such that λ1> λ2> ... > λn. If the variables in xtare notcointegrated, 
the rank of π is zero and all of these characteristic roots will equal zero. 
Since ln(1) = 0, each of the expressions ln(1 -λi) will equal zero if the 
variables are not cointegrated. Similarly, if the rank of π is to unity, the 
first expression ln(1 -λ1) will be negative and all the other expressions are 
such that ln(1 -λ2) = ln(1 -λ3) = ... = ln(1 -λn) = 0. 
 

 

 
 
The null hypothesis that the number of distinct cointegrating vectors is less 
than or equal to r against a general alternative. From the previous 
discussion, it should be clear that λtrace equals zero when all λi = 0.  The 
null that the number of cointegrating vectors is r against the alternative of 
r+1 cointegrating vectors. Again, if the estimated value of the 
characteristic root is close to zero, λmax will be small. 
 

 
 
In order to test other restrictions on the cointegratingvector, Johansen 
defines the two matrices α and β both of dimension (nx r) where ris the 
rank of π. The properties of α and β are such that:  
 
π = α β' 
 
In essence, we can normalize to obtain α β' 
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Hypothesis Testing 

 
Asymptotically, the statistic has a χ2 distribution with (n - r) degrees of 
freedom. The value of this statistic should be zero if the restriction is not 
binding. 
 
 
 
Lag Length and Causality Tests 

 
 
Estimate the models with p and p – 1 lags. Let c denote the maximum 
number of regressors contained in the longest equation. The test statistic 
 

 
 
can be compared to a c2 distribution with degrees of freedom equal to the 
number of restrictions in the system. Alternatively, you can use the 
multivariate AIC or SBC to determine the lag length. If you want to test the 
lag lengths for a single equation, an F-test is appropriate. 
 
To difference or not to difference? 
Difference 
•Tests lose power if you do not difference: you estimate n2more 
parameters (one extra lag of each variable in each equation). 
•If you use first differences, you can use the standard Fdistribution to  test 
for Granger causality. 
•When the VAR has I(1) variables, the impulse responses at long forecast 
horizons are inconsistent estimates of the true responses. Since the 
impulse responses need not decay, any imprecision in the coefficient 
estimates will have a permanent effect on the impulse responses. 
 
Do not difference 
•If the system contains a cointegratingrelationship, the system in 
differences is misspecifiedsince it excludes the long-run equilibrium 
relationships among the variables that are contained in xt–1. 
–All of the coefficient estimates, t-tests, F-tests, tests of cross-equation 
restrictions, impulse responses and variance decompositions are not 
representative of the true process. 
 
Restrictions on the cointegrating vectors 
Testing coefficient restrictions: As in the previous section, once you select 
the number of cointegratingvectors, you can test restrictions on the 
resulting values of β and/or α. Suppose you want to test the restriction 
that the intercept is zero. From the menu, you selectRestrictions on 
subsets of β. 
 

 
 
Instead, suppose you want to test the threerestrictions: β1= β2, β1= -β3, 
and β3= 0 (so that the normalized cointegratingvector has the form yt+ zt-
wt= 0). In matrix form, the 

 
 
Linear vs Threshold Cointegration 
•In the simplest case, the two-step methodology entails using OLS to 
estimate the long-run equilibrium relationship as: 
 
x1t= β0+ β2x2t+ β3x3t+ ... + βnxnt+ et 
 
where: xitare the individual I(1) components of xt, βiare the estimated 
parameters, and etis the disturbance term which may be serially 
correlated. 
 
The second-step focuses on the OLS estimate of ρ in the regression 
equation: 
Δet= ρet-1+ εt 
 
The TAR Specification 
 

Let the error process have the form 
Δet = It ρ1et-1 + (1 - It )ρ2et-1 + εt 
 
where: It is the Heaviside indicator function 
such that: 

 
The Momentum Specification 

 
TABLE 7: Estimates of the Interest Rate Differential 
From Enders and Siklos(JBES) 
 

 

 
where: ρ1.iand ρ2.iare the speed of adjustment coefficients of Δxit.  
 
10. Error-Correction and ADL Tests 

 
The general problem is that Dztwill be correlated with the error term vtso 
that there is a simultaneity problem. However, if ztis weakly exogenous 
and causally prior to yet we can estimate (6.67) 
 
The ADL Test 

 
Table F uses the work of Ericsson and MacKinnon (2002) to calculate the 
appropriate critical values necessary to determine whether β1< 0. Given 
that the variables are cointegrated: 
 
If Δztis unaffected by innovations in Dyt, it is appropriate to conduct 
inference on (6.69) using a standard t-tests and F-tests. 
 

 
 
 
LINEAR VERSUS NONLINEAR ADJUSTMENT 
On a long automobile trip to a new location, you might take along a road 
atlas. … For most trips, such a linear approximation is extremely useful. Try 

 
CHAPTER VII 
NONLINEAR MODELS AND BREAKS 
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to envision the nuisance of a nonlinear road atlas. For other types of trips, 
the linearity assumption is clearly inappropriate. It would be disastrous for 
NASA to use a flat map of the earth to plan the trajectory of a rocket 
launch. Similarly, the assumption that economic processes are linear can 
provide useful approximations to the actual time-paths of economic 
variables. Nevertheless, policy makers could make a serious error if they 
ignore the empirical evidence that unemployment increases more sharply 
than it decreases. 
 
The Use of Nonlinear Models 
It is now generally agreed that linear econometric models do not capture 
the dynamic relationships present in many economic time-series. The 
observation that firms are more apt to raise than to lower prices is a key 
feature of many macroeconomic models. Neftci (1984), Falk(1986), 
DeLong and Summers (1988), Granger and Lee (1989), and Teräsvirta and 
Anderson (1992) establish the result that many real variables display non-
linear adjustment over the course of the business cycle. In several papers, 
Enders and Sandler model many terrorist incident series as nonlinear. 
However, adopting an incorrect non-linear specification may be more 
problematic than simply ignoring the non-linear structure in the data. It is 
not surprising, therefore, that non-linear model selection is an important 
area of current research. 
 
The Interest Rate Spread 
There is evidence that interest rate spreads (st) display a nonlinear 
adjustment pattern. 
 

 
As long as | a2| > | a1 |, periods when st–1 < will tend to be more 
persistent than other periods. 
 
Symmetric vs Asymmetric Adjustment 

 
 

 
 
 
Autoregressive Moving Average (ARMA) Models 
The standard ARMA (p, q) model has the form: 
 

 
 
ARMA (p, q) models have popularized by Box and Jenkins. The main 
econometric problem is to determine the lag lengths pand qand then 
estimate the parameters αiand βi. If all βi= 0, the ARMA model is a pure 
autoregressive (AR) model of order p. The second econometric problem is 
to determine the degree of differencing that is appropriate to render {yt} 
stationary •The key point to note is that the ARMA model is linear; all 
values of yt-iand εt-iare raised to the power 1 and there are no cross-
products of the form of yt-iεt-j or yt-iyt-j 

 
The NLAR(p) Model 
•The p-thorder nonlinear autoregressive model is: 
•For an NLAR(2), a Taylor series expansion is 
 

 
Generalized Autoregressive (GAR) Models 
The general form of a GAR model is: 

 
where: p, q, r, s, and uare integers that are greater or equal to 1. 
 
GAR models extend AR models by adding various powers of lagged values 
and cross-products of yt-i. Since GAR models are linear in their 
parameters, they can be estimated using OLS. You can use traditional t-
tests and F-tests to pare down the number of parameters estimated. 
However, this can be tricky since the regressorsare likely to be highly 
correlated. As such, the usual practice is to pare down the equation using 
the AIC or SBC. 
 
Bilinear Autoregressive (BL) Models 
The general form of the bilinear model BL (p, q, r, s) is:  

 
Bilinear models are a natural extension of ARMA models in that they add 
the crossproductsof yt-iandεt-jto account for non-linearity. If all values of 
cijequal zero, the bilinear model reduces to the linear ARMA model. 
Priestley (1980) argues that bilinear models can approximate any 
reasonable non-linear relationship. The bilinear model can be viewed as 
having stochastic parameter variation .This is equivalent to a model with 
ARCH effects 
 

 
 
Rothman‘s unemployment estimates (1998) 
 
 
AR ut= 1.563ut–1–0.670ut–2+ et 
              (22.46)       (–10.06) 
 
GARut= 1.500ut–1–0.553ut–2–0.745(ut-2)3+ et 
              (23.60)         (–6.72)        (–2.33) 
variance ratio = 0.965 
 
 
BLut= 1.910ut–1–0.690ut–2–0.585ut–1et–3+ et 
                           (24.11)        (–10.55) (–2.08) 
 
variance ratio = 0.936 
 
 
whereut= the detrended log of the unemployment rate over the 1948 Q1 
to 1979Q4 period. AIC was used to select the most appropriate values of p 
and q 
 
Rothman II 
It is instructive to write the estimated GAR model as 

 
 
As such, large deviations are less persistent. For the bilinear model: 

 
 
Rothman indicates that ut–1and et–3are positively correlated. Since the 
coefficient on ut–1et–3is negative, large shocks to the unemployment rate 
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imply a faster speed of adjustment than small shocks. As ut–1and et–
3tend to move together, the larger ut–1et–3, the smaller is the degree of 
persistence. 
 
Exponential Autoregressive (EAR) Models 
 
 
EAR models were examined extensively by Ozaki and Oda (1978), Haggan 
and Ozaki (1981) and Lawrance and Lewis (1980). A standard form of the 
EAR model is: 

 
 In the limit as γ approaches zero or infinity, the EAR model becomes an 
AR(p) 
model since each θi is constant. Otherwise, the EAR model displays non-
linear 
behavior. For example, equation can capture a situation in which the 
periods 
surrounding the turning points of a series (i.e., periods in which yt-1 2 will 
be 
extreme) have different degrees of autoregressive decay than other 
periods. 
• Note that adjustment is symmetric but nonlinear  
• This is a special case of the ESTAR model to be considered later 
 
 
The ACF Can be Misleading in a Nonlinear Model 
Correlation is only a measure of linear association. Consider: 

 
where: yt is observable but μt and xt are both white noise. 
Here, all ρk(for k> 0) are zero. 
 

 
 
Also, all cross correlations are zero. Consider: 

 
However, the optimal non-linear one-step ahead forecast is:  βytxt. 
Also, data generated by an explosive process AR(1) process will have an 
ACF like that from a stationary AR(1) process. 
 
Some Tests for Nonlinearity 
McLeod–Li (1983) test: Since we are interested in nonlinear relationships 
in the data, a useful diagnostic tool is to examine the ACF of the squares or 
cubed values of a series. 
–Let ρi denote the sample correlation coefficient between squared 
residuals and use the Ljung–Box statistic to determine whether the 
squared residuals exhibit serial correlation. 
 

 
Regression Error Specification Test 
(RESET) 
 
• STEP 1: Estimate the best-fitting linear model. Let {et} be the residuals 
from the model 
• STEP 2: Select a value of H (usually 3 or 4) and estimate the regression 
equation: 

 
where zt is the vector that contains the variables included in the model 
estimated in Step 1. Hence, you can reject linearity if the sample value of 
the F-statistic for the null hypothesis a2 = = aH = 0 exceeds the critical 
value from a 
standard F-table. The idea is that this regression should have little 
explanatory power if the model is truly linear. 
 
Specific Testing for Nonlinearity 
Lagrange Multiplier Tests 
–You need not estimate the nonlinear model 
–They have a specific alternative hypothesis 
–Unfortunately, they detect many types of nonlinearity 
 
Methodology—H0: The model has a particular linear form against a 
specific alternative. 
–Step 1. Estimate the linear portion of the model to get the residuals 
et(i.e., estimate the model under H0) 

–Step 2. Regress eton evaluated at the constrained values of 
b. 

–Step 3. From the regression in Step 2, it can be shown that: TR2~ χ2with 
degrees of freedom equal to the number of restrictions. Thus, if the 
calculated value of TR2exceeds that in a χ2table, reject H0. 
 
With a small sample, it is standard to use an F-test. 
 
Example 1 
yt= a0+ a1yt-1 + a2yt-1yt-2 + et 
–H0: a2= 0 
 
In this case you can estimate the nonlinear model and perform a t-test on 
a2. However to illustrate the procedure: 
 
Step 1: Estimate the model under H0to get the estimated residuals; i.e., 
estimate 
yt= a0+ a1yt-1 + et 
 
Step 2: The partial derivatives of ytw.r.t. parameters are 1, yt-1 and yt-1yt-  
2.Hence, regress the residuals on a constant, yt-1 and yt-1yt-2 
 
Step 3: Find TR2.This is χ2with 1 degree of freedom 
 
Example 2: Bilinear Model 
yt= a0+ a1yt-1+ a2yt-2+ yt-2εt-1 + εt 
Ho: γ = 0 
 
•Regress yton a constant yt-1 and yt-2to obtain et 
•Regress et on a constant, yt-1, yt-2, and yt-2εt-1 
 
THRESHOLD AUTOREGRESSIVE MODELS 
As in the equation for the spread, if we include a disturbance term, the 
basic TAR model is 

 
 
If we assume that the variances of the two error terms are equal [i.e., 
var(e1t) = var(e2t)] 

 
where It= 1 if yt–1> 0 and It= 0 if yt–1<0. 
 
The indicator can also be set using Δyt 
 
The Standard TAR Model 
Consider 

 
The M-TAR Model 
The momentum threshold autoregressive (M-TAR) model used by Enders 
and Granger (1998) allows the regime to change according to the first-
differenceof {yt-1}. Hence, equation is replaced with: 
 
•It is argued that the M-TAR model is useful for capturing situations in 
which the degree of autoregressive decay depends on the direction of 
change in {yt}. 
•Enders and Granger (1998) and Enders and Siklos (2001) show that 
interest rate adjustments to the term-structure relationship display M-TAR 
behavior. It is important to note that for the TAR and M-TAR models, if all 
a1i= a2ithe TAR and M-TAR models are equivalent to an AR(p) model. 
•See TAR_figure.prg 
 
Extensions 
•Selecting the Delay Parameter 
•Multiple Regimes 
–band-TAR 

 
Estimating т 
If τ is known, the estimation of the TAR and M-TAR models is 
straightforward. Simply form the variablesy= Ityt-iand y= (1 -It)yt-iand 
estimate equation using OLS. The lag length pcan be determined as in an 
AR model. When τ is unknown, Chan (1993) shows how to obtain a super-
consistent estimate of the threshold parameter. For a TAR model, the 
procedure is to order the observations from smallest to largest such that: 

 
or each value of yi, let τ = yiand set the Heaviside indicator accordingly.  
Estimate TAR model--the regression equation with the smallest residual 
sum of squares contains the consistent estimate of the threshold. In 
practice, the highest and lowest 10% of the {y} values are excluded from 
the grid search to ensure an adequate number of observations on each 
side of the threshold. For the M-TAR model, is replaced by the ordered 
first-differences of the observations. 
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Unidentified Nuisance Parameters 

 
In a 2-parameter model the log likelihood function can be written solely as 
a function of a1and a2: 

ℒ(a₁, a₂) 
 
Call ℒa(a₁, a₂) this maximized valueunder the alternative. 
•Call ℒn(a₁*, a₂)the restricted value under the null a₁= a₁* 
•Let r= 2[ℒa(a₁, a₂) − ℒn(a₁*, a₂)] whchshould equal zero. 
•If a₂is not identified under the null hypothesis  
•r = 2[ℒa(a₁, a₂) − ℒn(a₁*)] 
which depends on a₂ 
 
r does not have a standard x2 distribution 
 
Inference 
Inference on the coefficients in a threshold model is not straightforward 
since it was necessary to search fory . Under the null of linearity gis not 
identified. 
The t-statistics yield only an approximation of the actual significance levels 
of the coefficients. The problem is that the coefficients on the various Dut-
iare multiplied by Itor (1-It) and that these values are dependent on the 
estimated value of τ. The percentile and bootstrap tmethods can be used 
 
ansen‘s (1997) supremumtest. 
•You cannot perform a traditional F-test. To use Hansen‘s (1997) 
bootstrapping method, you need to draw Tnormally distributed random 
numbers with a mean of zero and a variance of unity; let etdenote this set 
of random numbers. You treat etas the dependent variable. Regress eton 
the actual values of yt–ito obtain an estimate of SSRrcalled SSRr*. For each 
potential value of regress eton Ityt–1and (1 –It)yt–1[i.e., estimate a 
regression in the form et= aItyt–1+ b(1 –It)yt–1] and use the regression 
providing the best fit. Call the sum of squared residuals from this 
regression SSRu*. Use these two sums of squares to form 
Repeat this process several thousand times to obtain the distribution of 
F*. 
 
Threshold Regression Models 
yt= a0+ (a1+ b1It)xt+ et 
 
where It= 1 if yt–d> and It= 0 otherwise. 
 
Pretesting for a TAR Model 

 
However, the F-statistic needs to be bootstrapped. (see Hansen above) 
 
TAR Models and Endogenous Breaks 
The threshold model is equivalent to a model with a structural break. The 
only difference is that in a model with structural breaks, timeis the 
threshold variable. Carrasco (2002) shows that the usual tests for 
structural breaks (i.e., those using dummy variables) have little power if 
the data are actually generated by a threshold process . However, a test 
for a threshold process using yt-das the threshold variable has power to 
detect both threshold behavior andstructural change. Even if there is a 
single structural break at time periodt, using yt-das the threshold variable 
will mimic this type of behavior. As such, she recommends using the 
threshold model as a general test for parameter instability. 
 
Asymmetric Monetary Policy 
Consider the linear Taylor Rule 

 
 
The TAR Taylor Rule 
Since we do not know the delay factor, we can estimate four threshold 
regressions with πt-1, πt-2, yt-1and yt-2as the threshold variables 
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Capital Stock Adjustment with Multiple Thresholds 
For our purposes, the key variables in the Boetel, Hoffman and Liu (2007) 
model are 
 

 
where: Ktis the size of the breeding stock, pHt-1is a measure of the output 
price of hogs, and pFt-1is a measure of the price of feed. The indicators 
functions are such that I1t= 1 if pHt-1> τhigh= 1.1185 and I2t= -1 if pHt-1< 
τlow= 1.1105. The use of lagged values for the dependent variables is 
designed to reflect a one period delay between the time of the investment 
decision and its realization. 
 
Capital Stock Adjustment with Multiple Thresholds II  
 the three regimes are distinguished by pHt-1relative to two threshold 
values. 
when pHt-1is between τhighand τlow, I1t and I2t= 0 so that the intercept 
is 4569.  
 
•when pHt-1> τhigh, I1t= 1 the intercept is 10929 and when pHt-1< τlow, 
I2t= 1 the intercept is 8. 
 
Thus, there is a high-, sluggish-and disinvestment regime whose presence 
is dependent on the value of pHt-1. It would be a mistake to conclude that 
the slope coefficient 452 measures the full effect of a price change on net 
investment. When the value of pHt-1crosses one of the thresholds, the 
change in investment is enhanced since the intercept changes along with 
the price. Also note that price changes within the interval τhighto τlow, 
will little effect on investment. 
 
Smooth Transition Models 
In some instances, it may not be reasonable to assume that there are 2 
pure regimes: 
–Multi-regime TAR model 
–It is possible to assume that the transition is smooth 
 
Smooth transition autoregressive (STAR) models allow the autoregressive 
parameters to change slowly: 
 
–yt= α0+ α1yt-1+ β1yt-1f [yt-1-μ ]+ εt 
 
where: f [.] is a continuous function. 
 
Typically: 

 
when yt-1= μ, autoregressive decay is α1+ β1and when |yt-1-μ| is large, 
decay is α1. 
 
The Logistic Smooth Transition Autoregressive (LSTAR) Model 
The LSTAR model generalizes the standard autoregressive model to allow 
for a varying degree of autoregressive decay. 

 

 

 
The LSTAR ‗AR‘ Coefficient  

 
 
Pretesting for an LSTAR Model 
For the LSTAR model: 
 

 
 
The ESTAR Model 
The exponential form of the model (ESTAR) uses (7.19), but replaces 
(7.20)with 

 
Note that for an ESTAR model Timo‘stest has a quadratic term but not a 
cubic term 

 
 
Pretesting for an ESTAR Model 
Let  

 
 
Now, the partial derivatives are given by: 

 
 
Teräsvirta‘s(1994) Pretest 
The key insight in Teräsvirta(1994) is that the auxiliary equation for the 
ESTAR model is nested within that for an LSTAR model. If the ESTAR is 
appropriate, it should be possible to exclude all of the terms multiplied by 
the cubic expression from the Taylor series expansin. Hence, the testing 
procedure follows these steps: 
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•STEP 1: Estimate the linear portion of the AR(p) model to determine the 
order pand to obtain the residuals {et}. 
 
•STEP 2: Estimate the auxiliary equation (7.21). Test the significance of the 
entire regression by comparing TR2to the critical value of c2. If the 
calculated value of TR2exceeds the critical value from a c2table, reject the 
null hypothesis of linearity and accept the alternative hypothesis of a 
smooth transition model. (Alternatively, you can perform an F-test). 
 
•STEP 3: If you accept the alternative hypothesis (i.e., if the model is 
nonlinear), test the restriction a31= a32= = a3n= 0 using an F-test. If you 
reject the hypothesis a31= a32= = a3n= 0, the model has the LSTAR form. If 
you accept the restriction, conclude that the model has the ESTAR form. 
 
Estimation Issues 
Many of the numerical methods used to estimate the parameter values 
have  
difficulty in simultaneously finding gand c. 
 

 
 
Michael, Nobay, and Peel (1997) 
 

 
 
UNIT ROOTS AND NONLINEARITY 

 
 
STEP 1: If you know the value of τ (for example τ = 0), estimate (7.30). 
Otherwise, use Chan’s method: select the value of τ from the regression 
containing the smallest value for the sum of squared residuals. 
 
STEP 2: If you are unsure as to the nature of the adjustment process, 
repeat Step 1 using the M-TAR model. 
 
STEP 3: Calculate the F-statistic for the null hypothesis ρ1 = ρ2 = 0. For the 
TAR model, compare this sample statistic with the appropriate critical 
value in Table G. 
 
STEP 4: If the alternative hypothesis is accepted (i.e., if there is an 
attractor), it is possible to test for symmetric versus asymmetric 
adjustment since the asymptotic joint distribution of ρ1 and ρ2 converges 
to a multivariate normal. 
 
Old School versus New School 
Old School‘ forecasting techniques, such as exponential smoothing and the 
Box-Jenkins methodology, do not attempt to explicitly model or to 
estimate the breaks in the series. 
–Exponential smoothing: place relatively large weights on the most recent 
values of the series. 
–The Box-Jenkins: first-difference or second difference the series in order 
to control for the lack of mean reversion. 
 
Differencing can be chosen by the autocorrelation function or by some 
type of Dickey-Fuller test. New School‘ forecasters attempt to estimate the 
number and magnitudes of the breaks. Given that the breaks are well-
estimated, it is possible to control for the regime shifts when forecasting. 
 

 
 
 
Endogenous Structural Breaks 

 
Equation (7.34) is a partial break model where the break is assumed to 
affect only the intercept whereas (7.35) is a pure break model in that all 
parameters are allowed to change. You can use the Andrews and 
Ploeberger test (1994) 
Recall that an endogeneous break model is a threshold model with time as 
the 
threshold variable. As such, you can estimate (7.34) or (7.35) by 
performing a grid search for the best-fitting break date. The test is feasible 
since the selection of the best fitting regression amounts to a supremum 
test. With the sample sizes typically used in applied work, it is standard to 
use Hansen‘s (1997) bootstrapping test for a threshold model. 
 
Bai and Peron: Multiple Breaks 

 
 
Bai and Perron develop a supremum test for the null hypothesis of no 
structural change (m = 0) versus the alternative hypothesis of m = k 
breaks. The second method of selecting the number of breaks is to use a 
sequential test. 
 
Supremum 
Estimate models for every possible combination of breaks (given the 
trimming and minimum break size) and select the best fitting combination 
of break dates. 
The appropriate F-statistic, called the F(k; q) statistic, is nonstandard; the 
critical values depend on the number of breaks, k, and the number of 
breaking parameters, q. If the null hypothesis of no breaks is rejected, they 
select the actual number of breaks using the SBC. For q= 1, 2, and 3, the 
95% critical for 1, 2, and 5 breaks are: 
 

 
 
Sequential Method 
Begin with the null hypothesis of no-breaks versus the alternative of a 
single break. If the null hypothesis of no breaks is rejected, proceed to test 
the null of a single break versus two breaks, and so forth. The method is 
sequential in that the test for break l+ 1 takes the first lbreaks as given. At 
each stage, the so-called sup F(l+1| l)statistic is calculated as the maximum 
F-statistic for the null hypothesis of no additional against the alternative of 
one additional break. For q= 1, 2, and 3, the 95% critical for = 0, 1, 2, and 5 
are: 
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Fourier Breaks (see www.time-series.net) 
A simple modification of the standard autoregressive model is to allow the 
intercept to be a time-dependent functionAlthough (1) is linear in {yt}, the 
specification is reasonably general in that d(t) can be a deterministic 
polynomial expression in time, a p-thorder difference equation, a 
threshold function, or a switching function. 

 
 
UDmax 
it also seems reasonable to test the null of no breaks against the 
alternative of some breaks. If the largest of the F(k; q) statistics for k= 1, 2, 
3 … exceeds the UDmax statistic reported above, you can conclude that 
there are some breaks and then go on to select the number using the SBC. 
 
The Fourier Approximation 
Under very weak conditions, the behaviour of almost any function can be 
exactly represented by a sufficiently long Fourier series: 

 
Note that the linear specification emerges as the special case in which all 
values ofdsiand dciare set equal to zero. Thus, instead of positing a specific 
nonlinear model, the specification problem becomes one of selection the 
most appropriate frequencies to include. 
 
 
Figure 1 : Sharp, ESTAR and LSTAR Breaks 

 
 
Logistic Breaks 

 
Figure 7.14 A Simulated ESTAR Breaks 
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